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WILD HARMONIC BUNDLES AND 
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Takuro Mochizuki 



Abstract. — 

We study (i) asymptotic behaviour of wild harmonic bundles, (ii) the relation be- 
tween semisimple mcromorphic flat connections and wild harmonic bundles, (iii) the 
relation between wild harmonic bundles and polarized wild pure twistor D-modulcs. 
As an application, we show the hard Lefschetz theorem for algebraic semisimple holo- 
nomic Z?-modules, conjectured by M. Kashiwara. 

We also study resolution of turning points for algebraic meromorphic fiat bundles, 
and we show the existence of the good Deligne-Malgrange lattice after blow up, which 
seems of foundational importance for the study algebraic Z?-modules. 
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CHAPTER 1 



INTRODUCTION 



In our previous work ([91], [92], [93] and [94]), we studied tame harmonic bundles 
after C. Simpson ([113], [114], [115], [117], for example), and we established their 
foundational property. (See also the works of O. Biquard [11] and J. Jost and K. 
Zuo [63]). In cooperation with the work of C. Sabbah [104] on pure twistor D- 
modules (based on the theory of pure Hodge modules due to M. Saito [108], [109]), 
we obtained some deep results on algebraic regular holonomic D-modulcs. 

In this monograph, we systematically study wild harmonic bundles over complex 
manifolds of arbitrary dimension, and we obtain generalizations of our previous results 
for tame harmonic bundles in the case of wild harmonic bundles. We also give appli- 
cations to algebraic meromorphic flat bundles and algebraic holonomic D-modules. 
Recently, there has been a growing interest in wild harmonic bundles and (not neces- 
sarily regular) holonomic -D-modules on curves. (See [12], [14], [15], [20], [50], [69], 
[105], [120], [123], [129], for example.) However, in this monograph, we will NOT 
consider moduli spaces, mirror symmetries, geometric Langlands theory, intcgrable 
systems, non-abelian Hodge theory, Painleve equations, and any other fashionable 
subjects related with harmonic bundles and Higgs bundles. It can be said that our 
goal is more modest and basic. Nonetheless, the author has been deeply impressed 
with what he saw in this study, for example an interaction between the theories of 
harmonic bundles and D-modules. 



1.1. Contents of this monograph 

Briefly speaking, this study consists of three main bodies and preliminaries for 
them: 

(A) : Asymptotic behaviour of wild harmonic bundles. 

(B) : Application to algebraic meromorphic flat bundles. 

(C) : Application to wild pure twistor D-modulcs and algebraic D-modulcs. 
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Let us briefly describe each part. We will give some more detailed introductions 
later (Sections 1.2-1.4). 

We have two main issues in Part (A). Let X be a complex manifold, and let D 
be a normal crossing hypersurface of X. Let (E,dE,0,h) be a good wild harmonic 
bundle on (X, D). Although we will not explain the definition here (see Section 1.2.1, 
or Section 7.1 for more precision), it means that (E, <9e, 9, h) is a harmonic bundle on 
X — D satisfying some conditions around each point of D. We would like to prolong 
it to something on X, that is the first main issue, and fundamental for us. The role 
of such prolongation may be compared with nilpotent orbit theorem in Hodge theory 
due to W. Schmid [110]. 

Then, we would like to understand more detailed property. It is achieved by 
showing that we obtain tame harmonic bundles from wild harmonic bundles as Gr 
with respect to Stokes filtrations, which is the second main issue in (A). By this 
reduction, the study of the asymptotic behaviour of wild harmonic bundles is reduced 
to the tame case investigated in [93]. 

There are two main purposes in Part (B). One is to characterize semisimplicity 
of algebraic meromorphic flat bundles by the existence of pluri-harmonic metric with 
some nice property. The other is to show the existence of resolutions of turning points 
for algebraic meromorphic flat bundles. 

Due to K. Corlette [21], a flat bundle on a smooth projective variety has a pluri- 
harmonic metric if and only if it is semisimple, i.e., a direct sum of irreducible ones. 
It was generalized to the case of meromorphic flat bundles with regular singularity 
([63] and [93]). In this monograph, we will establish such a characterization in the 
irregular case. We also study the Kobayashi-Hitchin correspondence for meromorphic 
flat bundles. 

We have an interesting application of such an existence result of pluri-harmonic 
metric in the resolution of turning points for algebraic meromorphic flat bundles, 
which is the other main result in Part (B). It seems of foundational importance in the 
study of algebraic holonomic -D-modules, and might be compared with a resolution 
of singularities for algebraic varieties. 

Remark 1.1.1. — Recently, K. Kedlaya established it in a more general situation 
with a completely different way. See [70] and [71] . □ 

In Part (C), we will establish the relation between wild harmonic bundles and 
polarized wild pure twistor .D-modules. Recently, Sabbah introduced the notion of 
wild pure twistor D-modulcs [106]. Our result roughly says that polarized wild pure 
twistor £>-modules are actually minimal extensions of wild harmonic bundles. To- 
gether with the result in Part (B), we obtain the correspondence between semisimple 
holonomic D-modules and polarizable wild pure twistor D-modules on complex pro- 
jective varieties. As an application, we will show the Hard Lefschetz theorem for 
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algebraic scmisimple (not necessarily regular) holonomic D-modulcs, conjectured by 
M. Kashiwara. 

We may also say that the result in Part (C) makes us possible to define the push- 
forward for wild harmonic bundles, which will be useful to produce new wild harmonic 
bundles, or to enrich some operations for flat bundles by polarized twistor structures. 

We need various preliminaries. Let us mention some of major ones. We will revisit 
asymptotic analysis for meromorphic flat bundles in our convenient way, which was 
originally studied by H. Majima [79] and refined by Sabbah [103]. We will put a 
stress on canonically defined Stokes nitrations. It is fundamental for us to consider 
Gr with respect to Stokes nitrations, and deformations caused by variation of irregular 
values. (See Chapters 2-4.) 

As another important preliminary, we show that acceptable bundles are naturally 
prolonged to filtered bundles. (Sec Section 21.3.) After the work of M. Cornalba-P. 
Griffiths and Simpson ([22], [113] and [114]) the author studied acceptable bundles, 
and he obtained such prolongation for acceptable bundles which come from tame 
harmonic bundles ([91], [92] and [93]). To apply the theory in the wild case, we will 
establish it for general acceptable bundles. Although only small changes are required, 
we will give rather detailed arguments in view of its importance. (See Chapter 21.) 



1.2. Asymptotic behaviour of wild harmonic bundles 
1.2.1. Prolongation. — 

1.2.1.1. Harmonic bundle. — Recall the definition of harmonic bundle [115]. Let 
(E,8e,0) be a Higgs bundle on a complex manifold. Let h be a hermitian metric 
of E. Then, we have the associated unitary connection 8e + 9e and the adjoint 
9' of 9 with respect to h. The metric h is called pluri-harmonic, if the connection 
ES 1 := 8e + 9e + 9 + 9' is flat. In that case, (E, 8e, 9, h) is called a harmonic bundle. 
We also have another equivalent definition. Let (V, V) be a flat bundle on a complex 
manifold. Let h be a hermitian metric of V. Then, we have the decomposition 
V = V" + where V" is a unitary connection and 4> is self-adjoint with respect to 
h. We have the decompositions V" = dv + dy and $ = 9 + 9^ into the (l,0)-part 
and the (0, l)-part. We say that ft, is a pluri-harmonic metric of (V, V), if {V, dy,9) 
is a Higgs bundle. In that case, (V, V, h) is called a harmonic bundle. 

Let (E, 8e, 9, h) be a harmonic bundle on a complex manifold Y. For any complex 
number A, we have the flat A-connection (£ x , B A ), i.e., the holomorphic vector bundle 
£ x := (E,~8 E + A0t) with the flat A-conncction D A := d E + A6>+ + \d E + 9. We 
also have the family of A-flat bundles (£,©) on C\ x Y, i.e., the holomorphic vector 
bundle £ := (p~^ 1 (E),dE + A0^ + d\) equipped with a family of flat A-connections 
D := 8e + A6>^ + X8e + 9, where p\ : C\ x Y — > Y denotes the projection. 
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1.2.1.2. Good wild harmonic bundle. — Let X be a complex manifold with a simple 
normal crossing hypersurface D. Let M(X, D) be the set of meromorphic functions 
whose poles arc contained in D, and H(X) be the set of holomorphic functions on 
X. As mentioned in Section 1.1, it is fundamental for us to prolong a good wild 
harmonic bundle on X — D to something on X. We would like to explain some more 
details. To begin with, we explain what is good wild harmonic bundle. 

Let us consider the local case, i.e., X := A" = {(zi, . . . , z„) | \m\ < l} and D := 
\Jj = i{zj = 0}. Let (E, 8e, 9, h) be a harmonic bundle on X — D. It is called strongly 
unramifiedly good wild harmonic bundle on (X, D), if there exist a good set of irregular 
values lrr(0) C M(X, D)/H(X), a finite subset Sp(9) C C and a decomposition 

(1) {E,9)= (£„,«, 0„,«)> 

a6lrr(6») aG5p(6») 

such that the eigenvalues of 9 a ^ a are da + Xa=i a i ' dzi/zi modulo multi- valued holo- 
morphic one forms on X. (See Definition 2.1.2 for good set of irregular values.) In 
another brief word, for the expression 

e dz 
9 a , a = da + y^(ci!j + f a ,a,j) ■ — - + X! 9a ' a '3 ' 

j=l j ]=l+l 

the characteristic polynomials dct(T — f aa ,j) (j = 1 , . . . , €) and det(T — g a ,a j) (j = 
£ + 1, . . . ,n) are contained in H{X)[T], and det(T - f a , a ,j)\{ Zj =o} = T rankB «.". We 
say that (E,dE,9,h) is a strongly good wild harmonic bundle on (X, D), if there 
exists a ramified covering ip : (X',D') — > (X,D) such that ip* (E, 8e,9, h) is a 
strongly unramifiedly good wild harmonic bundle, i.e., (E,dE,9,h) is the descent of 
an unramifiedly good wild harmonic bundle. 

The definitions can be easily globalized. Let X be a complex manifold, and let 
D be a normal crossing hypersurface. A harmonic bundle (E,dE,8,h) on X — D is 
called a good wild harmonic bundle on {X, D), if the following holds: 

— For any point P G D, there exists a coordinate neighbourhood Xp around 
P such that (E,dE,9,h)\Xp\D is a strongly good wild harmonic bundle on 

(x Pl Dr\x P ). 

We have one more additional notion of wild harmonic bundle. Let Y be an ir- 
reducible complex (not necessarily smooth) variety. Let (E,dE,9,h) be a harmonic 
bundle defined on the complement of a closed analytic subset Z of Y. We say that 
(E, 8e, 9, h) is wild on (Y, Z) or (Y, Y — Z), if there exists a morphism ip of a smooth 
complex variety Y' to Y such that (i) p is birational and projective, (ii) ip~ 1 (Z) is 
a normal crossing hypersurface of Y', (iii) p~ l (E, &e, 9, h) is a good wild harmonic 
bundle on (Y' , ip- x {Z)) . 

Essential analysis is done for unramifiedly good wild harmonic bundle. The study 
of good wild harmonic bundle can be easily reduced to the unramificd case. The notion 
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of wild harmonic bundle is rather auxiliary to give statements in the application to 
wild pure twistor C-modules. 

Remark 1.2.1. — In the one dimensional case, any wild harmonic bundle is good, 
and they can be defined in a much simpler way. Namely, we have only to impose the 
condition that the characteristic polynomial of the associated Higgs field is meromor- 
phic. □ 

1.2.1.3. Sheaf of holomorphic sections with polynomial growth. — We explain various 
prolongation of a good wild harmonic bundle {E,dE,9,h) on (X, D) to some mero- 
morphic objects on X. We consider the local case X := A™ and D := Ui=i{ z i = 0}- 
The constructions and the results can be easily globalized. 

For any A, we would like to prolong the A-flat bundle (£ X ,U) X ) on X — D to a 
meromorphic A-flat bundle on (X, D). For any a £ R e and any open subset U C X, 
we define 

e 

(2) V a £ x (U) ~ {/ e S\U \ D) | \f\ h = 0(J[ N"^- 6 ), Ve > o}. 

3=1 

By taking sheafification, we obtain an increasing sequence of Ojf-modules V*£ x := 
(V a £ x \a£R i ) and an O x(*D)-module T£ x := U a eR f T D a.£ X - The following theo- 
rem is the starting point of the study on asymptotic behaviour of good wild harmonic 
bundle. 

Theorem 1.2.2 (Theorem 7.4.3, Theorem 7.4.5). — ("P*£\B A ) is a good fil- 
tered X-flat bundle. If (E,dE,9,h) is unramified with the decomposition in (1), the 
set of irregular values is given by Irr(V£ x , D A ) = {(l + |A| 2 )a|ct€ Irr(0)} . □ 

We refer to Section 2.8 for details on the notion of good filtered X-flat bundle, but 
we explain a brief meaning of the theorem in the case that (E, &e, 0, h) is unramified 
with a decomposition (1). Let O denote the origin (0, . . . , 0). Each V a £ X is a locally 
free Ox-module, and we have the decomposition for the completion at O 

(3) (V a £ x ,B x ) ld = {VJ X ,B X ), 

oelrr(e) 

where D A — (1 + |A| 2 )da have logarithmic singularities. Moreover, we have such de- 
compositions on the completions at any point of D. 

Let us give a remark on the proof. We use the essentially same arguments as 
those in our previous paper [93] to show that V a £ X arc locally free. Namely, we 
give an estimate on the Higgs field 9 (Theorem 7.2.1 and Theorem 7.2.4) as the wild 
version of Simpson's Main estimate, which briefly means that the decomposition (1) is 
asymptotically orthogonal, and that 9 a oi — da — ^ cti dzi/zi are bounded with respect 
to h and the Poincare metric of X — D. Then, we obtain that (£ x , h) is acceptable, 
i.e., the curvature of (£ x ,h) is bounded with respect to h and the Poincare metric 



6 



CHAPTER 1. INTRODUCTION 



(Corollary 7.2.10). Wc obtain that V*£ x is a filtered bundle by using a general 
theory of acceptable bundles (Theorem 21.3.1). In the wild case, we need some more 
argument to show that D A is meromorphic and to obtain the decomposition (3). 

1.2. 1.4. Family of meromorphic X-flat bundles. — Next, we would like to consider 
the prolongation of the family of A-flat bundles {£ , D) on C\ x (X — D) to a family 
of meromorphic A-flat bundles on C\ x (X, D). A naive idea is to consider the family 
UagCa '^'^ > ^ e "' ^ e s h e& f °f holomorphic sections of £ with polynomial growth. In 
the tame case, it gives a nice meromorphic object. (But, note that we need some 
more consideration for lattices.) However, UagC^^^ cannot be a good meromorphic 
prolongment in the wild case, because the irregular values (1 + | A| 2 )a of D A have 
non-holomorphic dependence on A, as mentioned in Theorem 1.2.2. Hence, we need 
the deformations of V£ x (A 7^ 0) caused by variation of the irregular values (Section 
4.5.2). 

I.2.I.4.I. We briefly and imprecisely explain such a deformation in the case A = 
1. First, we can obtain such deformation for a unramifiedly good meromorphic flat 
bundle, by considering the deformation of Stokes structure. It is easily extended to 
the (possibly) ramified case, and then the global case. Hence, we explain the essential 
part, i.e., the local an unramified case. Let X := A™ and D := (jf =1 {2i = 0}. 
Let (V,V) be a meromorphic flat bundle on (X, D), with a lattice V which has 
decompositions as in (3) on the completions at any point of D, for example 

(4) (V,V) |S = (K,V a ), (V„-da)V„cV„8>n^(logD). 

aGlrr(V) 

Such a lattice is called an unramifiedly good lattice of (V, V) (Section 2.3). We should 
remark that such a lattice may not exist in general. For simplicity, we also assume a 
non- resonance condition to the lattice, i.e., the difference of the distinct eigenvalues 
of the residues are not integers. Let S be a small multi-sector in X — D whose closure 
contains O. Let S denote its closure in the real blow up X(D) of X along D, or more 
precisely, the fiber product of the real blow up along the irreducible components of D, 
taken over X . According to the asymptotic analysis for meromorphic flat bundles (see 
[79], [103], and Chapter 3 in this monograph), we can lift (4) to a flat decomposition 
oflfa: 

(5) V\s= © V a , s 

oSlrr(V) 

Namely, the completion of (5) along S n 7r~ 1 (0) is the same as the pull back of (4). 
We consider the order <g on Irr(V) given by a <s b ^=^> — Rc(a)(Q) < — Rc(b)(Q) 
on any points Q of S which are sufficiently close to O. Then, it can be shown that 

b<sa 
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is independent of the choice of a lifting (5). Thus, we obtain the filtration J 73 of 
V|g or V|5, which is a V-flat filtration indexed by (irr(V), <s) . It is called the full 
Stokes filtration. For two small multi-sectors Si (i = 1,2), the nitrations J- Si satisfy 
some compatibility on S\ PI S^- (Sec Section 3.1.1.) Such a system of filtrations 
{ F S {V\ S ) I 5" C X - D) is called the Stokes structure of V. It can be shown that 
the meromorphic flat bundle (V, V) is recovered from the flat bundle V\x-d with the 
Stokes structure. 

For any T > 0, we set Irr(V (T) ) := {Ta \ a £ Irr(V)}. The natural bijection 
Irr(V) ~ Irr(V( T )) preserves the order <g. We naturally obtain a system of the 
filtrations {J| | a £ Irr(V)} for each small multi-sector indexed by (lrr(V < - T - 1 ), <s) , 
which gives a new Stokes structure. We obtain the associated meromorphic flat bundle 
(V^ T \ V*- 7 "-*) on (A, D), which is a deformation caused by variation of irregular values. 
As mentioned, it is not difficult to extend it to the global and (possibly) ramified case. 

Remark 1.2.3. — Such a deformation grew out of the discussion with C. Sabbah. 
We study it in a more general situation. 

After finishing the first version of this monograph, the author found that such 
a deformation in the curve case appeared in several works such as [16], [27] and 
[124] . The referee kindly informed that the irregular values was used as parameters 
for universal deformations in [81]. □ 

I.2.I.4.2. Applying this deformation procedure to (P£ X ,B X ) with T = (1 + |A| 2 ) -1 
for A ^ 0, we obtain the meromorphic A-flat bundle (Q£\ID) A ). We put Q£° := V£°. 
The next theorem says that the family (J Q£ x gives a nice meromorphic object on 
C\ x (X,D). For simplicity of the description, let X^"^ denote a neighbourhood of 
{A } x X in C x x X, and := n (C\ x D). 

Theorem 1.2-4 (Theorem 11.1.2). — We have a unique family of meromorphic 
X-fiat bundles (Q£,IJ) on C\ x [X,D) such that the specialization of (Q£,W) to 
{A} x X is isomorphic to (Q£ A ,ID> A ). Moreover, we have a family of good filtered A- 
flat bundles (Qi Xa) £ ,0) on (X^ ,2?( A °)) for each A £ C\ with the KMS-structure 
such that Q£ ]X (x 0) - U Q { a° ] £- □ 

We refer to Section 2.8.2 for KMS-structure. Although it is quite important in the 
study of the asymptotic behaviour of wild harmonic bundles, it has already appeared 
in the tame case [93], where we have studied it in detail. Hence, we omit to explain 
it in this introduction. 

Note that we have the uniqueness of the family because (Q£ , B){a}xA" — (Q£ X , 
Hence, to show Theorem 1.2.4, we have only to consider it in the local and unramified 
case. Then, we shall argue in two steps. We first construct a family of meromorphic 
A-flat bundles V (Xo) £ on (X( x «\ V^) by using a deformed metric °'h given in 
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(182). Namely, for the metric V^ x "^h, we consider an increasing sequence of O X {x )- 
modules vi Xo) £ := (v£ o) £ \ a e R e ) given as in (2), and the O xi x o) (*X> (A °))-module 
■p(\o)£ .- {J aeRt V { a Xa) £. The restriction of p( A °)£ to {A} x X is denoted by V {Xo) £ x . 

Theorem 1.2.5 (Theorem 9.1.2, Proposition 9.2.1). — (vi Xa) £ , B) is a family 
of good filtered X-flat bundles with the KMS- structure. Moreover, (V^ x °'£ A , D A ) is 
naturally isomorphic to ((T£ x ) Tl(x < Xo) ,B X ) , where Ti(A,A ) := (1 + AA )(1 + |A| 2 ) -1 . 

□ 

In the second step, we obtain a family of meromorphic A-flat bundles (Q^ x °'£ ,D) 
as the deformation (V {Xo) £, D)( T 3( A > A °)), w herc T 2 (A, A ) := (1 + AA ) _1 . By varying 
A € C and gluing Q( A °)£, we obtain the desired family (Q£,]H>). 

Remark 1.2.6. — We should emphasize that Q£ is given on C\xX. Contrastively, 
the reduction in the next subsection is given locally around any point of D. □ 

1.2.2. Reduction from wild harmonic bundles to tame harmonic bundles. 

— We would like to analyze more closely the behaviour of good wild harmonic bundle 
around a given point of D. For that purpose, we consider Gr with respect to Stokes 
structure. The construction in this subsection is given only locally, although the 
construction in the previous subsection can be easily globalized. We set X :— A™ and 
D := [J i=1 {zi = 0}, and we will shrink X around the origin O without mention it. 

1.2.2.1. Gr of meromorphic flat bundle associated to the Stokes structure. — Before 
an explanation of the reduction of (unramifiedly good) wild harmonic bundles, let us 
explain the procedure to take Gr with respect to Stokes structure for a meromorphic 
flat bundle (V, V) with an unramifiedly good lattice V. (See Chapter 3 for more de- 
tails.) For each small multi-sector S C X — D, we have the full Stokes filtration F s of 
V|g on S. We obtain a graded bundle Gr^ (V^) = Gr^(V|g) on S associated to F s . 
Although the filtrations depend on multi-sectors S, they satisfy some compatibility. 
Hence, we can glue Gr^(V|^) and obtain the bundle Gr^V^^) with the induced 
meromorphic flat connection V a on the real blow up X(D). It can be shown that 
it is the pull back of a meromorphic fiat connection (Gr^(V), V a ) on (X, D), which 
is defined to be Gr of (V, V) with respect to the full Stokes structure. (We can find 
that such a construction has already appeared in [33] for meromorphic flat bundles 
on curves.) 

Although it is essentially the same as taking direct summands of the decomposition 
(4), there are some advantages. The above construction fits to our viewpoint that a 
meromorphic flat bundles on X is prolongment of a flat bundle on X — D. Moreover, it 
is suitable for the reduction of a variation of pure twistor structure, explained below. 
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1.2.2.2. Gr of family of meromorphic X-flat bundles associated to the Stokes structure. 
- Let (E, 8e, 0, h) be an unramiftedly good wild harmonic bundle on (X, D) with a 

decomposition (1). We use the notation in Section 1.2.1. We set W := VU ({0} x X). 
Let X(W) be the real blow up of X along W. Let 5 be a small multi-sector in 
X — W . As in the case of ordinary meromorphic flat bundles, we have the full Stokes 
filtration T s of Q£\g- By varying S and gluing Gr^(Q£,g), we obtain a family of 
A-flat bundles on X(W). Moreover, as the descent for X(W) — > X, we obtain a 
family of meromorphic A-flat bundles Gr^(Q£) on Ca x (X,D) for each a S Irr((9). 
It has the unique irregular value a. They are called the full reduction of (Q£,W). 

1.2.2.3. Gr of variation of pure twistor structure. — From the unramifiedly good 
wild harmonic bundle (E, dE,9,h) on X — D, we obtain an unramifiedly good wild 
harmonic bundle (E,dE,@,h) on the conjugate (X',D'). We have the associated 
family of /i-flat bundles (£' ,W) on C ^ x (X* — D'), which is prolonged to a family 
of mcromor phic /i-flat bundles (Q£t,©t) 

on x (X\ D^). We also obtain the full 
reductions Gr£(Q£t) n C„ x pft,Z)t) for any a G lrr(0). Note Irr(0 T ) = {a | a £ 
lrr(0)}. 

Let S be a small multi-sector in X — D. Let U(Xq) be a small neighbourhood of 
A 7^ in C\. We have the full Stokes filtration T s (Q£|(7(Ao)xs) °f 2^|£/(a )xS- 
U(/j,o) be the neighbourhood of = A^ 1 in C M , corresponding to U(Xo). We also 
have the full Stokes filtration T s (Q£ _ t ). We can observe that the nitrations 

are essentially the same on U(Xq) xS = U(ho) X 5^ (Proposition 11.1.5). Actually, 
they are characterized by the growth order of the norms of flat sections. Hence, we 

have a natural isomorphism Grf (Q£\u(x )xs) - Gr f (Q £ \u(jjl )xS1 )• By S luin g them ' 
we obtain a natural identification: 

(6) Grf (fif)| OJ x(x-iJ) * Gi{ (Q£^c*x(x-D) 

Recall that the gluing of (£, D) and (£' , W) gives a variation of pure twistor struc- 
ture (£ A , D A ) of weight on P 1 x (X — D) with a polarization 5 : £ A ®a*£ A — > T(0). 
(See [117] or [93]. We will review it in Section 6.1.) Because of the isomorphism (6), 
we obtain a variation of twistor structure (Gr (£ A ), B A ) for each a S Irr(#), on which 
we have the induced pairings S a . The following theorem is one of the most important 
results in this paper. 

Theorem 1.2.7 (Theorem 11.2.2). — (Gr a (£ A ), ©„,£„) is a variation of pure 
polarized twistor structure of weight 0, if we shrink X appropriately. It comes 
from a harmonic bundle, which is the tensor product of a tame harmonic bundle 
(E a ,d a ,0 a ,h a ) and L(a). 

Here, L(a) denotes a harmonic bundle, which consists of a line bundle Ox-d ■ e, 
the Higgs field 8e = e ■ da and the metric h(e, e) = 1. □ 



10 



CHAPTER 1. INTRODUCTION 



In some sense, Theorem 1.2.7 reduces the study of the asymptotic behaviour of 
wild harmonic bundles to the tame case. For example, the completion of Q£ along 
C\ x {O} is naturally isomorphic to the direct sum of the completion of C(a) £g> Q£ a . 
With the detailed study on Q£ a for tame harmonic bundles in [93] , we can say that we 
have already understood £(a) <g> Q£ a pretty well, and hence Q£. Such an observation 
is very useful when we apply the prolongment of good wild harmonic bundles to 
the theory of polarized wild pure twistor D-modules. We can also derive the norm 
estimate. 

1.2.2.4. Uniqueness of prolongation. — Recall the uniqueness of prolongation of a 
flat bundle on X — D to a meromorphic flat bundle on (X, D) with regular singularity, 
by which we have a very easy characterization of Q£ in the tame case. Namely, assume 
that we have some family of meromorphic A- flat bundles V on Ci x (X, D) such that 
(i) the restriction to C\ x (X — D) is (£, D), (ii) each restriction V A (A 7^ 0) is regular. 
Then, we have the natural isomorphism V ~ Q£, if (E, 8e, 0, h) is tame. However, in 
the non-tame case, we do not have such an obvious characterization, which was one 
of the main obstacles for the author in this study. He has not yet known whether 
there exists an easy characterization for meromorphic prolongation of a family of 
A-flat bundles with good lattices. However, we have a useful characterization of 
meromorphic prolongation of a variation of polarized pure twistor structure. Let 
(Vb,Voo) be an unramifiedly good meromorphic prolongment of (£ A , D A , S). (See 
Section 6.2.) We have the variation of P 1 -holomorphic bundles (GrJf(£ A ), D A ) with 
the pairing S a for each a € Irr(#), obtained as the full reduction with respect to the 
Stokes structure of (Vo, V^). 

Theorem 1.2.8 (Theorem 11.2.2). — // (Grf (£ A ), E> A , S a ) are variations of po- 
larized pure twistor structure of weight for any a G Irr(#), the prolongment is canon- 
ical, i.e., Vo — Q£ and Voo ~ Q£^ . □ 

1.3. Application to meromorphic flat bundles 

1.3.1. Resolution of turning points of meromorphic flat bundles. — We 

recall the notion of Deligne-Malgrangc lattice. 

1.3.1.1. Deligne lattice. — Let X be a complex manifold, and let D be a normal 
crossing hypersurface with the irreducible decomposition D = \J ieI Di. Let (V,V) 
be a meromorphic flat connection on (X, D). Namely, V is an Ox (*-D)-module with 
a flat connection V : V — > V ® £l x - ^ O^i^) has regular singularity along D, there 
exists a lattice V C V with the following property: 

— V is logarithmic with respect to V in the sense V(V) C V <£> i7 1 (logL)). Note 
that the residue Resu^V) is given in End(Vj£>J for each irreducible component 
of D. 
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— Any eigenvalue a of Respi^V) satisfies < Rc(a) < 1. 

This lattice V is called the Deligne lattice of (V, V), which plays an important role in 
the study of meromorphic flat bundles with regular singularities, or more generally, 
regular holonomic D-modules. 

1.3.1.2. Deligne- Malgrange lattice (one dimensional case). — It is natural and im- 
portant to ask the existence of such a lattice in the irregular case. If the base 
manifold is a curve, it is classically well known. Let us consider the case X := A 
and D := {0}. According to Hukuhara-Levelt-Turrittin theorem, there exists an 
appropriate ramified covering if : (X',D') — > (X,D) such that the formal struc- 
ture of the pull back <p*(V,V) is quite simple. Namely, there exists a finite subset 
Irr(V) C M(X',D')/H(X') and a decomposition 

^(V,V) |S ,= (K,V'J, 

oGlrr(V) 

such that each V',, cg := V' a — da has regular singularity. We have the Deligne lattices 
V' a for meromorphic flat bundles with regular singularity (V^,Va° s ), and we obtain 
the formal lattice 

Kc^(v) |5 ,. 

aelrr(V) 

It determines the lattice V C (p*V with a decomposition 

(V,<p*v) iS ,= (K'.v'j, 

cielrr(V) 

such that (i) V' — da are logarithmic with respect to V' a for any o, (ii) any eigenvalues 
a of the residue satisfy < Re(a) < 1. Since V' is invariant under the action of the 
Galois group of this ramified covering, we obtain the lattice V C V as the descent of 
V' . This is the Deligne- Malgrange lattice in the one dimensional case. 

1.3.1.3. Good Deligne- Malgrange lattice. — In the higher dimensional case, the ex- 
istence of such a lattice was proved by B. Malgrange [84]. But, before recalling his 
result, we explain what is an ideal generalization in the higher dimensional case. (See 
Section 2.7.) 

Let X be a complex manifold of arbitrary dimension with a normal crossing hy- 
persurface D. Let V be a lattice of a meromorphic fiat bundle (V, V) on (X, D). We 
say that V is an unramifiedly good Deligne-Malgrange lattice if the following holds at 
any P £ D : 

— Let Xp be a small neighbourhood of P in X. Let I(P) := {i \ P £ Di}. We set 
Dp := X P n D and -D/(p) := X P n Hie/fp) Then, we have a finite subset 
Irr(V,P) C M(Xp,Dp)/H(X P ) and a decomposition 

^' V )|5, (P) = &»V ) 
oelrr(V,P) 
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such that (i) V a — da are logarithmic, (ii) the eigenvalues a of the residues satisfy 
< Re(a) < 1. Precisely, we impose the condition that Irr(V,P) is a good set 
of irregular values (Section 2.1). 

We say that V is a good Delinge-Malgrange lattice, if the following holds for any 
P e D: 

— If we take an appropriate ramified covering tp : (X P ,D P ) — > (Xp,Dp), there 
exists an unramifiedly good Dclignc-Malgrange lattice V of f*(V, V), and V\ Xp 
is the descent of V'. 

They are uniquely determined, if they exist. In the one dimensional Dcligne- 
Malgrange lattice is always good in this sense. (Sec [98] for a different but equivalent 
definition.) 

1.3.1. 4- Existence theorem of Malgrange. — However, in general, a good Deligne- 
Malgrange lattice may not exist for a meromorphic flat bundle. Instead, Malgrange 
proved the following in [84]. 

Proposition 1.3.1. — There exists a Ox -reflexive lattice V C V and an analytic 
subset Z C D with codmix(Z) > 2 such that V\x—z * s a good Deligne-Malgrange 
lattice of (V,V)\ X -z- □ 

Although he called it the canonical lattice, we would like to call it Deligne- 
Malgrange lattice. We have the minimum Zq among the closed subset Z as above. 
Any point of Zq is called a turning point for (V, V). 

1.3.1.5. Resolution of turning points. — The Deligne-Malgrange lattice is a very 
nice clue for the study of meromorphic flat bundles. For example, we will use it to 
obtain a Mehta-Ramanathan type theorem for simple meromorphic flat bundles, i.e., 
a meromorphic flat bundle is simple if and only if so is its restriction to sufficiently 
ample generic ample hypcrsurfacc. (Section 13.2). However, the existence of turning 
points is a serious obstacle for an asymptotic analysis of meromorphic flat bundles, 
as Sabbah observed in his study of Stokes structure of meromorphic flat bundles on 
complex surfaces. (We have already mentioned asymptotic analysis for meromorphic 
flat bundles in Section 1.2.1.) He proposed a conjecture to expect the existence of a 
resolution of turning points. Wc established it for algebraic meromorphic flat bundles 
on surfaces [95]. We will establish the following theorem in the higher dimensional 
case. 

Theorem 1.3.2 (Theorem 16.2.1, Corollary 16.4.4). — Let X be a smooth 
proper complex algebraic variety with a normal crossing hypersurface D. Let (V,V) 
be a meromorphic flat connection on (X, D). Then, there exists a birational projective 
morphism if : X 1 — > X such that (i) D' := Lp^ 1 {D) is a simple normal crossing 
hypersurface, (ii) X' — D' ~ X — D, (Hi) ip*(V, V) has no turning points. □ 
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Theorem 1.3.2 seems of foundational importance in the study of algebraic mero- 
morphic flat bundles or more generally, algebraic liolonomic £)-modulcs. Although it 
is argued in Chapter 16, it can be shown more shortly. Actually, it follows from some 
of the results in Chapters 2, 7, 8 and Part III. We will briefly discuss ideas of the 
proof in Subsection 1.3.2.3. 

Remark 1.3.3. — Recently, K. Kedlaya showed a generalization with a completely 
different method in his excellent work [70], [71]. In particular, he established it for 
excellent schemes. In the complex analytic situation, he obtained a local result. □ 

1.3.2. Characterization of semisimplicity of meromorphic flat bundles. — 

According to Corlettc [21], a flat bundle on a smooth projective variety has a pluri- 
harmonic metric, if and only if it is a semisimplc object in the category of flat bundles 
on X. Such a characterization was established for meromorphic fiat bundles with 
regular singularity, by the work of Jost-Zuo and us ([63] and [93]). We would like 
to generalize it in the irregular singular case. We need a preparation to state the 
theorem. 



1.3.2.1. V — lR-good wild harmonic bundles and good Deligne-Malgrange lattice. - 
We explain how good wild harmonic bundles and good Deligne-Malgrange lattices are 
related. Although we explain the local and unramified case, it is easily generalized in 
the global and (possibly) ramified case. 

Let X := A" and D := Uj=i{ z j = 0}- Let (E,dE,0,h) be an unramificdly 
good wild harmonic bundle on X — D with a decomposition as in (1). We say that 
(E,dE,0,h) is an unramifiedly V ' ~lR-good wild harmonic bundle, if 



We say that it is a y 1 —lR-good wild harmonic bundle, if it is the descent of an 

unramificdly \J — li?-good wild harmonic bundle. As mentioned, these definitions 
can be extended to the global and (possibly) ramified case. Then, good Deligne- 
Malgrange lattices naturally appear in the study of harmonic bundles by the following 
proposition, which immediately follows from Proposition 8.2.1. 

Proposition 1.3-4 (Proposition 16.2.6). — Let (E,dE,0,h) be a v ' —lR-good 
wild harmonic bundle on (X,D). Then, {VqE 1 , B 1 ) is the good Deligne-Malgrange 
lattice of the meromorphic flat bundle {fP£ , D ). □ 

1.3.2.2. Characterization. — Let X be a smooth projective variety, and let D be 
a normal crossing hypersurface of X. Let (V,V) be a meromorphic flat bundle on 
(X,D). Recall that there exists a closed subset Z C D with codimjf(^) > 2 such 
that (V, V)|x-z has a good Deligne-Malgrange lattice, according to Proposition 1.3.1. 
The next theorem gives a nice characterization of semisimplicity of (V, V). 

Theorem 1.3.5 (Theorem 16.2.4). - The following conditions are equivalent. 
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— (V, V) is semisimple in the category of meromorphic flat bundles. 

— There exists a \] — \R-good wild harmonic bundle (E,dE,0,h) on (X — Z, D — Z) 
such that V£} x _ z ~ V\x~z- 

Such a metric is unique up to obvious ambiguity. □ 

1.3.2.3. Outline of the proof of Theorems 1.3.2 and 1.3.5. — At this moment, the 
proof of the theorems are given by the following flow of the arguments, which is an 
interesting interaction between the theories of harmonic bundles and meromorphic 
flat bundles. (But, see Remarks 1 .3.8 and 1.3.9.) 

Step 0. : In the curve case, Theorem 1.3.2 is classical, and Theorem 1.3.5 was 
known by the work of Biquard-Boalch, Sabbah and Simpson. 

Step 1. : We established Theorem 1.3.5 in the case dimX = 2 by using the mod 
p-reduction method in [95]. 

Step 2. (Theorem 1.3.5 in the case dimX = 2) : This step is the motivation 
for the author to study resolution of turning points. We would like to find a 
pluri-harmonic metric of (V, ^)\x -£>i f° r which there is a standard framework 
in global analysis. It is briefly and imprecisely as follows: (i) take an initial 
metric, (ii) deform it along the flow given by a heat equation, (iii) the limit 
of the heat flow should be a pluri-harmonic metric. Simpson [113] essentially 
established a nice general theory for (ii) and (iii), once an appropriate initial 
metric is taken in (i). To construct an initial metric, we have to know the local 
normal form of meromorphic flat bundles. It requires a resolution of turning 
points in Step 1. 

We should remark that we cannot directly use the above framework, even 
if (V, V) has no turning points. It will be achieved by the argument in [92] 
and [94] prepared for Kobayashi-Hitchin correspondence of meromorphic flat 
bundles with regular singularities. 
Step 3. (Theorem 1.3.2 in the case dimX = n (n > 3)) : This is the easiest 
part. We have the following Mehta-Ramanathan type theorem. 

Proposition 1.3.6 (Proposition 13.2.1). — (V, V) is simple if and only if 
(V, V)|y is simple for an arbitrarily ample generic hypersurface Y. □ 

The "if" part is clear, and the other side is non-trivial. This kind of claim 
is very standard for classical stability conditions in algebraic geometry. The 
Dcligne-Malgrange lattice is equipped with the natural parabolic structure, and 
Sabbah essentially observed that simplicity and parabolic stability are equiva- 
lent. Then, applying the arguments due to Mehta and Ramanathan ([88] and 
[89]) we will obtain the desired equivalence. 

Then, the inductive argument is easy. For any general and sufficiently am- 
ple hypersurface Y C X, there exists a pluri-harmonic metric hy for (V, V)|y. 
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There exists a finite subset Z C X such that X — Z is covered by such hyper- 
surfaces Y. So, for P <G X — Z, take Y such as P £ Y, and we would like to 
define h\p := h Y \p- We have to check h Yl \Y 1 nY 2 = hY 2 \Y 1 nY 2 > but it follows from 
the uniqueness because dim(Y"i fl Y2) > 1. Thus, we obtain the desired metric. 
Step 4. (Theorem 1.3.7 in the case dimX = n (n > 3)) : It can be observed 
that we have only to consider the case in which (V, V) is simple (Corollary 
2.7.11). After Step 3, we take a harmonic bundle (E, 8e, 0, h) on (X — Z, D — Z) 
as in Theorem 1.3.5. If (E, <9e, 6, h) is a V — 1-R-good wild harmonic bundle on 
(X, D), we have the good Deligne-Malgrange lattice and VoS 1 of ("Pf 1 ,© 1 ) on 
X. Because codimx(2') > 2 and V£} x _ z — V\x-Zi we have the isomorphism 
VE 1 ~ V on X, and VoE 1 is the good Deligne-Malgrange lattice of V. Hence, if 
(E, V,h) is \J — 112-good wild on (X, D), we have nothing to do. 



Of course, in general, (E, &e, 0, h) is not \J— li?-good wild on (X, D). How- 

ever, we have replaced the problem with the control of the eigenvalues of the 
Higgs field 6, for which we can use classical techniques in algebraic or complex 
geometry. (See Section 13.5.) It is much easier than the control of irregular 
values of meromorphic flat bundles, and it can be done. (See Section 15.3.) 

1.3.3. Kobayashi-Hitchin correspondence for wild harmonic bundles. — 

We also have a subject related to the characterization of stability of good filtered 
flat bundles. Let X be a connected smooth projective variety of dimension n with 
an ample line bundle L, and let D be a simple normal crossing hypersurface. If we 
are given a good wild harmonic bundle (E, V, h) on X — D, we obtain the filtered 
flat bundle {V^E 1 ,!^ 1 ) as in Theorem 7.4.3. We can show that it is /ii-polystable, 
and each stable component has the trivial characteristic numbers. Conversely, we can 
show the following. 

Theorem 1.3.7 (Theorem 16.1.1). — Let (12*, V) be a good filtered flat bun- 
dle on (X,D). We put (E, V) := (^*,V)|x-u- V (-E*,V) is a fi L -stable good 
filtered flat bundle on (X,D) with trivial characteristic numbers par-deg L (.E*) = 
J par-ch 2 l(E*) — 0, there exists a pluri-harmonic metric h of (i?,V) with the 
following properties: 

— (E, V,/i) is a good wild harmonic bundle on X — D. 

— h is adapted to the parabolic structure of E* . 

Such a pluri-harmonic metric is unique up to obvious ambiguity. □ 

Remark 1.3.8. — If we know Theorem 1.3.2, it is not difficult to deduce Theorem 
1.3.5 from Theorem 1.3.7 as in the tame case, which will be used in the surface case. 
However, we use Theorem 1.3.5 to show Theorem 1.3.2 in the case dimX > 3, and 
so we need some different argument. □ 
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Remark 1.3.9. — As already mentioned several times, after the submission of this 
monograph, Kedlaya [71] obtained the higher dimensional version of the resolution 
of turning points with a different argument. But, we keep our original flow of the 
argument. □ 



1.4. Application to holonomic D-modules and wild pure twistor D- modules 

1.4.1. A conjecture of Kashiwara on algebraic holonomic D- modules. — 

Let A4 be an algebraic holonomic Dx-modvle on a smooth complex algebraic variety 
X. Let us recall some operations on D-modules. 

(Push-forward) : Let F : X — > Y be a projective morphism of smooth complex 
algebraic varieties: 

— We have the push- forward F^Ai in the derived category of cohomolog- 
ically holonomic Z?y-modules. The cohomology sheaves are denoted by 
Fl Ai, which are algebraic holonomic Dy-modules. 

— We have the Lefschctz morphism Ci(L) : F^Ai — > F^ +2 AA for any line 
bundle L on X. 

(Nearby cycle and vanishing cycle) : Let g : X — > C be an algebraic func- 
tion. By applying the nearby cycle functor and the vanishing cycle functor, we 
obtain algebraic holonomic -Dx-modules ^p g {Ai) and (j) g (Ai). They are equipped 
with the induced nilpotent maps TV. By taking Gr with respect to the weight 
nitrations W{N), we obtain algebraic holonomic Z?x-modules Gy w ^ ip g {Ai) 
and Gi w[N) <t> g (M). 

More generally, according to P. Dclignc, for any n € Z >0 and a € C^" 1 ], 
we obtain an algebraic holonomic Dx-module ifj g a (M) by applying the nearby 
cycle functor with ramification and the exponential twist by a. (See Section 
22.6.3. The author learned this idea from Sabbah.) We also obtain a holonomic 
Z?x-niodule Gr^^' ipg.a(Ai) by taking Gr with respect to the weight filtration 
of the induced nilpotent map. 

There are several works to find a subcategory C of the category of algebraic holo- 
nomic 79-modulcs with the following property: 

— Ox € C for any smooth quasi-projective variety X. 

— Mi ® M 2 e C if and only if M, G C. 

— C is stable under push-forward for any projective morphism F : X — > Y. More- 
over, Hard Lefschetz theorem holds for C in the sense that ci(L) 1 : F^ l Ai — > 
F^A4 are isomorphisms for any i > 0, any projective morphism F, any relatively 
ample line bundle L, and any Ai £ C. 

— C is stable under the functors Gv w ipg & n d Gt w <p g for any function g. 

For example, the category of (regular) holonomic Z?-modules is stable for the functors 
Fl, Gt w ip g and Gr w (f> g . However, the Hard Lefschetz theorem does not hold in 
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general. In their pioneering work [9], A. Bcilinson, J. Bernstein, P. Dcligne and O. 
Gabber showed the existence of such a subcategory called geometric origin by using 
the technique of the reduction to positive characteristic, which is the minimum among 
the subcategories with the above property. It is one of the main motivations for this 
study to show the following theorem. 

Theorem 1.4-1 (A conjecture of Kashiwara, Theorem 19.4.2) 

The category of algebraic semisimple holonomic D-modules has the above property. 
Namely, let X be a smooth complex algebraic variety, A4 be an algebraic semisimple 
holonomic D '-module. Then, the following holds: 

— Let F : X — > Y be a projective morphism of smooth quasi-projective vari- 
eties. Then, Fl{M) are also semisimple for any j, and the morphisms C\(L) 3 : 

J A4 — > FlM are isomorphic for any j > and any relatively ample line 
bundle L. In particular, F^M. is isomorphic to ©i*+(-M)[— i] in the derived 
category of cohomologically holonomic Dy -modules. 

— Let g be an algebraic function on X, and let a € C^" 1 ]. Then, Gr w ip g ^ a (A4) 
and Gr W 4> g (A4) are also semisimple. □ 

The study of this kind of property of D-modules or perverse sheaves was invented 
by Bcilinson-Bcrnstcin-Delignc-Gabber, which we have already mentioned above. M. 
Saito proved the property for the category of D-modules underlying polarizable pure 
Hodge modules in his celebrated work [108]. M. Kashiwara conjectured [66] that the 
category of algebraic semisimple holonomic D-modules has the above property. Sab- 
bah proved in [104] the property for regular holonomic D-modules underlying regular 
pure imaginary polarizable pure twistor D-modules. Simpson [116] also suggested 
such a line of the study. In [93] , we established the correspondence between algebraic 
semisimple regular holonomic D-modules and regular pure imaginary polarizable pure 
twistor D-modules, and hence the property was proved for algebraic semisimple reg- 
ular holonomic D-modules. It was also established by the works of V. Drinfeld, G. 
Boeckle-C. Khare and D. Gaitsgory ([37], [17], [41]) via the method of arithmetic 
geometry based on the work of L. Lafforgue. And, M. de Cataldo-L. Migliorini [26] 
gave another proof of the original result of Beilinson-Bcrnstcin-Dclignc-Gabber by 
using their own Hodge theoretic method but without Saito's method. 

Remark 1.4-2. — Contrast to the previous results, regularity is not assumed in The- 
orem 1.4.1. □ 

1.4.2. Polarized wild pure twistor D-module. — Recall that harmonic bundle 
is suitable for the study of semisimplicity of flat bundles or D-modulcs from the 
beginning by Corlctte's work. (Recall also Theorem 1.3.5.) Then, a natural strategy 
to attack Theorem 1.4.1 is the following, which we call Sabbah's program: 
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— Introduce the category of "holonomic D-modulcs with pluri-harmonic metrics" 
which should have the property in Section 1.4.1. 

— Show the functorial correspondence between "holonomic D-modulcs with pluri- 
harmonic metrics" and algebraic semisimple holonomic D-modules. 

Sabbah introduced the notion of polarized wild pure twistor D-modules as "holo- 
nomic D-modules with pluri-harmonic metrics". We refer to [104] and [106] for the 
precise definition and the basic properties. (We will review it in Section 17.1 with 
a preparation given in Chapter 22.) Needless to say, it is not obvious at all how to 
think "pluri-harmonic metrics" for D-modules. 

A very important hint was given by Simpson [117]. From the beginning of his 
study [113], he was motivated by similarity between harmonic bundles and variation 
of polarized pure Hodge structure. In [117], he introduced the notion of mixed twistor 
structure, and he gave a new formulation of harmonic bundle as variation of polarized 
pure twistor structure, which is formally parallel to the definition of variation of po- 
larized pure Hodge structure. It makes possible for us to formulate "the harmonic 
bundle version" (or "twistor version") of most objects in the theory of variation of 
Hodge structure. And, he proposed a principle, called Simpson's Mcta-Theorem, that 
the theory of Hodge structure should be generalized to the theory of twistor structure. 

In his highly original work ([108] and [109]), Saito introduced the notion of polar- 
ized pure Hodge modules as a vast generalization of variation of polarized pure Hodge 
structure, and he showed that the category of polarized pure Hodge modules has the 
nice property, such as Hard Lefschetz theorem. It is natural to expect that we can 
define "holonomic D-modules with pluri-harmonic metrics" as the twistor version of 
polarized pure Hodge modules. 

And, it was done by Sabbah. Note that it was still a hard work. We should 
emphasize that he made various useful innovations and observations such as sesqui- 
linear pairings, their specialization by using Mellin transforms ([7] and [8]), the nearby 
cycle functor with ramification and exponential twist for 7?.-triples, and so on. 



1.4.3. Correspondences. — One of the main purposes of our study is to establish 
the relation between algebraic semisimple holonomic D-modulcs and polarizablc wild 
pure twistor D-modules through wild harmonic bundles: 

(7) 

semisimple algebraic 
holonomic D-modulc 

1.4-3.1. Wild harmonic bundle and polarized wild pure twistor D -module. — We said 
that polarized wild pure twistor D-modules were "holonomic D-modules with pluri- 
harmonic metrics" , as a heuristic explanation. We make it rigorous by the next 



V-LR-wild 
harmonic bundle 



polarizablc y/— li£-wild 
pure twistor D-modulc 
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theorem. For simplicity, we consider the case in which X is a smooth projective 
variety. Let Z be a closed irreducible subvariety of X. 

Theorem 1.4-3 (Theorem 19.1.3). — We have a natural equivalence of the cate- 
gories of the following objects: 

— Polarizable wild pure twistor D-modules whose strict supports are Z . 

— Wild harmonic bundles defined on Zariski open subsets of Z . □ 

Theorem 1.4.3 is not only one of the most important key points in the proof of 
Theorem 1.4.1 as mentioned in the next subsection, but it also makes possible for us to 
consider "push-forward" of wild harmonic bundles in some sense. In other words, the 
push-forward for holonomic D-modules is enriched by polarized pure twistor structure. 
It might be useful to investigate the property of morphisms between moduli spaces 
of flat bundles induced by push-forward. For example, the study of polarized wild 
pure twistor D-modules is related with Fourier transform ([83], [105], [107]) or Nahm 
transforms ([2], [61], [123]) for mcromorphic flat bundles or wild harmonic bundles on 
P 1 . See also [120]. In principle, they should be the specialization of the corresponding 
transforms of polarizable wild pure twistor D-modules, which could be useful for the 
study of the corresponding morphisms of the moduli spaces. 

The proof of Theorem 1.4.3 briefly consists of three parts. 

— We have to prolong wild harmonic bundles (E, dE,0,h) on a Zariski open subset 
U of Z to polarized wild pure twistor D-modules on Z. The most essential case 
is that X = Z = A'\ D := X — U = [jl =1 {z t = 0}, and (E,d E ,0,h) is 
an unramificdly good wild harmonic bundle on (X, D). Since the family of 
meromorphic A-flat bundles (Q£, D) in Theorem 1.2.4 is too large, we replace it 
with the "minimal extension" . We need the detailed study on the specialization 
along a function on X. In the tame case, it was done in [93]. The wild case is 
essentially reduced to the tame case by using Theorem 1.2.7. 

— For a given polarized wild pure twistor D-modulc T whose strict support is i?, 
it is not difficult to show the existence of a Zariski open subset U C Z such 
that T\x—(z-u) comes from a harmonic bundle (E, 8e, 6, h) on U. However, we 
have to show that (E, 8e, 0, h) is a wild harmonic bundle. For that purpose, we 
need various preliminaries such as resolution of turning points for meromorphic 
Higgs field (Section 15.3), curve test for wild harmonic bundles (Section 13.5) 
and so on. 

— We have to show the uniqueness of prolongation of wild harmonic bundles to 
polarized wild pure twistor D-modules. In the tame case, this is rather trivial. 
(Recall that a flat bundle is uniquely extended to a mcromorphic flat bundles 
with regular singularity.) However, in the wild case, it is not obvious. It essen- 
tially follows from Theorem 1.2.8. 
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1-4-3.2. Semisimple holonomic D-modules and polarizable y/—lR-wild pure twistor 
D-modules. — Before stating the next theorem, we need some preparations. 

— Recall that there exists the subclass of \J— li?-good wild harmonic bundles 
(Section 1.3.2). We have the corresponding subcategory of polarized v ' 1R- 
wild pure twistor D-modules. 

— A polarized wild pure twistor D-modulc is precisely a wild pure twistor D '-module 
with a polarization. There is an obvious ambiguity in the choice of a polarization, 
as there exists an obvious ambiguity in the choice of a pluri-harmonic metric for 
a harmonic bundle. A wild pure twistor D-module is called a polarizable wild 
pure twistor D-module, if it has a polarization. 

For a polarizable \J — 112- wild pure twistor D-module T, let Edr(T) denote the 
underlying semisimple holonomic D-module. The next theorem means the correspon- 
dence (7). It essentially follows from Theorem 1.4.3 and Theorem 1.3.5. 

Theorem 1-4-4 (Theorem 19.4.1). — Edr(T) is semisimple for any polarizable 
\/—lR-wild pure twistor D-module T. Moreover, "E-dr gives an equivalence of the cat- 
egories of polarizable V — lR-wild pure twistor D-modules and semisimple holonomic 
D-modules on X. □ 

By transferring the operations for polarizable V - 112- wild pure twistor D-modules, 
we obtain that the category of semisimple holonomic D-modules has the desired 
property in Section 1.4.1. It completes the second part of Sabbah's program. 
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GOOD MEROMORPHIC £-FLAT 
BUNDLES 



CHAPTER 2 



GOOD FORMAL PROPERTY OF MEROMORPHIC 

2-FLAT BUNDLE 



In this chapter, we shall study good formal property of meromorphic p-flat bundle. 

First two sections 2.1 and 2.2 are preliminary. We recall the notion of good set of 
irregular values in Section 2.1. We study unramifiedly good lattice for meromorphic 
formal f>-flat bundle in Section 2.2. (See [70] for deeper results.) In Section 2.3, we 
introduce the notion of good lattice of meromorphic g-flat bundle. It is defined as a 
lattice whose completions at any points have nice property. We hope that the comple- 
tion along a divisor has a nice property, which is studied in Section 2.4. In Section 2.5, 
we introduce the notion of good filtered g-flat bundle, which will play an important 
role in the study of wild harmonic bundles. In Section 2.6, we introduce the notion of 
good lattice in the level m. It seems useful for our study on unramifiedly good lattice 
for which we use inductive arguments in level. In Section 2.7, we restrict ourselves to 
ordinary meromorphic flat bundles, and we study good Deligne-Malgrange lattice. In 
Section 2.8, we prepare some terminology for family of filtered A-flat bundles, which 
is significant in our study on wild harmonic bundles. 

2.1. Good set of irregular values and truncations 
2.1.1. Definition. — 

2.1.1.1. The partial order on Z™. — We use the partial order <g n (or simply denoted 
by <) of Z™ given by the comparison of each component, i.e., a <z™ b a t < 
bi, (Vi). Let denote the zero in Z™. It is also denoted by 0„ when we distinguish 
the dependence on n. 

2.1.1.2. Order of poles of meromorphic functions. — Let A e denote the multi-disc 

{(z u ...,zi) | \zi\ <l,i = 1,. ..,£}. 

Let Y be a complex manifold. Let X := A e x Y. Let Di := {zi = 0} and D := U»=i 
be hypersurfaces of X. We also put = f] i=1 Di, which is naturally identified with 
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Y. Let M(X,D) (resp. H(X)) denote the space of meromorphic (resp. holomorphic) 
functions on X whose poles are contained in D. For m = (mi, . . . , mi) G Z , we put 
z m ._ Y[ £ i=1 z™\ For any / G M(X, £)), we have the Laurent expansion: 

Here / m arc holomorphic functions on Dg. We will often use the following natural 
identification without mention: 

M(X, D)/z n H(X) ~ {/ e M[X, D)\f m = 0, Vm > n} 

Namely, we will often regard an element of M(X, D) j z n H(X) as an element of 
M(X, D) via the above identification. 

For / G M(X, D), let ord(/) denote the minimum of the set 

S(f) := {meZ'|/ m ^0}u {0,}, 

if it exists. Note that we are interested in the order of poles, and that ord(/) is always 
contained in Z< according to this definition (if it exists). We give some examples. 

— In the case / = 0, we have S(f) = {o}, and hence ord(/) = 0. More generally, 
for any holomorphic function /, we have ord(/) = 0. 

— In the case / = 1 z^ 1 + z^ 1 + \ S(f) is {(-1, -1), (-1, 0), (0, -1), 0}, and 
hence ord(/) = (—1, —1). 

— In the case / = ziz^ 1 , we have S(f) = (0, (1, — 1)}, and hence ord(/) does not 
exist. 

— In the case / = z-f 1 + z^ 1 , we have S(f) = {(— 1, 0), (0, — 1), 0}, and hence 
ord(/) does not exist. 

For any a G M(X, D)/H{X), we take any lift o to M{X, D), and we set ord(a) := 
ord(o), if the right hand side exists. Note that it is independent of the choice of a lift 
a. If ord(a) ^ 0, a or d( a ) is independent of the choice of a lift a, which is denoted by 

(lord (a)- 

Remark 2.1.1. — Let k be a ring. The above notion of order makes sense for the 
localization of k\z\, . . . , z n \ with respect to z% (i = 1, . . . ,£). We will not this kind of 
remark in the following. □ 

2.1.1.3. Good set of irregular values. — We introduce the notion of good set of irreg- 
ular values, which will be used as index sets of irregular decompositions and Stokes 
nitrations. 

Definition 2.1.2. — A finite subset I C M(X,D)/H(X) is called a good set of 
irregular values on (X,D), if the following conditions are satisfied: 

— ord(a) exists for each element a£l If a 7^ in M(X,D)/H(X), a or d( a ) is 
invertible on Dg. 
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— ord(a — b) exists for any two distinct a, b £ I, and (a — b) rd(a-{>) * s invertible 
on Dp. 

- The set {ord(a- b) \ a, b €E Z} is totally ordered with respect to the partial order 
<%>. on Z . □ 

The third condition is slightly stronger than that considered in [103], which seems 
convenient for our inductive argument in levels. 

Remark 2.1.3. — The condition in Definition 2.1.2 does not depend on the choice 
of a holomorphic coordinate system such that D = [L =1 {Zi = 0}. □ 

Remark 2.1.4- — We will often use a coordinate system such that ord(a — b) and 
ord(a) are contained in the set U j=0 Z< x 0^_,; for any a, b G Z. Such a coordinate 
system is called admissible for T. □ 

2. 1.1. 4- Examples. — The set Iq := {z^ 1 z^ 1 + z^ 1 + z^ 1 } is a good set of irregular 
values. The order of pole is given by ord(zf *zf 1 + zf 1 + zf = (— 1, —1). Let us 
consider the following examples: 

Zi := {zf^fS^fSo}, 1 2 := {zf *zf \zf \zf \0} 

Then, Zi is a good set of irregular values. The orders of poles are given as follows: 

ord^zf 1 ) = (-1,-1), ord(z 1 - 1 ) = (-1,0), ord(0) = (0, 0), 

ord(zf J zf J -zf : ) = (-1, -1), ordfof^-O) = (-1, -1), ord(^r 1 -0) = (-1, 0) 

However Z 2 is not. Actually, ord(zf 1 — zf ) does not exist. 
We consider the following examples: 

Z3 : = { z l #2 1 + z l l z l ±z 2 }> ^4 : = {^1 lz 2 1 + Z l 1 + Z 2 ) Z l ^ Z 2 * } 

Then, Z3 is a good set of irregular values. The orders of poles are given as follows: 
ord^f^f 1 + z i l ) = (-!> -1). ord^r 1 ^" 1 ) = (-1, -1), 

ord((zf 1 z 2 - 1 + zf 1 ) - zf 1 ^ 1 ) = (-1,0) 

However, Z 4 is not. Actually, ord((zf *zf 1 + zf 1 + zf 1 ) — zf x zf *) does not exist. 

The property of good set of irregular values is not preserved for some canonical 
constructions. For example, let us consider I = {o^ | i = 1, 2, 3, 4} given as follows: 

a 1 =z^ 1 , a 2 = 2zf 1 , a 3 = 3zf : (1 + z 2 ), a 4 = 4zf + z 2 ) 

Then, I (g> Zf := {a^ — a 3 ■ | i, j — 1, 2, 3, 4} is not necessarily good. Actually, 

(03 - 04) - (ai - 2 ) = z 2 zf 1 
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2.1.2. Auxiliary sequence. — Let X be a good set of irregular values on (X, D). 
Note that the set {ord(o) | o € 1} is totally ordered, because ord(a) ^ ord(b) and 
ord(ct) ^ ord(b) imply that ord(a— b) does not exist. We set m(0) :~ min{ord(a) | a G 
l}. We have the set T(X) := {ord(a— b) | a, b G 1} contained in Z< . Note m(0) < z t 
m for any m S T(X), because a m 7^ for some a £ I. Since T(I) is assumed to 
be totally ordered with respect to the partial order <%e, we can take a sequence 
M := (m(0), Tn(l), m(2), . . . , m(L), m(L + 1)) in Z< with the following property: 

- T(I) CM and m(L + 1) = £ . 

- For each i < L, there exists 1 < b(i) < ^ such that m(i + 1) = m(i) + 

i-i 

where ^ := (0, . . . , 0, 1, 0, . . . , 0), 

Such a sequence is called an auxiliary sequence for X. It is not uniquely determined 
for X. We often omit to mention m(L + 1), because it is fixed to be 0. It seems 
convenient for an inductive argument. 

Remark 2.1.5. — In the case that D is smooth, i.e., i — 1, the auxiliary sequence is 
canonically determined. We have m(0) := min{ord(a) | a £ l} , andm(j) := m(Q)+j. 
In this case, we prefer to use the orders ord(a) directly. □ 

2.1.2.1. Example. — In the example in Section 2.1.1, 

T(Jo) = {°}> T(Ii) = {(-l,-l),(-l,0),0}, T(2: 3 ) = {(-1,0),0}. 

Hence, M = {(-1, -1), (-1, 0), (0, 0)} is an auxiliary sequence for them. Note M! = 
{ (—1, —1), (0, —1), (0, 0)} is also an auxiliary sequence for Xq, but not for Xj (i = 1, 3). 

2.1.3. Truncation. — For any m e Z e <0 , let r/ m : M(X,D) — > M(X,D) be given 
as follows: 

(8) J7m(a) := ^ a n z n 

Let £ m : M(X, D) — > M(X, D) be given as follows: 

(9) £ m (a) := ]T a„2™ 

The induced maps M(X,D)/H(X) — > M(X,D)/H(X) are also denoted by r] m 
and £ m . 

Let I be a good set of irregular values on (X, D). We take an auxiliary sequence 
M = (m(0),m(l),...,m(i + l)) fori. The function (£ m(i +i) (a) - £m(i) (a)) 

is holomorphic on X, and it is independent of the variable Zf,(i). We define 

(10) Cm(i)(a) := £m(i+l)(<0 - £ m (i)(d). 

By construction, we have £, m {i){*) = J2j<i Cm(j)( a )- 
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Lemma 2.1.6. — For ttj G I (j = 1,2), i/ie equality T? m (i)(tti) = 7? m (i)( a 2) implies 
£m(i+i)(&l) = fm(*+i)( a 2)> a"d/ienceC m (i)Ol) = Cm(»)(<*2)- In particular, £ m(i+ i)(b) 
and C™.(z)(&) « r e weiZ defined for b G T] m ^(X). 

Proof Because r7 m (i)(ai) = fy m (i)(o2), we have ord(oi — 02) > m(i + 1). Hence, 
we have Oi n = Q2 n for any n ^ m(i + 1), which implies the claim of the lemma. □ 

When we are given an auxiliary sequence, it will often be convenient to use the 
following symbol for a G I: 

(H) »7m(i)0) : =£m(i+l)(a) 

Note J7 m (i) (a) = a in M(X, D) / H(X) for any a£l We have the decomposition 
^?m(i)( a ) = Ylj<% Cm(j)(o)- The set I{m(i)) := fj m i^^L) is called the truncation of I 
at the level m{i). It is also a good set of irregular values. We should remark that 
Vm(i) an d the set T(m(i)) depend on the choice of an auxiliary sequence, in general. 

Remark 2.1.7. — In the case that D is smooth, we have rj p = rj p for p G Z<o- □ 

2.1.3.1. Example. — Let us consider Iq in Section 2.1.1. If we take an auxiliary 
sequence m(0) = (—1, — l),m(l) = (—1,0), we have the following: 

Vm(0)( Z l ±Z 2 1 + z l 1 + z 2 ) = z l ±z 2 1 + z 2 1 

If we take an auxiliary sequence m(0) = (— 1, — 1), m(l) — (0,-1), we have the 
following: 

Vm(0)( Z l ±Z 2 1 + Z l 1 + Z 2 ) = Z l lz 2 1 + Z l 1 

Let us consider the example X\ with the auxiliary sequence m(0) = (—1, —1), m(X) = 
(—1,0). We have the following: 

VO)^" 1 ^" 1 ) = ^l" 1 ^ 1 - ^m^Ol" 1 ) = Vm(0)(°) = 

Hence, li(ra(0)) = {zf ^.O}. 

Let us consider the example I3 with an auxiliary sequence m(0) = (—1,-1), 
m(l) = (—1,0). We have the following: 

Vm(0)( Z l Z 2 1 + z l 1 ) =Vm(0)( Z l ^ Z 2 *) = Z l ^ Z 2 ^ 

Hence, ls(m(0)) = z% }. 

We have the following picture in our mind for truncation. 
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L = 4, m(0) = (-2, -3), m(l) = (-2, -2), m(2) = (-1, -2), 
m(3) = (0, -2), m(4) = (0, -1), m(5) = (0, 0). 



2.2. Unramifiedly good lattice in the formal case 

2.2.1. Definition. — Wc recall some definitions related with formal connection for 
our use. See [70] for more deep property of formal connections. 

Let k be an integral domain over C. For some 1 < £ < n, we consider Rq := 
fc[zi, . . . , z n J and its localization R with respect to z, (z = 1, . . . ,£). Let A" be the 
formal scheme associated to Rq. Let T>i denote the formal subscheme of X corre- 
sponding to z% = 0. Wc put V := (Ji=i ^ i- For each I C £, we set 2?/ := f] ieI T> t . Let 
/C := Spec/c. We use natural identifications Rq = Oat and R = ,*■(*£>). 

Let ./VI be an C^-module. Let g € Recall that a ^-connection of Ai relative 
to JC is a fc-lincar map ID) : — ^ (8 ^^/^ such that H(g ■ s) = (gdg) ■ s + g ■ Us. 
A pairing of B(s) £ Ai ® ^x/K an d a vector field v of ^ is denoted by D(u)s. It is 
called fiat, if the curvature DoD : X — > Ai ® f?^. is 0. A meromorphic g-flat 
bundle on (X,T>) is a free O^(*l?)-module .M equipped with a flat p-connection. If 
g is nowhere vanishing, we obtain a flat connection p _1 D relative to /C. It is often 
denoted by DA 

Remark 2.2.1. — VFe are mainly interested in the cases (i) k = C and g = 1 
(ordinary flat connection) (ii) k = C and g — (Higgs field) (Hi) k = C and 
g = A G C f/?ai X-connection) (iv) k is a C[\]-algebra, and g = A (family of flat 
A- connections) . 

We will often omit to say "relative to K, ", if there is no risk of confusion. □ 

Let (Ai,V)) be a meromorphic g-flat bundle on (X,T>). A coherent C^-submodulc 
£ C Ai is called a lattice, if C®Ox{*'D) = Ai. The specialization L^O-Dj is denoted 
by CyDr 

Definition 2.2.2. — A lattice C of Ai is called ^.-logarithmic for o <G O x{*D) I O x , 
if (i) C is Ox-free, (ii) B — da is logarithmic for a lift a of a to Ox{*'D). (We will 
often use the same symbol a to denote a lift to Ox{*D) in the subsequent argument.) 
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If M. has an a-logarithmic lattice, it is called a-regular. □ 

Definition 2. 2.3. — A lattice C of M is called unramijiedly good, if there exist a 
good set of irregular values Irr(D) C Qx{*D )/Ox and a decomposition 

(12) (£,D)= (£„,»„) 

aGlrr(D) 

such that B a are a-logarithmic. 

If M. has an unramifiedly good lattice, we say that M. is unramijiedly good. □ 

The decomposition (12) induces 

(13) M= C a <E>O x (*V). 

aelrr(B) 

The decompositions (12) and (13) arc called irregular decomposition of C and M, 
respectively. 

Lemma 2.2.4- — Let C and £ be unramifiedly good lattices of At with irregular 
decompositions C = (B a eirr(B) £° an< ^ ^ = © eirr'(B) ^a- Then, we have 

for any a G Irr(B) U Irr (B). In particular, the decomposition (12) is uniquely deter- 
mined for C, and the decomposition (13) is uniquely determined for M.. 

Proof Take a, b g Irr(B) U Irr'(B) such that o - b ^ in O x {*T)) jO x . We would 
like to show that the induced morphism ipt,, a ■ £a ® Ox{*D) — > ® Ox(*D) is 0. 
There exists 1 < i < t such that the order of a — b with respect to i is strictly smaller 
than 0. We may assume i = 1. Let A be the localization of k\z2, . . . , z n J with respect 
to Yii=2 z ii an d let 72. := A([zi)). By a standard result in the one variable case (see 
Corollary 2.2.18 below), we obtain that the induced morphism £ a (£>TZ — > C' b <g> 72 is 
0, and hence y>b,a — 0. Then, the claim of the lemma immediately follows. □ 

2.2.1.1. Residue and induced B- connections. — If we are given an unramifiedly good 
lattice C, we obtain an endomorphism Res,(B) of Cm. in a standard way. Namely, 
for any / g £ |© 4 , we take / <G £ such that f\p. = f, and put ReSi(B a )/ := 
(D r a eg (z 8 5 J )/) |x , i , where B r a cg := B a - di for a lift a of a. We set Rcs 4 (B) := 

0Res,(D a ) g End(£|x>J- It is independent of the choice of lifts / and a. It is 
also independent of the choice of the coordinate functions Zi- For any / Si, the 
induced endomorphism of C\ Vl is also denoted by Res, (D). 

If a does not contain the negative power of Zj, we can define a meromorphic flat 
p-connection l B a on £a|-D;- Let 2?(i c ) := Uj^i^i- The section dzi/zi of fi^y^logl^) 
induces a splitting ^(XogDi)^. ~ Vl^ ^ © 0-r>i ■ Let 7r denote the projection onto 

fi^//c- R induccs ^/^og^X* 23 ^)) — > ^vjA^i^))- Then > for / e C o\v l , 
take F g C such that F\ v% = f, and put 4 D(/) = 7r((BF)| P .). It is independent 
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of the choice of a lift F. But, it depends on the choice of the function z,-. If we 
replace Zi with lo Zi for some invertible uj, the difference of the induced ^-connections 
is (ui~ 1 du})\x> i - 

If we are given lifts a for any a £ I, we obtain a flat g-connection 'D™ 8 of £ a \T>i 
by the same procedure, and *D rcg := @ aeI ^a 08 - It depends on the choice of lifts a 
and the function z%. 

Lemma 2.2.5. — Res.;(O a ) is l W cg -flat. If p ^ 0, the eigenvalues of ReSi(B) are 
algebraic over k. 

Proof The first claim is clear from the above constructions. The second claim 
follows from the first one. □ 

2.2.1.2. Good lattice. - 

Definition 2. 2. 6. — A lattice £ of A4 is called good, if there exists a ramified cov- 
ering ip : (X',T>') — > (X,T>) and an unramifiedly good lattice £ of M! = <p*M such 
that C is the descent of £ . □ 

If we take an e-th root Q of Zi for appropriate e, we have an extension of rings 
Ro C R' = fc[Ci, • ■ • j Oi z i+ii ■ ■ ■ j z n\- Let G be the Galois group of the extension. We 
put A4' := M. (£)r R' . Then, the above condition says that M! has a G-equivariant 
unramifiedly good lattice and C is the G- invariant part of £ . 

Lemma 2.2.7. — Let C be a good lattice of M.. Put e\ := rankA'J!, and let X\ — > 

X be a ramified covering such that the ramification indices at T>i are e±. Then, C is 
the descent of an unramifiedly good lattice C\ on X\. In other words, we have an a 
priori bound on the minimal ramification indices. 

Proof We take e, X', £ and M! as above. We may assume that e is divisible by 
e 1 . We have a factorization X' — > X x — > X. Note that Irr(D) C O x >{*V)/O x , 
is contained in (*2? 1 )/C^ 1 . It is well known in the one dimensional case. The 
higher dimensional case can be reduced to the curve case easily. Then, for the irregular 
decomposition of £ , each direct summand is stable for the action of the Galois group 
of X' j X\. Then, the descent of £ to X\ gives the desired lattice. □ 

2.2.2. A criterion for a lattice to be good. — 

2.2.2.1. Statement. — Let X — > IC, T> and g be as in Section 2.2.1. For simplicity, 
we assume that k is a local ring. Then, X has a unique closed point O. Let (jM,B) 
be a meromorphic flat bundle on (X,D). Let £ be a lattice of M.. Assume that we 
are given the following: 

— A good set of irregular values X C Ox{*F>)/Ox. 

— A decomposition C = © aG x a s an O^-module, which is not necessarily 
compatible with D. 
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— Let p a denote the projection onto C ai and we put $ := X^aex^ a ' Pa- - Then, 
©(o) := D — $ is logarithmic with respect to C. (It is not necessarily flat.) 

Proposition 2.2.8. — L is an unramifiedly good lattice of A4, and we have Irr(D) = 
1. 

2.2.2.2. Preliminary. — Let F be a free O^-module with a meromorphic flat g- 
connection D : F — > F ® 0^ , JC (*2J). Let w be a frame of F, and let A be the 
0;t(*X>)-valued matrix determined by ^{z\d\)v — v A. Assume that we have a 
decomposition v = (vi,v 2 ) such that the corresponding decomposition of A has the 
following form: 



— The entries of A VA are regular, i.e., sections of Ox- 

— There exists m <G Zi for some 1 < i\ < £, such that the entries of fi, 

Sl p (p = 1, 2) are regular. 

— Oi|o and ^2|o have no common eigenvalues. 

Let us consider a change of the base of the following form: 



Here, the entries of T p (p = 1, 2) are sections of z\ Ox- We would like to take G such 
that D(zi9i) is block-diagonalized with respect to i/ as follows: 



Lemma 2.2.9. — We have regular solutions T p and Q p (p — 1,2) such that (14) 
holds. Moreover, z m T p are also regular. 

Proof The relation of A, G and B are given by AG + oz\d\G = GB. We obtain 
the equations: 

An + A 12 T t + Qi = 0, ft 2 Ti + A 21 + A 22 T 1 + gz 1 d 1 T 1 = + T±Qi 
By eliminating Q\. we obtain the following: 

n 2 n - Tifti + A 21 + A 22 T X + gz 1 d 1 T 1 + T^Au + A 12 T X ) = 0. 
We obtain the equation: 

(15) f7 2 Ti - Tifii + z- m (A 2 i + ^ 22 Ti + TiAn + gaSiTi + TiA l2 T{) = 0. 

We clearly have a regular solution Ti of (15). Moreover, because Sl 2 T\ — Tifii = 
modulo z~ m , we obtain that z m Ti is also regular. For such Ti, Qi is also regular. 
Similarly, we have desired T 2 and Q 2 , and z m T 2 is also regular. □ 





(14) 
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We put V, := z i d l (i < I) and V, := d t (i > I). Let A® be the O x (*X>)-valucd 
matrices determined by H(Vi)v = v Assume that the decomposition of A^ l > 

corresponding to v = (t>i, V2) has the form 



A (i) 



o \ + ( 4| a| 

fi 2 J \ A 21 A 22 



where the entries of Ap\ are regular, and the entries of z m Ctp •* are regular. Let C^> 
be determined by D(V t )v' = v' . Since z m T p (p = 1,2) are regular, has the 
form 



C (i) 



n« o WcQ eg 



where the entries of C p ' q are regular. 

Lemma 2.2.10. — We have c[% = and = 0. 

Proof Because B>0i<9i)] = 0, we have the relation gV t C^ + C*«CW = 

gzid\C^ + C^'C^ 1 ', from which we obtain the following equality: 

c$(n 2 + Q 2 ) = ezidtcjg + (Qi + Qi)c| 2 ) 

Then, it is easy to obtain c{ l 2 = 0. Similarly, we can obtain =0. □ 

2.2.2.3. Proof of Proposition 2.2.8. — Let us return to the setting in Subsection 
2.2.2.1. We use an induction on the number \X\. If \X\ = 1, the claim of Proposition 
2.2.8 is obvious. Assume that we have already proved the claim of the proposition in 
the case \X\ < tuq, and let us show the case \I\ = mo. 

We take an auxiliary sequence m(0), . . . , m(L) for X. Let X(m(0)) denote the 
image of X via fj m / y It is easy to observe that we have only to consider the case 
|X(m(0))| > 1. 

Lemma 2.2.11. — We have a flat decomposition 



(£,B)= (C 

6eX(m(0)) 



m (0) im"^ )^ 
b >"b I 



and an Ox -decomposition 

r m(0) _ £T\ , r m(0)-> 

with the following property: 

— Let p' a denote the projection of £^ °' onto (£™^) a , and we put ty™^ ;= 
^ a6 _-i ^ dap' a . Then, — vp™'- -' are logarithmic with respect to £™^°\ 
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Proof Let v be a frame of C compatible with the decomposition C = a£l £ a . 
Let Hi be determined by € C ai . Let f2 be the diagonal matrix valued 1-form whose 
(i, i)-th entry is do^. By applying Lemma 2.2.10 successively, we obtain a frame w of 
£ such that IDw = w (f2 + B) , where B satisfies the following: 

— B is the matrix-valued logarithmic one form. 

- B itj = unless rj m (o)( a i) = V m (o)( a j)- 

For b € l(m(0)), let £™ be the subbundle generated by {w^ | T/ m (o)(fli) = &}■ For 
jgl with ?7 m (o)(o) = b, let °^) a be the subbundle generated by | a, = a}. 
Then, they have the desired property. □ 

Because satisfy the assumption in the proposition, we may apply the hy- 

pothesis of the induction. Thus, the proof of Proposition 2.2.8 is finished. □ 

2.2.3. Unramifiedly good Deligne-Malgrange lattice. — Let us use the set- 
ting in Subsection 2.2.1 with k = C and q = 1. We use the symbol V instead of 
D. 

Definition 2.2.12. — A lattice C of a meromorphic flat bundle (Ai, V) on (X,T>) 
is called an unramifiedly good Deligne-Malgrange lattice, if (i) C is an unramifiedly 
good lattice, (ii) the eigenvalues a o/ReSi(V) (i = 1,...,£) satisfy < Re a < 1. 

□ 

An unramifiedly good Deligne-Malgrange lattice is uniquely determined, if it exists. 
If C = C a is the unramifiedly good Deligne-Malgrange lattice of M, we have frames 
v a of C a such that (V a — da)v a = v a f2j=i Aj dzj/zj^j , where Aj arc constant 
matrices. They induce a frame v = («„) of C. Such a frame is called normalizing 
frame. 

2.2.3.1. Extension. — Let — > (JMW,VW) — >■ (M( \V( >) — >■ {M {2 \\/ (2) ) — > 
be an exact sequence of meromorphic flat bundles on (X,T>). Let us show the 
following proposition. 

Proposition 2.2.13. — Assume (i = 1,2) have the unramifiedly good 

Deligne-Malgrange lattices C^' , and X := Irr(./Vf U Irr(A^ 2 )) is good. Then, 
(Af'°',V' ') also has the unramifiedly good Deligne-Malgrange lattice C^°\ We also 
have the exact sequence 

Although this also seems to follow some deep results in [70] , we keep our elementary 
proof. In the following argument, we assume that the coordinate system is admissible 
for I. An element of / <G Ox(*T>) is called z^-regular, if / does not contain the 
negative power of Zj . 
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2.2.3.1.1. First step. — For a, b € I, we have the expansion a — b = XX a — z \>- 
We put ordp(a — b) := min{? | (a — b); 7^ 0} and s(a — b) := {p | ord p (a — b) < 0}. 
We put Vi := Zidi (i < £) and Vi := <9; (i > £). We take normalizing frames v^ 1 ' of 
£W compatible with the irregular decomposition. We have the decomposition of the 
frames «W = (v^). Let A ( f be determined by V W (^> W = v{€) A f ■ We have the 
decomposition Af = ®(Vj(a) + Af), where A- a are constant matrices. We also 
have A.f = for j > £. 

We take a lift v {2) of to .M^. The frame of M {0) given by i)* 1 ' and v (2) is 
denoted by (i/ 1 ', 5 1 ' 2 ''). Then, we have the following: 

vWra(««,^) = (««,5«) ( A f ^ ) 

Here, the entries of C/j are contained in 0;t (*2?). We have the decomposition Uj = 
(tj.a.b) corresponding to the decompositions of the frames «W = ). We will con- 
sider transforms of frames of the following form, where the entries of W are contained 
in O x (*V): 



(16) 



A? 5 m 



v( o )(y,)(^ (1) ^ (2) ') = (^ (1) ^ (2)/ )( 1 S 



A} 

Lemma 2.2. 14- — W^e can take a lift v such that Uj_ a ^ are z p -regular for any 
p $l s(a — b) and for any j . 

Proof We will inductively take transforms as above, such that the following claims 
hold: 

P(m) : Let p < m. If p s(a — b), U p ^ b is Zp-regular. 
Q(m) : Let p < m. If p ^ s(a — b), Uj^ a ^ is z p -regular for any j. 
In the condition, we have only to consider p satisfying p < i. 

Lemma 2.2.15. — If P(m) holds, Q(m) also holds. 

Proof Due to the commutativity [V^^V,), V^°^(V^)] = 0, we have the following 
relation: 

(17) V p (Uj) + U p Af + Af Uj = Vj(U p ) + Uj Af + Af U p 
Hence, we obtain the following equality: 

(18) ZpdpUj.a^ + V p {a - b) U j<atb + A p ] a U jta>b - U jA>b A p b 

- Vj(U Pta , b ) - Vj(a - b) U p , a , b - if U p , a , b + U p , a , b A { f = 
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Assume Uj. a .i, 7^ 0, and let us consider the expansion f7j,a,b = S;>jv Uj,a,b,l z \, where 
Uj, a ,b,N 7^ 0. Assume TV < 0, and we will derive a contradiction. Because ord p (a— b) > 
0, we obtain the following relation: 

NUj t a t {, t N + Ap ], Uj t a,b,N ~ Uj. a ^,N Ap l = 

Because the eigenvalues a of A* and A p 2 a satisfy < Re(a) < 1, we obtain E/j i0> E>,iv = 
0, which contradicts with our choice of TV. Hence, we obtain TV > 0. Thus, the proof 
of Lemma 2.2.15 is finished. □ 

Assume Q(m — 1) holds for a lift v^ 2 \ We would like to replace it with a lift for 
which P(m) holds, by successive use of the transforms as in (16). We use the following 
equality, obtained from the relation Af ] W + Uj + Vj(W) = U- + W A { p : 

(19) V^a- b) W a , b +A%1 W a<b - W a . b Afl + ^(W , b ) + U. ha . b - U^ b = 

If m € s(o — b), we have nothing to do, and so we assume to ^ s(o — b). Let us 
consider the expansion U m>a , b = J2i>n U m ,a,b,i z \ n - Assume TV < 0. Let W a ,b,N be 
the unique solution of the following equation: 

^m!a W a , b , N - W a , b , N A%] b + TV W a , b ,N + ^m,a,b,JV = 0. 

By the hypothesis Q(m — 1) of the induction, U m ^ a . b .N is assumed to be z p -regular 
for p < to with p s(a — b). Hence, W aib ,N is also z p -regular. We put W a>b = 
W at b,N Zm- Then, because of (19) with j = m, the obtained U' m a b has the expansion 
J2i>n ^L,a,b,i z m- Because of (19), U'j ab is also z p -regular for any j and for p < m 
with p (jL s(a — b). Hence, we can eliminate the negative power in (7 mj0 ,b after the 
finite procedure, preserving the condition Q(m — 1), and we can arrive at a lift v' 2 ' 
for which P(m) holds. 

Therefore, after a finite procedure, we can arrive at a lift for which Q(£) holds. 
Thus, the claim of Lemma 2.2.14 is proved. □ 

2.2.3.1.2. End of the proof of Proposition 2.2.13. — Let v^ 2 ' be a lift as in Lemma 
2.2.14. We would like to replace it with a lift for which the Uj -components are 
contained in Ox, by successive use of (16). We put F := z\di{a — b). Note that 
F z -ord(a-b) is i nver tible. We put W a , b ■= -F^ 1 ?7i,o,b- Then, we have the following, 
due to (19): 

Ka.b = (Ul,a,b A^b ~ ^£ ^l,a,b) ~ V^F' 1 Ui,a, b ) 

Let k be determined by ord(a — b) £ Z< , i.e., s(a — b) = {1, . . . , k}. We have the 
subset S C Z fc and the expansion: 

.a,b,n 

(z k+1 ,...,z n )z n , U x 

.a,b,n 
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Note that S is bounded below with respect to < Z fc . Then, the expansion of U[ a b is 
as follows: 

U[, a ,b = ^'l,a,b,ni z k+l, ■ ■ ■ , Z n ) Z n , U[ abn ^0 

Here Si = {m — ord(o — b) | m e S}. Hence, we can make ord q (Ui ta ^) sufficiently 
large for any q = 1, . . . , k after finite procedure. So, we have arrived at a lift v^ 2 \ for 
which the entries of U\ a e, are contained in Ox- 

Let us show ord 9 ([/j. aj [,) > for any q = 1, . . . , k and for any j. We have the subset 
S C Z fe bounded below with respect to <%k , and the expansion as follows: 

Uj >a ,b = J]] Uj^ a ^,n{zk+l, ■ ■ ■ , Z n ) Z n , Uj, at b,n 7^ 

Let no be a minimal element of S. Assume no ^>o- Let us look at the 2™o+ord(a-b)_ 
term of (18) with p = 1. Note that V$(a - b) ?7i,~ b does not have the z "o+ord(a-b)_ 
term, because the entries of f/i, a ,b are contained inOx- Hence, we obtain Uj Ol 6 lTl0 (a— 
b)ord(o-b) = 0: an d thus f/j ja ,6,no = which contradicts with our choice of S. Hence 
we have S £ Z> . 

Therefore, we have arrived at a lift i> ( ' 2 ' ) for which the entries of Uj are contained 
in Ox- Let £(°) be the submodule of generated by (v^\v^) over Ox- By 

Proposition 2.2.8, is an unramifiedly good lattice. We have the exact sequence 
— > D- 1 ^ — > £' ' — > £' 2 ' — > 0, and we can easily deduce that £(°) is also 
Deligne-Malgrange. □ 

2.2.4. Preliminary from the one variable case (Appendix). — Let k be an 

integral domain over C. We consider Tl := kft] and TZ := k((t)), which are naturally 
equipped with a derivation <9 t . An TZ- module Ai is called differential module, if it 
is equipped with the action of dt such that dt(f s) — dt{f) s + f dts for / € TZ and 
s E A4. We recall some basic facts on differential TZ- modules from [77] for reference 
in our argument. 

2.2-4-1- Extension of decomposition. — Let Ai be a finitely generated differential 
7\!.-frcc module with an 7?. -free lattice £ such that t M+1 d t C C £ for some M > 0. 
Note that we have an induced endomorphism G of £ <E>tz k. Assume that there 
exists decomposition (£ ®-r, k,G) = (Vi,Gi) © (14, G 2 ). For i ^ j, we have the 
endomorphism Gj j of Hom(Vi, Vj) given by Gij(f) = f a Gi — Gj a f. 

Lemma 2.2.16. — If Gij are invertible for (i,j) — (1,2), (2,1), then we have a 
decomposition £ = £i £2 such that (i) t M+1 dtCi C £j, (ii) Ci® k = Vj. 

Proof We give only a sketch of a proof, by following [77]. Let v be a frame of 
£ with a decomposition v = (v\,V2) such that Uj|t=o give frames of Vi- Let A be 
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the 7£o-valued matrices determined by t M+1 dtV = v A. Then, A has the following 
decomposition corresponding to v = (v i,v 2 ) : 



A = 



fii \ f A n A ia 

r> 2 j V Ma M,i 



Here, f2j are k- valued matrices determined by GiVi = fii, and Aij are i7?.o-valued 
matrices. We consider a change of the base of the following form: 



v' = vG, G = I 



X 
Y 



Here, the entries of X and Y are contained in tH®, We would like to take G such that 

(20, ( « + w=»- s , fl =("■;«' n2 : Qj 

The relation of A, G and B arc given by AG + t M+1 d t G = GB. We obtain the 
equations A n + A 12 Y + Q l = and fl 2 Y + A 21 + A 22 Y + t M+1 d t Y = YVL X + YQ X . 
By eliminating Q\, we obtain the equation 

(21) n 2 Y - YSli + A 21 + A 22 Y + t M+1 d t Y + Y(A U + A l2 Y) = 

By the assumption, we have the invertibility of the endomorphism on the space of 
fc-valued {r 2l ri)-matrices, given by Z \ — > Q 2 Z — Zfli, where := rank£^ (i = 1, 2). 
By using a i-expansion, we can find a solution of (21) in the space of t7?-o-valued 
matrices. Similarly, wc can find desired X and Q 2 . □ 

2.2.4-2. Uniqueness. — 

Lemma 2.2.17. — Let M. be an 1Z- free differential module. Assume that there exists 
an IZo-free lattice C C M. and a £ 1Z \ TZq such that tdt — td t a preserves C. Then, 
any flat section of M. is 0. 

Proof Take / £ M. such that dtf = 0. Assume / 7^ 0, and we will deduce a 
contradiction. We can take N £ Z such that t f £ C and the induced element of 
C/tC is non-zero. By the assumption, we have 

C 3 (tdt - td t a){t N f) = (TV - td t a)t N f 

But, it is easy to see that (N — td t a)t N f ^ C, and thus we have arrived at a contra- 
diction. □ 

Let M.i (i = 1, 2) be differential 1Z- free modules with IZo-iree lattices Li such that 
td t — tdtdi preserve d. 

Corollary 2.2.18. — Assume 01 — a 2 =/= in 1Z/1Zq. Then, any flat morphism 
Mi — > M 2 is 0. □ 
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2.2.4-3. Let M. be a differential TvL-modulc. Let E be an HqAsXWcc of .M such that 
t m+1 dtE C £7 for some m > 0. We have the induced endomorphism G of E\ t=0 . 

Lemma 2.2.19. — Let s £ M. If G is invertible, we have dtS = if and only if 
s = 0. □ 

Let Ei (i = 1, 2) be lattices of M. such that t mi+1 dtEi C i% for some m t > 0. Let 
Gi be the endomorphism of E^ t=0 induced by t mi+1 dt- 

Lemma 2.2.20. — Assume that Gi are semisimple and non-zero. Let be the set 
of eigenvalues of Gi. Then, we have m\ — and T\ = T<x. 

Proof By extending k, we may assume that the eigenvalues of Gi are contained 
in k. We have ^-decomposition Ei = © beT such that E i b \ t=0 is the eigen space 
of Gi corresponding to b. We have the induced map ip c ^ : Ei^ ® H — > ^2,c <2> TZ. If 
mi 7^ 7?i2 or if mi = TO2 but b / c, we have tp Ct b = by Lemma 2.2.19. Then, the 
claim of Lemma 2.2.20 follows. □ 



2.3. Good lattice of meromorphic g-flat bundle 

2.3.1. Definition. — Let X — > K, be a smooth fibration of complex manifolds. 
Let I? be a simple normal crossing hypcrsurface of X such that any intersections of 
irreducible components are smooth over K,. Let g be a holomorphic function on K,. 
For a point P of X, let P denote the completion of X at P. In the following, for a 
given O^-modulc J 7 , let F^p denote the formal completion JF ®o x Op- 
Let (£, B) be a meromorphic g-flat bundle on (X, V) relative to IC, i.e., £ is a locally 
free 0,Y(*2?)-coherent sheaf with a flat ^-connection B : £ — > £ CSi^^y^ relative to /C. 
(A flat ^-connection is defined in a standard way as in the formal case. See Subsection 
2.2.1. We will often omit "relative to /C" if there is no risk of confusion.) 

Definition 2.3.1. — A lattice E of £ is called unramifiedly good at P &T>, if Eyp 
is an unramifiedly good lattice of (£,V>)^p. If E is unramifiedly good at any point of 
T>, E is called an unramifiedly good lattice of (£,B). □ 

Notation 2.3.2. — The set of irregular values of (E,IS)),p is often denoted by 
lir(E, B, P), lrr(E, P) or Irr(B, P) . □ 

For P £T>, let Xp denote a small neighbourhood of P in X, and put Dp := XpDD. 

Definition 2.3.3. - 

— (E, B) is called good at P, if there exist a small neighbourhood Xp and a ram- 
ified covering <pp : (X P ,D'p) — > (Xp,Dp) such that E is the descent of an 
unramifiedly good lattice E' of ip* P £ . 

— E is called good, if E is good at any point ofT>. □ 
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Iii the condition of Definition 2.3.3, such E' is not unique, even if ipp is fixed. We 
also remark that v?pP is not necessarily unramificdly good. 

Remark 2.3.4- — ^ e w ^ often say that (P,B) is (unramifiedly) good on (X,T>), 
if E is a (unramifiedly) good lattice of a meromorphic g-flat bundle (P(*P),B) on 
{X, V). □ 

Definition 2.3.5. — A meromorphic g-flat bundle is called (unramifiedly) good, if 
it locally has an (unramifiedly) good lattice. □ 

If JC is a point and g ^ 0, a good meromorphic g-flat bundle has a global good 
lattice. Actually, it is given by a Dcligne-Malgrange lattice. (See Section 2.7.) 

2.3.2. Some functoriality. — Let £ be a good lattice of a meromorphic g-flat 
bundle (£ , B) on (X, V). Let P v denote the dual of E in the category of O^-modules, 
and £ v denote the dual of £ in the category of 0^(*2?)-modules. We have £ v = 
P v Ox{*D )• We have the naturally induced flat g-connection B of £ v . We have 
the following functoriality for dual. 

— P v is a good lattice of (£ v , B). If E is unramified, P v is also unramified. For 
each P £ V, we have Irr(P v ,P) = {-a | a £ Irr(P,P)}. 

Let Ei (i = 1,2) be unramificdly good lattices of (£j,B,). We have the following 
functoriality for tensor product and direct sum. 

- If Irr(£7i,P) ® Irr(£ , 2 , P) := {cii + a 2 | 0, £ Irr(P t , P)} is good for any PeD, 
then E\ <E> P 2 is an unramifiedly good lattices of (E\ ® £2^) with Irr(Pi ® 
E 2 ,P) = Irr(Px , P) ® Irr(P 2 , P) . 

- If Irr(Pi,P) 8 Irr(P 2 ,P) = Irr(Pi) U Irr(P 2 ,P) is good for any P £ V, then 
Ei P 2 is an unramifiedly good lattices of (£1 © £ 2 , B) with Irr(P! © E 2 , P) = 
Irr(Pi,P) ©Irr(P 2 ,P). 

Let X\ be a complex manifold with a normal crossing hypcrsurface T>\. Let P : 
A"i — > A" be a morphism such that (i) F~ l {T>) C Pi, (ii) the induced morphism 
X\ — > K, is a smooth fibration, (iii) any intersection of some irreducible components 
of T>i is smooth over /C. Let E be a good lattice of (£, B) on (X,T>). We have the 
following functoriality for the pull back. 

- F*E is a good lattice of P*(£,B) = P" 1 ^ ,B)(8(9a; 1 (*X>i). If P is unramifiedly 
good, P*P is also unramificdly good, and we have 

Irr(P*P,P) = {F*a\ a Slrr(P, P(P))}. 

2.3.3. A criterion for a lattice to be good. — Let A", P and (£,B) be as in 
Subsection 2.3.1. Let P be a lattice of £ . Assume that we are given the following: 

— A good set of irregular values X C M(X , T>) / H{X). 

— A holomorphic decomposition P = ^ ae x^a- 
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— Let p a denote the projection onto E a , and we put $ := X^ a ei^ a ' P°' Then, 
©(o) := D — $ is logarithmic with respect to E. (Note we do not assume is 
flat.) 

We obtain the following proposition as a corollary of Proposition 2.2.8. It will be 
useful in the proof of Theorem 7.4.5. 

Proposition 2.3.6. — E is an unramifiedly good lattice of (£,B). For any P GT>, 
the set Irr(D,P) is equal to the image of 1 via M(X,V)/H(X) — > Op(*V)/Op. 

□ 

2.3.4. Family of good lattice is good lattice. — Let X, V, (£,W) be as 
in Subsection 2.3.1. For each y € /C, we set X y := {y} X and T) y := 
{y} Xjc X. We have the induced meromorphic p(y)-flat bundle (£ v ,H) y ) on 
(X y ,V y ). Let 1 C M(X,V)/H(X) be a good set of irregular values. The im- 
age of 2 via M(X,V)/H(X) — > Op{*V)/Op is denoted by lp. The image via 
M(X,V)/H(X) — > M(X y ,V y )/H(X y ) is denoted by V> . If P is contained in X y , 
let Op be the completion of the local ring Oxv,p , and let I~ denote the image of I y 
via M(X y ,T> y )/H(X y ) — > O v p (*V)/O v p . 

Proposition 2. 3. 7. — Let E be a lattice of £ . The following conditions are equiv- 
alent. 

— E is unramifiedly good, and Irr(D, P) = Xp for any P £ T>. 

— For each y £ K., the specialization E y = E®Oxv is an unramifiedly good lattice 
of(£ y ,W), andhrr(W,P)=l v ~ {P eV y ). 

Proof It is easy to see that the first condition implies the second one. We would 
like to show the converse. We have only to consider the case X — A™ x JC and 
V = ULi{ z * = °}- Lct = (O^--; ) e A". We have only to show that the 
completion of E along Ox/C has the irregular decomposition with the set of irregular 
values I. 

Let H{JC) denote the space of holomorphic functions on K,. For each y € /C, we 
have the specialization val y : H(JC) — > C given by val y (/) = f(y). We put i? := 
H{K)\z\, . . . , z n \ and ko := C{zi, . . . , z„], and let R (resp. k) be the localization of 
Ro (resp. ko) with respect to z% (i = 1, . . . ,£). The natural morphism val y : Rq — > ko 
induces a functor from the category of i?o-modulcs to the category of fco-modules. The 
image of an i?o-module E is denoted by E y . We use the symbol £ y for an R- module £ 
in a similar meaning. To show Proposition 2.3.7, we have only to show the following 
lemma. 

Lemma 2.3.8. — Let T C R/Ro be a good set of irregular values. For any y G fC, 
let T y C k/ko denote the specialization ofX at y. 

Let (£,D) be a meromorphic g-fiat bundle over R. Let E be a free Ro-lattice of £ 
such that for each y G K, the restriction E y is an unramifiedly good lattice of (£ v , D y ) 
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with Irr(B y ) = I v , i.e., we have a decomposition (E v ,B y ) = ® ag;r (.Ea , B;{) such that 
Ba are a y -logarithmic. 

Then, E is an unramifiedly good lattice of (£,B) with Irr(B) = T. 

Proof We use an induction on |T(I)|. (See Section 2.1.2 for T(I).) By con- 
sidering the tensor product with a mcromorphic g-flat line bundle, we may assume 
minjordaja G T(I)} = min{orda|a G 1} . Let us take an auxiliary sequence 
ra(0), . . . , m(L) for I. We have m(l) = m(0) + 6j for some j. Let F denote the en- 
domorphism of E\ Zj=0 induced by z~ m ^>Ti)(zjdj). The eigenvalues of F are given by 
the set T = {(z-^ZjdjO)^.^ | a G l}. Hence, we have the eigen decomposition: 

(22) £| Z . =0 = ®E 6 

Lemma 2.3.9. — We can take a H-flat decomposition E = Q) beT Eb such that 

Eb\z 3 =0 = E b- 

Proof We give only an outline of the proof. Let v be a frame of E whose restriction 
to Zj = is compatible with (22). We have the decomposition v = corresponding 
to the decomposition (22). We have the following: 




Here, the entries of fit, and B are regular, and r2 h | (b G T) have no common eigen- 
values. Applying an argument in [77] (or the argument in Subsection 2.2.2.2), we can 
take v for which B is block diagonal, i.e., B = © beT £>i, • Let E^ be the i?o-submodule 
generated by v^. It can be shown that E<a is B-flat using the argument in the proof 
of Lemma 2.2.10. Thus Lemma 2.3.9 is proved. □ 

Let us return to the proof of Lemma 2.3.8. For b G T, let 1(b) denote the inverse 
image of b by the natural map X — > T. Its specialization at y is denoted by I(b) v . We 
can deduce E^ = (B ae z(b)y ^a- Then, we can apply the hypothesis of the induction 
on each (i?(,,Bt,). Therefore, we obtain Lemma 2.3.8 and thus Proposition 2.3.7. □ 

2.4. Decompositions 

2.4.1. Openness property. — Let X and V be as in Section 2.3.1. Let (£,B) 
be a meromorphic flat bundle on (X,T>). Let E be a lattice of £. Assume that it is 
unramifiedly good at a point P G T>, i.e., there exist a good set of irregular values 
Irr(B, P) C Op(*V)/Op and a decomposition 

(B,B)|P= ( P E a , p B a ) 

aGlrr(B,P) 
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such that p D a — do are logarithmic with respect to E a . For a small neighbourhood 
Xp of P, let T>p :— T> n Xp. We will prove the following proposition in Subsection 
2.4.6. 

Proposition 2.4-1- — If Xp is sufficiently small, the following claims hold: 

— Irr(D, P) C M(Xp,T>p)/H(Xp), i.e., it is contained in the image of 
M(Xp,Vp)/H{X P ) — > Op{*V P )/Op. 

— E is unramifiedly good at any point of P' G T>p . 

— The good set of irregular values Irr(D,P') of (E,J}),p, is the image o/Irr(IB), P) 
by M{Xp,V P )/H{X) — ► Op,(*V)/Op,. 

2.4.I.I. Good system of irregular values. — Before proceeding, we give a consequence 
and prepare a terminology. When we are given an unramifiedly good lattice (E, B) of a 
meromorphic p-flat bundle, we put Irr(D) := {lrr(D, P) | P G 2?}. Then, Proposition 
2.4.1 says that Irr(D) is a good system of irregular values in the following sense. 

Definition 2-4.2. — A system I of finite subsets 1 P C O x (*T>)p/O x ,p {P G £>) 
is called a good system of irregular values, if the following holds for each P G T>: 

— Take a neighbourhood Xp of P such that Xp C M(Xp,T>p)/H(Xp), where 
Dp = Xp H T>. Then, for each P' G Pp, Tp> is the image of Tp via 
M{Xp,Vp)/H{X P ) — > O x {*V)p,/G x , P ,. □ 

Remark 2.4-3. — A good set of irregular values T C O x (*T> )p/O x ,p naturally 
induces a good system of irregular values on a neighbourhood of P. In that case, we 
will not distinguish the induced system and X. □ 

2.4.2. Decompositions along the intersection of irreducible components. 

— We will also prove a refinement of the second and third claims of Proposition 
2.4.1. For simplicity, let us consider the case X = A" x K. and V = {j i=1 {zi = 0}. We 
put T>i := {zi = 0}. For a subset / C £, we put Vj := f] ieI T>i and V(I) := {J ieI T>i. 
The complement £ \ I is denoted by I c . Let T>i and T>(I) denote the completion of 
X along T>i and T>(I), respectively. (See [6], [10] and [75]. See also a brief review in 
Subsection 22.5.1.) 

We may assume P G T>i. For a given small neighbourhood Xp of P in X, we put 
Vpp := £>/ n X P and V(I) P := V(T) n X P . 

Let (E, D) be unramifiedly good at P. Once we know Irr(lD>, P) is con- 
tained in M{Xp,Vp)/H(X P ), let Irr(D,7) denote the image of Irr(D, P) via 
M[Xp,T)p)l 'H(Xp) — > M(Xp,T)(I c )p). We will prove the following proposition in 
Subsection 2.4.6. 
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Proposition 2.4-4- — Let Xp be a sufficiently small neighbourhood of P in X . For 
any subset I C i, we have a decomposition 

(23) (J5,B) |6/iP = ( 7 ^/D b ) 

bGlrr(B,7) 

such that ^Bb-db^Ef,) C (p% /lc (\ogV(I)) +to] e/)C (*V(I c ))} , where we 

take a lift of b to M(X P ,V P ). 

The decomposition (23) is called the irregular decomposition of (E, B),^ p . It 
induces the irregular decomposition at any point P' E T>j t p \ Uj^j ^j- I n * na t sense, 
Proposition 2.4.4 refines the second and third claims in Proposition 2.4.1. 

Remark 2.4-5. — The property of Proposition 2.4.4 was adopted as definition of 
"unramifiedly good at P " in the older version of this monograph. □ 

Remark 2-4-6. — For b E Irr(B,I), let Irr(B, P, b) be the inverse image of b via 
the natural map Irr(B, P) — > Irr(P,7). If we are given the decomposition (23), we 
have E b ^p = © aeIlT ( D P b ) P E a . Hence, it is easy to deduce 

lE c\T>j, P = JE * 

b£lrr(0,J,c) 

for I C J and c G Irr(B, I), where Irr(B, J, c) is the inverse image of c via the natural 
map Irr(B, J) — > Irr(B, 7) . □ 

2.4.3. Decomposition along the union of irreducible components. — We 

continue to use the setting in Subsection 2.4.2. By shrinking X, we assume X — Xp . 
We will often need a decomposition on the completion along T)(I) for some I C I. 
For simplicity, let us take an admissible coordinate system (Remark 2.1.4) for the 
good set Irr(B, P), and we consider decompositions along T>(j) for 1 < j < £, where 
i :={!,..., J}- 

Let Irr(B,j) and Irr'(B, j) denote the images of Irr(B,P) via the following natural 
maps: 

M(X,V)/H(X) — ► M(X,V)/M(X,V(£\{j})) 

M(X,V)/H(X) — > M{X,V)/M(X,V( j - 1 )) 

Note that the natural map Irr'(B,j) — > Irr(B,j) is bijective by our choice of the 
coordinate system, via which we identify them. We have the naturally defined maps 
Irr'(D,i) — > Irr'(B, j) for any i < j, which induces iTjj : Irr(B, i) — > Irr(B,j). 

Lemma 2.4-7. — There is the following decomposition: 

(24) (£,B) |S@ = ©(^jjg.Bb) such that E^^ = % 

belrr(Bj) cGlrr(D,i) 

7T iii (c) = 6 
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Proof For J C t, let i{ J) be the number determined by i(J)P\J = and i(J) + l € 
J. We have the maps 

M(X,T>)/ H{X) M(X,V)/M{X,V{i(J))) ^ M(X ,V) / ' M{X ,T>(J C )) 

Let Irr'(lD), J) denote the image of Irr(D, P) by pi. Then, p2 naturally gives a bijection 
Irr'(D, J) — > Irr(D, J), by which we identify them. If j £ J, we have the naturally 
dchncd map Irr'(D, J) — !• Irr(D,j), which induces itjj : Irr(D, J) — > Irr(D,j). For 
b e Irr(D,i), we put J E b := ae7r -i (b) J E a . By Remark 2.4.6, we have I E^ ftj = J E b 
for I C J and b e Irr(D, j). Then, we obtain the decomposition (24) by using a general 
lemma (Lemma 2.4.12 below). □ 

2.4.4. Decomposition in the level m{i). — We use the setting in Subsection 
2.4.3. Take an auxiliary sequence m(0), . . . ,m(L),m(L + 1) = for irr(B). (See 
Section 2.1.2.) Let Irr(D, m(i)) denote the image of Irr(D) via rj m ^y Let k{i) denote 
the number determined by m(i) <G Z<q x 0(_my Let k(i) := k{i). We remark that 

TTj :Irr(D,m(i)) — > M(X,V)/M(X,V( j - 1 )) 

is injective for j < k(i). We also have the map 

rj m(i)}j : Lt(D,j) — > M(*,Z>)/M(*,£>(j - 1)) 

given as follows: 

Irr(B, j) ~ Irr'(B, j) C M(X, V)/M{X, V(j - 1)) 

Atf(Af,P)/M(Af,P(j-l)) 

Here, 6 is induced by rj m ^y As in Lemma 2.4.7, we obtain the following decomposi- 
tion: 

(25) (E,B) l3m)) = _0 (E^\B b ), where E™£ = (j < k(i)) 

beIrr(D,m(i)) celrr(Bj) 

The decomposition (25) is called the irregular decomposition in the level m(i). 

2.4.5. Zero of g. — We use the setting in Section 2.4.1. It is easy to show the 
following lemma. 

Lemma 2.4-8. — Assume g is constantly 0. Then, for a sufficiently small neigh- 
bourhood Xp of P, we have Irr(D,P) C M(Xp,Vp)/H(Xp) and a decomposition 
(E,V))\Xp = (B eirr(B p) (-^oi ®o) such thatJ$ a are a-logarithmic. □ 

Let us consider the case in which g is not constantly 0. For simplicity, we assume 
that dg is nowhere vanishing on KP := f? -1 (0). Wc put X° := X KP and 2?° := 
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T> xjc KP . We also assume that P £ T>°. As remarked in Lemma 2.4.8, by shrinking 
X around P, we have a decomposition 

(26) (E,n)\ X o= (E a , x o,B a ) 



a€lrr(B,P) 

such that D a — da\x° are logarithmic. Let X° be the completion of X along X°. The 
following lemma can be shown by a standard argument. 

Lemma 2.4-9. — We have aflat decomposition 

(E,B) lx0 =0(S ^,D B ) 

such that (i) its restriction to X° is the same as (26), (ii) its restriction to P is the 
same as the irregular decomposition of (E, BYp. O 

We have refinements of Sections 2.4.3 and 2.4.4. We use the setting there. For b € 
Irr(D, j), let Irr(B, P, b) denote the inverse image of b by the natural map Irr(ID), P) — > 
Irr(B, j). We put E^ := © oeIrr(D , P , 6) E^. We put W{j_) := V{j_) U X°. As in 
Lemma 2.4.7, we obtain the decomposition 

b6lrr(D,j) 

such that (i) \w(j)\v(f) = ^Vx>(j)> ( n ) K,w(£,\x° = ^a,x«- Similarly, for b G 
Irr(D, m(i)), let Irr(B, P, b) be the inverse image of b by the natural map Irr(ED, P) — > 
Irr(D, m(i)). Then, we have the decomposition 

bSIrr(D,m(i)) 

such that (i) E m £ ] _ = E m ^ , (ii)E m ^ _ = ®_ M h E $ . 

y ' b,W(k(i))\V(k(i)) b,V(k(i)) V ' b,W(k(i))\X° ^Vmd) ( a ! = b a* 

2.4.6. Proof of Proposition 2.4.1 and Proposition 2.4.4. — We have only to 
show the propositions under the setting of Subsection 2.4.2. In the following, instead 
of considering a neighbourhood Xp, we will replace X by a small neighbourhood of 
P without mention, if it is necessary. 

2. 4-6.1. Step 1. — We fix I C £ for a moment. Let E be a free Og^-module with a 
mcromorphic flat connection B : E — > E ® f2~ (*■£')■ Assume that we are given 
the following: 

— me Z< and i S 7 such that rrii < 0. We set ml := m + 

— 1 C Op(*T>) such that, for any oel, (i) z~" li a is independent of the variable 

(ii) z- m aeOp. 

— A decomposition E,p = @ aeX P E a such that z^ m ' (B - cfa)( p S a ) C p £' g> 

nj, (logo). 
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We set Zo := {(z m a) (P) o € I] C C. We have a naturally defined map 
7T : I — > 2b. We set p ^ := x(n)=b p £ a . 

Let H(T>i) denote the space of holomorphic functions on I?/. Let i? denote the 
localization of H(Vi)\zi \ i £ I] with respect to Yii=i z i- 

Lemma 2.4-10. — 2 is contained in R, and we have a flat decomposition E = 
be x o E * suc h ^at E b ,p = p E b . 

Proof First, we remark that z~ m D(z i d i ) F 'E a C p E a , and thus z~ m B(zidi)E C 
E. Let F be the endomorphism of E^ inV induced by z~ m H)(zidi). The eigen 
decomposition of F| P is given by E\ P = @ beIa p E b \ P . We obtain the decomposition 
E \v I nx> i = ©beio °b such that (i) F(Gb) C G b (ii) G b \ P = p E b \ P . By comparing F 
and its completion at P, we obtain that lc i?. By using a standard argument (see 
Section 2.2.4), we obtain the decomposition E = ® t , eIf) -Eb such that (i) -E ( ,|p /n p. = 
Gb, (ii) it is preserved by z _lrl O. By a standard argument as in Corollary 2.2.18, we 
can show that E^p = p E b . □ 

2.4.6.2. Step 2. — For 1 < p < £, wc put p := {1, . . . ,p). Let £ be a free Cg (j)) - 

module with a meromorphic flat connection D : E — > E <X> % , (*T>). Assume 

that we are given a good set of irregular values Irr(D) C Op(*T>(p))/Op and a 
decomposition 

(E,D) lP = ( P E a , p D a ) 

a6lrr(D) 

such that p O a are a-logarithmic. For I C p, let Irr(D, /) denote the image of Irr(D) via 
the natural map pi : Op(*V(p))/Op — ~0 p(*V(p)) /O p(*V(Ii)), where h :=p\I. 
For each / and b £ Irr(lD>, /), we set 

P Eb := p E a 

aelrr(D) 
pi(a) = b 

Lemma 2.4- H- — If we shrink X appropriately, Irr(D) is contained in the image 
of M (X ,T>(p)) I H (X) — !► Op(*T>(p))/Op. For each I C p, we have a decomposition 

E \Vj = 0beIrr(B,7) ' E b such that ^ 6 |P = P Eb ' 

Proof We use an induction on the rank of E. Assume that the coordinate sys- 
tem is admissible for Irr(D). Take an auxiliary sequence m(0), . . . ,m(L) for Irr(ID). 
We put T := { (z^ m ^a)(P) | a g Irr(V)}. We have the naturally defined map 
q : Irr(V) — > T. For each a € T, we put p E a = 9(o)=Q p E a . Then, £7 |P = p E a 
is a flat decomposition. It is easy to observe that if we are given a flat decomposition 
E \p = q£ t P K such that P K\p = P E a \p, then we have p E' a = p E a . 

Due to Lemma 2.4.10 with / = (f)(0)}, V m (o)( a ) are meromorphic functions for 
any a £ Irr(D). Hence, by considering the tensor product with a meromorphic flat 



2.5. GOOD FILTERED g-FLAT BUNDLE 



49 



line bundle, we have only to consider the case in which \T\ > 2. Let k be determined 
by m(0) e Z k <Q x 0,_ fc . 

Take I C p. If Ink = 0, the trivial decomposition is desired one. Let us consider the 
case Ink ^ 0. We take i e Ink. Let m,(0) be the z-th component of m(0). We have 
z~ m ( 'V(zidi)E C .E. Let G be the induced endomorphism of Eip. It is semisimple, 
the eigenvalues are given by {wi(0)a | a <E T}, and the eigen decomposition is given 
by E|p = Q) p E a \p, where G|£ q|p is the multiplication of rrii(0)a. By applying 
Lemma 2.4.10, we can extend it to a flat decomposition of E^g^ i.e., 

E \D, = ® lE °" SUCn that ^l-P = PE *\P 

Then, we obtain I E ,g = p E a . For / C J C k as above, we have 7 E ,p; = J E Q . 

' a\r — 7 a\Dj 

Due to Lemma 2.4.12 below, we obtain the fiat decomposition 

( E ^)\D(k) = 0(^ Q , V Q ), such that E alSj = ^ E a 

We may apply the hypothesis of the induction to {E a , V a ) on D(k), and we obtain 
Lemma 2.4.11. □ 

2.4-6.3. Step 3. — We can complete the proof of Proposition 2.4.1 and Proposition 
2.4.4 by applying Lemma 2.4.11 to (E,H),^. 

2.4.6.4- General lemma. — Recall the following general lemma. 

Lemma 2.4-12. — Let V be a free O ^-module on X . Assume that we are given 
a decomposition Vj-g^ = Q^Va for each I C I, such that I V a ^ j = J V a for any 

I C J. Then, we have a unique decomposition V — @ V a on T> , which induces the 
decompositions on T>i . 

Proof Let 7 7r a be the projection of Vj^ onto I V a . Then, we have I TT a i^ J = J ^a- 
Let v be a frame of V. Let 7 n a € M r (Ofj ) be determined by I n a (v) = v ■ I Tl a , where 
r = rank(F). Because I Il a ^ j = J U a , we have LI a G M r iO^) such that ^ a \% 1 = J n a . 
(Use the exact sequence in the proof of Proposition 4.1 [47], for example.) Let w a be 
the endomorphism of V given by ir a (v^) = ■ n a , and let V a be the image of 7r a . 
Then, V = (J) V a gives the desired decomposition. □ 

2.5. Good filtered p-flat bundle 

2.5.1. Good filtered g-flat bundle. — Let X — > JC, T> and g be as in Subsection 
2.3.1. Let T> = UigA^i De the irreducible decomposition. Recall that a filtered g-flat 
sheaf on (X,T>) is defined to be a filtered sheaf = ( a E | a <G R A ) on (X, V) with 
a meromorphic flat p-connection ID) of the C>;t(*2?)-niodule E = \J aeR A a E. If E* is 
a filtered bundle, (-E*,B) is called a filtered g-flat bundle. See Subsection 2.5.3 below 
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for a brief account on filtered sheaf and filtered bundle. We shall use some notation 
and terminology given there. 

Definition 2.5.1. - Let (12*, B) be a filtered g-flat bundle. 

— (-E*,0) is called unramifiedly good, if C E are unramifiedly good lattices for any 
ceR A . 

— (.E*,0) is called good at P G T>, if there exists a ramified covering ip e : 
(Xp,Dp) — > (Xp,Dp) such that (E^,ip*J}) is unramifiedly good. Here, 
{Xp,T>p), (X' P ,T>'p) and tpp are as in Definition 2.3.3, and E* is induced by 
ipp and E* as in Section 2.5.3.3 below. 

— (E*,D) is called good, if it is good at any point ofD. In other words, (E*, B) 
is good, if it is the descent of an unramifiedly good filtered g-flat bundle around 
any point of V. □ 



2.5.2. Residue. — 

2.5.2.1. Unramified case. — Let X — > JC, V, g and (£,B) be as in Section 2.3.1. 
Let E be an unramifiedly good lattice of (£,B). Let T>i be an irreducible component 
of V. For each P G V t , we have Rcs-p, (B,p) G End(£ |prvD .). (See Subsection 2.2.1.) 

Lemma 2.5.2. — We have the residue endomorphism Res-p^B) G End(.E|B 4 ) such 
that Resjj^B^p = ResD^Bjp) for any P G XV The eigenvalues o/Resx>;(B) are the 
pull back of possibly multi-valued functions on IC. In particular, their restriction to 
Pi Xj; {y} are constant if g is not constantly around y. 

Proof The first claim follows from the construction of Rcs-p; (B,p-) and Proposition 
2.4.4. The second claim follows from the first one and Lemma 2.2.5. □ 

2.5.2.2. Ramified case. — Let X — > IC, T> and g be as above. If (i2*,B) is un- 
ramifiedly good on (X,D), we have the induced endomorphism ReSi(B) on cEm^ It 
preserves the induced filtration l F of c E\x>i, and hence we have the induced endomor- 
phism Grf Resi(B) of 1 Grf ( C E). 

Proposition 2.5.3. — Even if a good filtered g-flat bundle (i£*,B) is not necessarily 
unramified, we have the induced endomorphism Gr^Res^B) o/ l Gr^( c i?) on T>i for 
each i G A. It preserves the induced filtrations J F of 1 Grf (cl?)^ nV . 

The eigenvalues of Gr F Res^ (B) are the pull back of possibly multi-valued functions 
on IC. In particular, their restriction to T>i X/c {y} are constant if g is not constantly 

around y. 

Due to Proposition 2.5.3, Gr^Res^B) (i G I) induce the endomorphisms of 

1 Gr F ( c E), which are also denoted by Gr F ReSi(B) or ReSj(B). In the following, 
Gr F ReSi (B) are often denoted by Res^ (B) for simplicity of the description. 
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2.5.2.3. Proof of Proposition 2.5.3. — First, we consider the case X — A™ and 
T> = {zi = 0}. We put X := X and T> = V, and we have a ramified covering 
tp e : (X, T>) — > (X, V) given by (f e (zi, ■ ■ ■ , z n) = (zf, Z2,---, z n ) such that the induced 
filtered p-flat bundle (25*, O) on (X,T>) is unramifiedly good. We take c £ R and we 
put c := ce. We have the residue Res(B) of zE on V. Let fj, e := {uj £ C \ u e = 1}, 
which naturally acts on X by u>*(z{) = uzx, and (25*, B) is /x e -equivariant. The 
cndomorphism Rcs(B) is /i e -equivariant. 

We can take a frame v of zE such that (i) it is compatible with the induced filtration 
F of c^xS, (h) for each p we have b p £ Z satisfying < 6 P < e — 1 and = w _bp u p . 
We put a(w p ) := deg F (w p ). They induce the frame of Gr F (zE) = ©H_i<H<?Grf (cE). 

We put v p := z bp v p , which is a /i e -invariant section. The tuple v = (v p ) naturally 
gives a frame of C E compatible with the parabolic filtration. Hence, they induce a 
frame of Gr F ( c E) = c _ 1<a<c Gr F ( c E). The frames give an isomorphism: 

(29) Gri(,E)^ Gr F ( c E) 

a—e a£Z 

The decomposition of Gr~ (cE) corresponding to (29) is given by the eigen decom- 
position with respect to the action of w*. Since Res(D) is /^ m -equivariant, it induces 
endomorphisms G a of Grf ( C E). It is easy to check that the isomorphism (29) is inde- 
pendent of the choice of a frame v. It is also independent of the choice of a coordinate 
chart up to constant multiplication on each direct summand of the right hand side. 
Hence, G a is independent of the choice of frames and coordinate system. For each 
c — 1 < a < c, let b(a) £ Z be determined bye— 1 < ea + b(a) < c. In this case, we 
define the endomorphism GrfRes(D) of Gt f ( c E) as follows: 

Grf Res(D) := er 1 (G a + gb(a)) 

Lemma 2.5.4- — If{E*,H>) is unramified, it is the same as the endomorphism in- 
duced by the residue Rcs(lD)). 

Proof By considering the completion along T>, the problem can be reduced to the 
regular case. Then, the claim can be checked by a direct calculation. □ 

By using Lemma 2.5.4, we can check that Grf Res(D) is independent of the choice 
of a ramified covering (X, T>) — > (X, T>). Thus, we obtain the well defined endomor- 
phism Grf (D) of Grf ( C E) in the case that V is smooth. 

Let V° := T>i \ We have obtained the endomorphism Grf ReSi(D) of 

Grf ( c E)\v° ■ Let us show that it is extended to an endomorphism of Grf ( C E), and 
that it preserves the parabolic filtrations l F (I ^ i). Since it is a local property, we 
have only to consider the case X :~ A™ and T> = Ui=i{ z » = 0}- We have a ramified 
covering tp e : (X ,V) — > (X ,V) given by (p e {zi, ■ -j , z n ) = (zf, . . . , z\, ze + i, . . . , z n ), 
such that the induced filtered g-flat bundle (25*, B) is unramifiedly good. We put 



52 CHAPTER 2. GOOD FORMAL PROPERTY OF MEROMORPHIC g-FLAT BUNDLE 



Gal(X/X) := {u> = (u>i, . . . , uj() G /i e }- We have the natural action of Gal(X /X) 
on X given by u>* Zj = cjj Zj for j = 1, ...,£. It is lifted to the action on (1£*,B), and 
(J5*,B) is the descent. 

Let c € R e and c := ec. Let c; and ci denote the i-th components of c and c, 
respectively. For any c, — 1 < a < c, , we have the endomorphism Grf Res-g (B) of 
1 Grf (zE) on 2?^. It is Gal(A'/A')-equivariant, and the restriction Grf Res^ (B)|.g . n f, 
preserves the induced filtration $F of 1 Grf [zE), 3 _ n ^_. 

We can take a frame v = (v p ) oi^E such that (i) it is compatible with the nitrations 
k F (k — 1, ...,£), (ii) there exist tuples of integers b p = . . . , b Pt i) satisfying 

< b p>k < e - 1 and ui*v p = flLi ^ V ( See Section 2.3 of [93].) Wc put 
dk(v p ) := fc deg F (?7p). Let A.W be the matrix valued holomorphic function on X>j, 
determined by ReSi(D)tJ| : g. = A^, i.e., ReSi(D)w 9 |p = X) P ^ p |-d ■ We have 
Ap,q = unless b Pt i = b q .i and a,i(v p ) < aj(w g ). Due to the Gal(A'/A')-equivariance of 
ReSj(D), the following functions are holomorphic on Di and Gal(A'/A')-invariant: 

(30) A p % :=A p % n^'*" 6 "" 

Moreover, we have A.' 1 ' - ~ = for 2 7^ i, if either one of the following holds: 

(31) (i) b Pi i - b q ,i > 0, (ii) b Pil = b q< i, ai(v p ) > ai(v q ) 

We take Cj — 1 < a < q, which determines ci — 1 < a < c,; such that 6(a) := 
a — ea e Z. We put I(a,i) := {p|ai(w p ) = a, = 6(a)}. Let u a be the tuple 
(uo,p := v p j p G /(a, i)) . We put 

nb p , k ~ 

fc 

Then, u a = (u a , P \p € I(a,i)) naturally induces a frame of l Grf( c i?) compatible 
with the induced nitrations l F (I ^ i) on T>i fl 2V Let Aa be the matrix valued 
holomorphic function on T>i given by (A p ^ q | p, q € /(a, i)) . By definition, we have 

Grf Res^BK,^ = u a \ Vi e~\A^ + gb(a)). 

It implies that Grf Res,; (B) is extended to an endomorphism of Grf( c £7) on T>i. If 
' deg F (up) > 1 deg F (u q ), one of (31) occurs, and hence ^' q , Vir(Di = 0. It implies that 
Grf ReSi(B) 

\v t nVi preserves the nitrations l F (I ^ i). □ 

2.5.2.4. Some notation. — Let us consider the case K. = {y}. If g ^ 0, the eigenvalues 
of ReSi(B) are constant. The endomorphisms RcSi(B) (i 6 I) on 1 Gr F ( c E) are 
commutative. Hence, we have the generalized eigen decomposition 

Ot 
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where the eigenvalues of Gr F Res.; (ID ) on 1 Gr^ E Q j ( C E) are the i-th components of a. 
Recall that we often consider the following sets in this situation: 

ICMS( C E, B, /) := { (a, a) \ 1 Grf a E a) ( C E) ^ 0} 
KMS(E* , B, I) := |J JCMS( C E, O, J) 

c£R A 

Sp{ c E, B,I) := {a | (a, a) G KMS( C E, B, J) } 
Sp(.E*,B,I) := (J 5p( CJ B,B,I) 

c£R A 

Each element of /CW<S(.E*,B,/) is called the KMS-spcctrum of (E*,B) at X>/. 

Remark 2.5.5. — Even in the case g = 0, a similar notion makes sense, if the 
eigenvalues o/Rcs,;(B°) are assumed to be constant. The condition will be satisfied 
when we consider wild harmonic bundles. □ 

2.5.3. Filtered bundle (Appendix). — Let X be a complex manifold with a 
simple normal crossing hypcrsurface D = [J i( - A Di. A filtered sheaf on (X, D) is a 
datum E t = (E, { C E} \ c e R A ) as follows: 

— E is a torsion- free coherent Ox (*-D)-module. 

— { C E} is an increasing filtration by coherent Ox-submodules of E indexed by 
R A such that (i) E\ X _ D = C E\ X _ D for any c, (ii) a E = f| a<b bE, (in) E = 
UaGfl A o-E- Here, the order on R A is given by a < b a,; < (Vi). 

— a 'E = a E (g) Ox(- X) n i -^j) as submodules of E, where a' = a — (nj \j G A). 

— For each c G i? A , let '.F be a filtration of c-E 1 indexed by ]a — l,Cj] is given as 
follows: 

(32) l MoE) := U „£. 

a<c 

Then the tuple c £^ := ( c i?, G S 1 }) is a c-parabolic sheaf, i.e., the sets 

{a\ l Gr^( c E) ^0} are finite. 

See Subsection 3.2 of [92] for some property of filtered sheaf. Each C E* is called the 
c-truncation of E*. We can reconstruct E* from c 25*. If each C E is locally free, E* 
is called a filtered bundle. (See Remark 2.5.6 below.) 

2.5.3.1. Induced filtrations. — Let E„ be a filtered bundle on (X,D). For each c- 
truncation C E, we have a filtration % J : given as in (32). Let i F t i( c E\ D .) denote the 
image of the induced map l J r d{ c E\D i ) — > cE\D t - It is called the parabolic filtration 
of C E. For / C A, we have the induced filtrations l F {i G /) of c E\ Dl . It is known 
([18], [19], [51]) that they are compatible in the sense that it has locally a splitting, 
i.e., for each P G Dj, take a small neighbourhood Dj p of P in Dj, then we have a 
splitting c E lDltP = ©G d such that / F 6 ( c S| Dl ,p) := fVify {cE\d u p) = ® d < b G d - It 
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also implies the locally abelian condition in [60], i.e., for a small neighbourhood Xp 
of P in X, we can take a decomposition c E\x P = ©#d such that l Fb( c Ei D . nXp ) = 

®d,<b H d\D z - 

Remark 2.5.6. — The above compatibility condition was imposed in our old but 
equivalent definition of filtered bundle (|92] and [93],). It is used implicitly, even if it 
does not appear in the definition. □ 

Let / be a subset of A. Let Dj := f] ieI D L . For a £ R 1 , we will often consider 

'F a ( c E\ Dl ) := f] l F at ( c E lDl ), J Gr£( c E) := — . 

Here, b < a means "6 < a and b ^ a" . We often consider the following sets in this 
situation: 

Tar( c E, I) := {a £ -R J | 1 Gr^( c E) £ 0} 
Par(E*,I) := [j Var{ c E,I) 

c£R A 

2.5.3.2. Compatible frame. — For P £ X, let Xp denote a small neighbourhood of P 
mX, and we put D P := DC\X P , and Dj, P := DjC\X P . Let A(P) := {j £ A | P £ Dj}. 
Let £7* be a filtered bundle on (X,D). We can take a frame v of c £|j p with the 
following property: 

— For each v p , the tuple of numbers a(v p ) £ Y[jeA{P)^ c j ~ 1' c il- 

— For J C A(P), J Fb( c £'|_D Jf ,) is generated by w p such that aj{v p ) < bj (Vj £ J). 
Such a frame is called compatible with the parabolic structure of C E. The numbers 
aj(v p ) is often written as ■? deg^(wp). 

2.5.3.3. Pull back of filtered bundles. — Let us recall the pull back of filtered bundles. 
See [60] for a more systematic treatment. Let X := A™ and D := Ui=i{ z i = 0}- 
Let X := A™ and D := ._ 1 {io 3 - = 0}. Let ip : X — ► X be a morphism such 
that ip~ 1 {D) C £>. Then, ^*(z 4 ) = \ \, , u£ //, for some invcrtible function 

(i = l,...,£). Let : fi £ — > R k be given by (p*(b) := £)f =1 For an y b e Rk > 

we set 

5(b) := { (a, n) £ i? £ x Z| | if* (a) + n < b} 
Let £/* be a filtered sheaf on (X, D). We put 

(a,n)£S(b) 

Thus, we obtain a filtered sheaf E* on (X,D). It is independent of the choice of the 
coordinate systems z and w. 

Lemma 2. 5. 7. If E* is a filtered bundle, E„ is also a filtered bundle. 
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Proof Let v be a frame of °E compatible with the parabolic filtrations. We put 
o-i{Vp) := 1 deg F (v p ) and a(v p ) := (ai(v p )). Let c = (cj) € R k . Let rhj(vi) be the 
integers determined by the condition Cj — 1 < (p*(a(v p )) + nj(v p ) < c^. We set 

Then, we can check that c v := ( c w p ) gives a frame of C -E compatible with the parabolic 
filtrations. □ 

Let X (resp. X) be a complex manifold with a simple normal crossing hypcrsurfacc 
D (resp. £>). Let ip : (X,D) — > (X,D) be a morphism. Let £7* be a filtered bundle 
on (X,D). Applying the above procedure locally, we obtain a filtered bundle on 
(X,D) globally. 

2.5.3.4- Descent with respect to a ramified covering. — Let X := A™ and X := A™. 

Let D := ULii z * = °) and & ~ ULii w i = °>- Lct V : — > ( X > D ) 

be a ramified covering given by (p(wi, . . . , u>„) = (w™ 1 , . . . , w™ f , Wt+i, ...,?«„). Let 
y>* : i?^ — ► i? £ be given by tp*(ai,..., at) = (mi oi, . . . , mi at). 

Lct £7* = (b-E 1 ) be a filtered sheaf on (X, D), which is equipped with the Gal(X / X)- 
action. Let a E be the decent of ^»( )-B. Thus, we obtain a filtered sheaf £7* on 
(X, D). It is easy to see that is also a filtered bundle, if E* is a filtered bundle. 
The construction is independent of the choice of a coordinate system. 

For any general ramified covering of complex manifolds, we obtain the global decent 
by applying the above procedure locally. 



2.6. Good lattice in the level m 

We introduce an auxiliary concept of good lattice in the level m. It seems useful 
in the inductive study on Stokes structure. Because we consider only the unramified 
case, we omit to distinguish it. 

2.6.1. Order of the pole. — We introduce an auxiliary notion of "order" of the 
pole of a 1-form or a mcromorphic flat p-conncction. Let X — > K,, T>, g be as 
before. Let V = \J ieA T>i be the irreducible decomposition. Let m £ Z< . We put 
:=lU<o^and :=U TOi =oA- 

Definition 2.6.1. — Let us be a holomorphic section of F ® Vl x {*T>), where F is a 
locally free Ox -module. We say ordw > m, if it is contained in 

F ® (>^ /K (log T>M) + Q x/K (log )) . 

We have similar conditions for 1- forms on formal complex spaces. □ 
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Let E be a locally free O^-module with a mcromorphic p-flat connection D of 
E(*V). 

Definition 2.6.2. — We say ord(ID) > m, if the following holds: 

(33) BE c E ® {z m n\ /K {\ogVV) + ^^(logV^)) 

We have a similar condition for the lattice of a meromorphic flat g-connection on 
formal complex spaces. □ 

Let v be a frame of E. Let A be determined by Oi> = v A. We have ordB > m if 
and only if ord^4 > m. 

Remark 2.6.3. — For any j such that m,j = 0, we have the induced endomorphism 
Re8j(B) o/^ip.. □ 

Remark 2.6.4- — The condition (33) implies the following: 

(34) B£ c z m E® Q} x/K (\ogV) 

It was adopted as the definition of order in the older version of this monograph. The 
difference is not essential for our purpose. The condition (33) might be more natural, 
and (34) might be easier to state. □ 

2.6.2. Good set of irregular values in the level m. — This subsection is a 
complement of Section 2.1. Let Y be a complex manifold. We put X := A e x Y, and 
D := UUiUi = 0}- 

Definition 2.6.5. — Let m £ Z< \ {0}. A finite set of meromorphic functions 
T = {a = amZ m } C M(X,D) is called a weakly good set of irregular values on 
{X, D) in the level m, if the following holds: 

— o-m^^m ore invertible holomorphic functions on X for any two distinct a, b G X. 
If moreover the following condition holds for an integer i such that mi < 0, X is called 
a weakly good set of irregular values on {X,D) in the level (m,i). 

— a m — b m are independent of the variable Zi- 

A weakly good set of irregular values in the level (m,i) is called a good set of irregular 
values in the level (m,i), if the following condition is satisfied. 

— a m are holomorphic functions on X, which are independent of Z\. □ 

Let X be a weakly good set of irregular values in the level (m,i). We choose any 
a^ -* £ X. Then, the set X' := jo — a' ' | a G 1} is a good set of irregular values in the 
level (m, i). 

For a weakly good set of irregular values X in the level (m,i), we put X v := 
{ — a flgl}. For Xi (i = 1, 2), we put X\ ® X 2 := {oi + a.2 \ ck € X{\ and X\ ®X<i = 
X\ UZ2, which arc not necessarily weakly good in the level (m,i). 
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2.6.2.1. Let J be a good set of irregular values on (X, D). Take an auxiliary se- 
quence m(0), m(l), . . . , m(L). Let us observe that we have the associated good 
sets of irregular values on (X,D) in the level (m(i),t)(i)) for i — 0,1,..., L, af- 
ter shrinking X. Recall that we have the truncations J(m(i)) := r} m ti){J). For- 
mally, we set J{m{— 1)) := {0}. The set X^ ' := J(m(0)) is a good set of ir- 
regular values in the level (m(0), f)(0)). We have the naturally induced morphisms 
Vm(i),m(j) '■ J( m {j)) — > ^( m M) f° r 3 > i- For an y e J(m(i - 1)), we define 

: = Vi-ij^W' z « := (Cm(i)(b) | b el, w }. 

Then, are weakly good sets of irregular values in the level (m(i), t)(i)), and 

are good sets of irregular values in the level (m(i), f)(i)). 

2.6.3. Good lattice in the level m. — Let Y be a complex manifold with a 
simple normal crossing divisor D' Y ■ Let K, be a complex manifold with a holomorphic 
function g. Let <Y := A* x Y x /C, X> 2 , 4 := {z t = 0} and V z := UiLi^-M- We also 
put XV := A* x x /C and 2? := V z U Py. 

Let m G Z<q, and let i(0) be an integer such that 1 < i(0) < k. We put m(l) := 
m + 5j(o)- Let -E be a locally free O^-module, and let D be a meromorphic flat 
^-connection of E(*T>). 

Definition 2.6.6. — (E,W) is called a weakly good lattice of a meromorphic g-flat 
bundle in the level (m,i(0)), if there exist a weakly good set of irregular values X in 
the level (m,i(0)) on (X,T>), and a decomposition 

(35) (£,0) |Si =®(£ aj D ) 

ael 

such that ord(D n — da) > m(\). 

If I is a good set of irregular values in the level (m,i(0)), (E,H),X) is called a good 
lattice in the level (m,i(0)). □ 

The decomposition (35) is called the irregular decomposition in the level (m, «(0)), 
(or simply m). In this situation, we will often say that (E,H),X) is a (weakly) good 
lattice in the level (m, i(0)). The rank of E a will be often denoted by r(a). The 
following lemma is clear. 

Lemma 2.6.7. — Let (E,V),X) be a good lattice in the level (m,i(0)). For any 
a G M{X,T>), we consider the line bundle C{a) = Ox e with the meromorphic g- 
connection De = e {da). We set T := {b + a | b G X) and (E',W) := (E, D) <g> £(o). 
Then, (E' , W,X') is a weakly good lattice in the level (m,i(0)). 

Conversely, let (E,U>,X) be a weakly good lattice in the level (m,i(0)). Take any 
element ael, and we set X' := {b - a | b G X} and (E',B') := (E,B) ® £(-a). 
Then, (E' ,W ,X') is a good lattice in the level (m,i(0)). □ 
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The following lemma can be shown by the argument in the proof of Proposition 
2.4.4. 

Lemma 2.6.8. — The condition in Definition 2.6.6 is equivalent to the following: 

- For any P G V z , (E,W),p has a decomposition (E,D)^p = (§) ae z{ P E a , D ) such 
that ord(D - da) > m(l). □ 

We put /C° := g^ 1 (Q), X° X /C°, etc.. For simplicity, we assume dg is 
nowhere vanishing on /C°. After shrinking X, we have the irregular decomposition 
(E,U))\x° = (& ae i{ E a ,x<>,^>° a ) such that ord(B°-ofa) > m(l). It is uniquely extended 
to a decomposition (E,1B))^o = © ae i(£ 0i jo,Do) on the completion X° . We put 
W := X° U T> z . By using Lemma 2.4.12, we obtain a decomposition 

(36) (£,D)^ = 0(£ a ^,B a ) 

such that ord(D a — daj > m(l). The decomposition (36) is also called the irregular 
decomposition in the level (m,i(0)). 

2.6.4. Residue. — Let (E,U),T) be a good lattice in the level (m,i(Q)). Because 

BEcE® (z m n x/K (\ogV z ) + n^ /x: (log2V)) 

we obtain the residue Resyj(D) € Eind(E\x> Y - ) for each irreducible component T>y,j 
of T>y in a standard way. We obtain the residue even in the case that (E,D,1) is a 
weakly good lattice in the level (m,i(0)) by considering the tensor product with a 
meromorphic p-flat bundle of rank one. 

Lemma 2.6.9. — Let (£,B) be a meromorphic g-flat bundle on (X,D) with a good 
lattice (E,X) in the level (m,i(0)). Let P be any point of T> such that g(P) ^= 0. 
Then, we can find a good lattice (E' ,1) of E{*T>) in the level (m, i(0)) on a small 
neighbourhood Xp with the following non-resonance property: 

— Let Q be any point of an irreducible component T>y,j H Xp. Then, distinct 
eigenvalues a, (5 of Resyj(£i _1 D)|Q satisfy a — (3 ^ Z. 

Proof It can be shown by the standard argument in the proof of Proposition 

2.7.5. Because we give some more details there, we omit it here. □ 

2.6.5. Some functoriality. — In general, we use the symbol to denote the 
subspace {/ e V 2 V | f{V\) = 0} C V 2 V for given vector spaces Vi C Vi, where 
denotes the dual space of V2. It is naturally extended in the case of vector bundles. 
Let (E, B,I) be a (weakly) good lattice in the level (m, i(0)). We set Z v := { — a | 6 
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l}. Then, the dual (E v , ID) V , I v ) is also a (weakly) good lattice in the level (m,i(0)). 
The direct summands E^ (a € X v ) in the irregular decomposition are given as follows: 

e: = e £ 6 

\ bei 

Let (Ep, Dp,I p ) (p = 1, 2) be (weakly) good lattices in the level (m, i(0)). We put 
Zi ® Z2 := {ai + (*2 ftp G 2p|. If Zx ® ^2 is a (weakly) good set of irregular values 
in the level (m,i(0)), then E\ <£> E2 is a (weakly) good lattice in the level (m,i(0)). 
The direct summands of the irregular decomposition are given as follows: 

(E7®E 2 ) a = Ei, ai <8 E 2<a2 

(ai,o 2 )6liXl 2 
ai + 02 = a 

We put Ii © I2 := I\ U ^2- If Zx © is a (weakly) good set of irregular values in 
the level (m, i(0)), the direct sum E\ © E 2 is also a (weakly) good lattice in the level 
(m,i(0)). The direct summands in the irregular decomposition are given as follows: 

(E 1 Q)E 2 )a = E ha ®E 2 , a 

A morphism / : (£x,Bi) — !► (i?2,©2) of (weakly) good lattices in the level 
(m,i(0)) is defined to be just a flat morphism. Note that the induced morphism 
/ : (i?i, ID>i)|g? — > (_E2,B2)|gy preserves the irregular decomposition. 

2.6.6. Remark on growth order of a flat section. — Let (E,H)) be a good 
lattice of (£,B) in the level (m,i(0)) on (X,T>). Let v be a frame of E. We have 
the matrix- valued functions Ai determined by Ov = v (Yh = i A^ dzij . We have the 
following: 

- A t = 0[\z^ l \ \z m \) for* = l,...,fc. 

- Ai = 0(\z m \) + CKN- 1 ) for i = k + 1, . . . ,£. 

- Ai = 0(\z m \) iovi = e+l,...,n. 

Assume g is nowhere vanishing on K,, for simplicity. Let S be a small multi-sector 
of X — V z , and let / be a B-nat section of E\ s , which is nowhere vanishing. We have 
the expression f = J2 fi Vi. We obtain a C r -valued function / = (f{) on S. 

Lemma 2.6.10. — The following holds for some C > 0: 



log I /| 



<c\z m \ + c J2 iosN" 1 



i=k+l 

Proof It follows from Lemma 20.3.3. □ 
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2.6.7. The induced good lattice in the level m. — Let X = A n xJC, T>i = {zt = 
0} and T> = \J i=1 T>i. Let {E, U>) be an unramificdly good lattice of a mcromorphic g- 
flat bundle (X, V). For simplicity, we assume that the coordinate system is admissible 
for the good set Irr(D). We take an auxiliary sequence m(0), m(l), . . . , m(L) for 
Irr(B). Let Er(B,m(i)) denote the image of rj m(i) : Irr(D) — > M(X,V)/H(X). 

Lemma 2.6.11. — (i?, D, Irr(lD>, m(0))) is a good lattice in the level (m(0), f)(0)). 
The decomposition is given by the irregular decomposition in the level (m(0), f)(0)): 

aGlrr(D,Tn(0)) 

Here fc(0) is determined by m(0) G Z<q x Qi_ k ^, and fc(0) = {1, . . . , k(0)}. 

Proof Let V( := P|j=i ^j- Let m be a frame of which is compatible with the 

irregular decomposition (E,!})^^ = © ceIrr ( D ) (-E c , D c ). The connection 1-form of D 

with respect to the frame u is decomposed as Dm = u ^® ceIrr ( D ) (dcl c + T c )^ , where 

T c are logarithmic 1-forms, and I c are the identity matrices. For each a E Irr(D, m(0)), 
we put -E a := © ce _-i ^-E c . Let u a denote the tuple of Ui £ ~E a , which gives a 

frame of -E a . We put V = Ufc(o)<i<f Then, we have DS = u a (dal a + T' a ), 
where T' a £ z m{ ^Q^ (logX>(fc(0))) + fi^(logX>')> and h are the identity matrices. 
Then, the claim of the lemma follows. □ 

Let m(i) be the minimum of T(Irr(D)), i.e., Irr(D, m(j)) | = 1 for j < i, and 
|lrr(D, m(i)) | > 2. Note that Irr(D, m(i)) is a weakly good set in the level (m(i), ()(«)). 

Lemma 2.6.12. — [E, D, Irr(lD), m(i))) is weakly good in the level (m(i),f)(i)). 

Proof Take any a <G Irr(D). We consider a line bundle £(— a) := Ox e with the 
meromorphic g-flat connection Be = e(— da). Then, (E',W) := (E,W) ® £(— a) 
is an unramifiedly good lattice with Irr(D') = {b — a\b € Irr(D)}. Note that 
m(i), m(i + 1), . . . , m(L) gives an auxiliary sequence for Irr(D'). Applying Lemma 
2.6.11 to (E',W), we obtain that (E',W) is a good lattice in the level (m(i), f)(i)). 
Then, the claim of the lemma follows. □ 



2.7. Good Deligne-Malgrange lattice and Deligne-Malgrange lattice 

In this section, we consider ordinary flat connections, except the remark in Sub- 
section 2.7.1.1. We use the symbols X, D and V instead of X, D and D, respectively. 
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2.7.1. Good Deligne-Malgrange lattice. — Let X be a complex manifold, and 
let D = U ieA Di be a simple normal crossing hypersurface. 

Definition 2.7.1. — Let E be an unramifiedly good lattice of a meromorphic fiat 
bundle {£ , V) on (X,D). It is called unramifiedly good Deligne-Malgrange, if any 
eigenvalues a o/Resu 4 (V) (i £ A) satisfy < Rc(a) < 1. □ 

Let E be an unramifiedly good Deligne-Malgrange lattice of a meromorphic flat 
bundle (£,V) on (X, D). We have the generalized eigen decomposition E\p >i = 
(£) aeC ' l E a with respect to Res£>;(V). Then, we have the parabolic filtration l F 
of E\D t for each irreducible component Di of D, given in a standard manner: 

l F a (E lD J:= E ai (-Ka<0) 

— Re(ct)<a 

It is easy to observe that the parabolic nitrations are compatible. The associated 
filtered bundle is denoted by Ef M , which is called the Deligne-Malgrange filtered 
flat bundle associated to (£, V). We have E = °E DM , i.e., E is the O-truncation of 
E DM 

Lemma 2. 7. 2. — Let X and X be complex manifolds, and let D and D be simple 
normal crossing hyper surf aces of X and X, respectively. Let <p : (X,D) — > (X,D) 
be a ramified covering. Let (£ , V) be a meromorphic flat bundle on (X,D), which 
has the unramifiedly good Deligne-Malgrange lattice E. Then, (p*(£ , V) also has the 
unramifiedly good Deligne-Malgrange lattice E, and E is the descent of E. 

Proof We obtain the filtered bundle E* on (X, D) induced by ip and E® M , as in 
Section 2.5.3.3. We can observe that °E is the unramifiedly good Deligne-Malgrange 
lattice of tp*£. Then, the claims of the lemma are clear. □ 

Definition 2.7.3. — Let E be a good lattice of a meromorphic flat bundle (£, V) on 
(X,D). 

— E is called good Deligne-Malgrange at P € D, if there exists a ramified covering 
ife '■ (X' P ,D'p) — > (Xp,Dp) such that E\x P is the descent of the unramifiedly 
good Deligne-Malgrange lattice of tp* e £ . Here, (Xp,Dp), (X P ,D P ) and if e are 
as in Definition 2.3.3. Note that we also obtain the natural filtered flat bun- 
dle (E® M , V) on (Xp,Dp) as the decent of the Deligne-Malgrange filtered flat 
bundle associated to tp*£ in this case. 

— E is called good Deligne-Malgrange, if it is good Deligne-Malgrange at any point 
P € D. In this case, we have the associated filtered flat bundle (E® M , V), which 
is called the Deligne-Malgrange filtered flat bundle associated to (£, V). □ 

We should remark that good Deligne-Malgrange lattice does not necessarily exist 
for a given meromorphic flat bundle over a higher dimensional variety, contrast to the 



62 CHAPTER 2. GOOD FORMAL PROPERTY OF MEROMORPHIC g-FLAT BUNDLE 



one dimensional case. But, it is unique, if it exists, which follows from the unique- 
ness of (not necessarily good) Deligne-Malgrange lattice (see Section 2.7.2 below) or 
Lemma 2.7.2. 

Proposition 2.7.4- — Let (£,V) be a meromorphic flat bundle. The following con- 
ditions are equivalent: 

(a) : (£, V) has a good Deligne-Malgrange lattice. 

(b) : (£,V) has a good lattice. 

(c) : For each point P £ D, there exists a neighbourhood U of P such that (£, V)\jj 
has a good lattice. 

(d) : For each point P G D, there exists a neighbourhood U of P such that (£, V)\u 
has a good Deligne-Malgrange lattice. 

Proof The implications (a) =>■ (b) =>■ (c) are obvious. The implication (d) =>■ 
(a) follows from the uniqueness of the Deligne-Malgrange lattice. Let us show the 
implication (c) =>■ (d), which can be carried out using a standard successive use 
of elementary transform. We give only an outline. Due to the uniqueness of the 
good Deligne-Malgrange lattice, we have only to consider the problem in the un- 
ramified case. Let E be an unramifiedly good lattice. Let Sp(i) denote the set of 
the eigenvalues of Res£> i (V). We have the generalized eigen decomposition Em f = 
©aeSp(i) ^ Q with respect to Resi^V). We put a + := max{Re(a) | a € Sp(i)} and 
a_ := min{Rc(a) | a € Sp(i)}. We have the subbundles F± := © Rc ( Q ) =a± E Q . 

Assume a_ < 0. We regard F_ as an Ox-module. Let E' denote the kernel of 
the naturally defined morphism of Ox-modules E — > F- . It is easy to show that E' 
is also good, the eigenvalues a of Resu^V') satisfy a_ < Re(a) < max(a + , 1 + a_). 
Assume a+ > 1. Let E" denote the kernel of the naturally defined morphism E (g 
O(Di) — > F + (g) O(Di). It is easy to show that E" is also good, and the eigenvalues 
of ResDi(V") satisfy min(a_, —1 + a+) < Re(a) < a+. Hence, by composition of the 
above procedure, we can construct the unramifiedly good Deligne-Malgrange lattice 
from an unramifiedly good lattice. □ 

2.7.1.1. Local existence of non-resonance lattice in the family case. — In this sub- 
section, we consider the case K. is not necessarily a point. We put X :— X x JC and 
T> := Dx K,. Let [E , D) be an unramifiedly good meromorphic g-flat bundle on (X, T>) 
relative to /C. 

Proposition 2.7.5. — If g(P) ^ 0, there exist a small neighbourhood Xp of P and 
a good lattice F of {£ 1 W)\x> P with the following property: 

— Let a and f3 be distinct eigenvalues of ReSi(g _1 ]D>)Q E End(i 7 '|p p i ) for some 
Q e %. Then, a - (3 <£ Z. 

Proof It can be shown by the argument in the proof of Proposition 2.7.4. We 
give only an outline. We set V := g~ l O. We may assume X = A" x /C, T> = 
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[j i=1 {zi = 0} and P = (0,y), where O denotes the origin of A n and y G K,. Let 
E be an unramifiedly good lattice. Let Sp(i) denote the set of the eigenvalues of 
the endomorphism ReSj(V) on E%py. We have the generalized eigen decomposition 
E\v? = ©a65p(i) ^« wrtn rcs P cc t to ReSi(V). We put a-(E,i) := min{Rc(a) | a G 
Sp(i)} and a + (E,i) := max{Re(a) | a G <Sp(i)}. We have the subbundle F_ := 
®'Rc( a )=a-(E i) ^ a • ^ ^ p ls sufficiently small, we have the subbundle F'_ C E^. such 
that (i) F'_, v y = F-, (ii) Res-Dj (V) (Fi ) c F'_. Applying the procedure in the proof of 
Proposition 2.7.4 to E and F'_ , we obtain a lattice E' such that a_ (E, i) < a_ (£", i) < 
a,-(E,i) + 1. By successive use of this procedure, we may assume < a_(E,i). 
Similarly, we may assume a+(E,i) < 1. Then, if is sufficiently small, a — /3 ^ Z 
for distinct eigenvalues of ReSi(V)Q (Q G Di t p). □ 

2.7.2. Deligne-Malgrange filtered flat sheaf. — 

2.7.2.1. Deligne-Malgrange lattice. — Let X be a complex manifold, and let D = 
lJ igA Di be a simple normal crossing divisor of X. As already remarked, a mero- 
morphic flat connection (£, V) does not necessarily have a good lattice. However, 
according to Malgrange's theorem, we have a lattice which is generically good Deligne- 
Malgrange lattice. 

Proposition 2. 7. 6 (Malgrange [84] ) . — There always exists a unique lattice E C 
£ characterized by the following property: 

— E is a coherent reflexive Ox -'module. 

— There exists a Zariski closed subset Z of D with codimx(-Z) > 2, such that 
E\ x \z is the good Deligne-Malgrange lattice of (£ ,^7)\x\z ■ 

It is called the canonical lattice in [84], but we called it Deligne-Malgrange lattice. 

Remark 2.7.7. — In this monograph, a subset Z C X is called Zariski closed, if it 
is a closed complex analytic subset. And, a subset U C X is called Zariski open, if it 
is the complement of a Zariski closed set. □ 

Proof We give only a remark that Z can be Zariski closed in the above sense. 
Let N(E) denote the closed analytic subset of D such that Q £ N(E) if and only if 
Eq is not locally free. Let denote the set of singular points of D. In [84], it is 
shown that there exists a closed subset Z C D in the ordinary topology, such that (i) 
£)[2] u N(E) C Z, (ii) E is good Deligne-Malgrange around any Q G D\ Z, (iii) for 
any Q G Z, there exists a small neighbourhood Xq of Q in X with a closed analytic 
subset Zq of Dq := Xq n D satisfying codim^ (Zq) > 2 and Xq n Z C Zq. If the 
closed subsets Zi (i G A) have the above property, HieA ^ a ^ so h as it- Hence, we 
have the minimum among the closed subsets with the above property, which will be 
denoted by Z in the following. Then, Q G D is contained in Z if and only if one of 
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the following holds: (i) Q G L> [2] U N(E), (ii) Q U N(E) and E is not good 

Deligne-Malgrange at Q. 

Let us show that Z is closed analytic. For any P e Z, we can take a small 
neighbourhood Ap and a closed analytic subset Zp C -Dp := Dfl Ap satisfying 
codimxp(^p) > 2 and Zp = X P D Z C Zp. We put A P := Z P \ Z P , which is 
an open subset of Z P . We put D$ := £>I 2 J n X P and 7V(S)p := i\T(E) n X P . Let 
Zp = U ier Zpj be the irreducible decomposition. For each i € T, we put Wp, := 
U N(E) P U [} j _ Li Z Pr If Zp; \A P C W Pli , we have Z P C Wp^. Hence, we may 
and will assume Zp,-\ (A P UW p ,i) 7^ for each i G T. Then, let us show that A P = 0, 
i.e., Zp = Zp,-, which implies that Z is closed analytic subset of X. For that purpose, 
we have only to show that Z P ^ n A P = for each i G T. Assume the contrary, and 
we shall deduce a contradiction. 

Let Z Pi denote the smooth part of Z Pi \ Wpj. Because Z Pi is irreducible, Z Pi 
is connected and non-empty. Because A P n Z pi ^ 0, we have A P n Z P i ^ 0. We 
have the two cases: (A) Z P n Z Pi 7^ 0, (B) Z P n Z Pji = 0. In the case (B), note that 
Zp \ Wp.i is contained in a closed analytic subset whose codimension in X is larger 
than 3. 

We take a point Q G Zp n Zp^ as follows. In the case (A), Q is a point in the 
intersection of Z P n Z P i and the closure of A P n Z Pi in Z P i . In the case (B), Q is 
any point of Z P \ W p> i. 

We take a small coordinate neighbourhood (Xq,z\, . . . , z n ) around Q such that 
Dq = {zi = 0}. We put Zq := Z P PiXq. In the case (A), we may assume that Zq is 
the complement of a non-empty open subset in {z\ = Z2 = 0}. In the case (B), Zq is 
contained in a closed analytic subset Zq with codim^g Zq > 3. By our choice, E is 
good Deligne-Malgrange around any Q' G Dq \ Zq. In this situation, we shall show 
that E is good Deligne-Malgrange around Q, which contradicts with the choice of Q, 
and we can conclude that A P n Z P .i = 0. 

We have only to consider the case that E is unramifiedly good around any Q' G 
Dq \ Zq. We recall that a holomorphic function on Dq \ Zq is naturally extended 
to a holomorphic function on Dq. We recall that, for a holomorphic function / on 
Dq, if the zero of / is contained in Zq, then / is actually nowhere vanishing. We 
also remark that the fundamental group of Dq \ Zq is trivial. Hence, we obtain that 
there exists a good set of irregular values X C M(Xq, Dq)/H(Xq) such that, for any 
Q' G Dq \ Zq, the restriction of I to a neighbourhood of Q' is Irr(V,Q'). Then, 
we can show that (E, V)^ has the irregular decomposition by using a standard 
argument in [77] . We give only an indication. 

Let F be a locally free Og Q -module with a meromorphic connection V. Let 1 C 
M(Xq, Dq) be a good set of irregular values. Assume that, for any Q' G Dq\Zq, we 
have a decomposition (F, V)ig ( = ©agiC^a.Q', V a ) such that V a are a-logarithmic, 
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where Dq> := DP\Xq> for a small neighbourhood Xq> of Q' . Then, we shall show that 
there exists a decomposition (F, V) = © aG x(-^a; V a ) such that V a are a-logarithmic. 
(Then, wc obtain the desired decomposition of (E, V)|g .) We use an inductive 
argument. 

Let m(F, V) := min{ord 21 a| a G I}. If m(F, V) = 0, there is nothing to do. Let 
us consider the case m(-F, V) = m. We set T := {— m(zf m a)|u Q | a G l}. If |T| = 1, 
by considering V + d(z™a)/m for a G T, we can reduce the case m(F, V) = m + 1. 
If \T\ > 2, wc consider the endomorphism G of -F|d q induced by z^ m \7(zidi). The 
set of the eigenvalues of G\o Q \z Q is given by T, and we have the eigen decomposition 
F\Dq\z q = ® aeT Ea- Then, the set of the eigenvalues of G is T, and we have the 
eigen decomposition F\ Dq = (§) a £ T ^ a on Dq. By a standard argument explained 
in Lemma 2.2.16, it is extended to a decomposition F = Q) aeT F a such that (i) 
z 1 " m V '(zid\)F a C Fq., (ii) i^lDg = E a . If we restrict it to a small neighbourhood of 
Q' £ -Dq \ Zq, it is the same as the irregular decomposition around Q' . Hence, it 
is V-flat. We have the natural map 7r : I — > T, and let 1(a) := n^ 1 (a). For each 
Q' e Dq \ Zq, we have a decomposition (F a ,V),Q ( = © ae i( Q )(^a,Q', V a ). Hence, 
we can obtain the desired decomposition of (i 71 , V) by an easy inductive argument. 

□ 



2.7.2.2. Deligne-Malgrange filtered sheaf. — We have the Deligne-Malgrange filtered 

M 

\Zi 



flat bundle (eW z *, v ) 011 (X\Z,D\Z) associated to (£, V)\ X \z 



Lemma 2.7.8. — It is extended to a filtered flat sheaf on (X,D), i.e., we have the 
filtered flat sheaf (E® M , V) on (X, D) with the following property: 

(E? M ,V) IX \ Z = (E° M Z *,V). 
— a E DM are coherent reflexive Ox -modules for any a G i? A . 
It is called the Deligne-Malgrange filtered sheaf associated to (£, V). 

Proof Since we have only to shift the condition on the eigenvalues of the residues, 
the claim can be shown by repeating the argument of Malgrangc. Otherwise, it can 
be reduced to the existence of Deligne-Malgrange lattice, which is explained in the 
following. Since the problem is local, we may assume X = A" and D = (J i=1 {zi = 
0}. For each a = G R e , let us consider the line bundle L a := Ox e with 
the logarithmic flat connection V a such that V a e = e 5^»=i a « dzi/zi. We have the 
Deligne-Malgrange lattice a E' of (£, V) <g> (L a ,V a ), and we put a E := a E' £g> L_ a . 
Then, E* = ( a E | a G R A ) has the desired property. □ 

We mention an important property of Deligne-Malgrange filtered sheaf on a pro- 
jective variety. 

Lemma 2.7.9. — Assume that X is projective, provided with an ample line bundle 
L. Then, hl(E® m ) = always hold. (See Section 13.1 for (II-) 
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Proof The claim can be reduced to the one dimensional case, which was shown 
in [102], for example. □ 

2.7.3. Good formal structure and good lattice. — Let X be a complex mani- 
fold with a normal crossing hypcrsurface D. Let (£, V) be a meromorphic flat bundle 
on (X,D). 

Proposition 2.7.10. — //(£, V)|p has an (unramijiedly) good Deligne-Malgrange 
lattice for each P £ D, then (£, V) has an (unramijiedly) good Deligne-Malgrange 
lattice. 

The case D is smooth will be argued in Section 2.7.4, and the normal crossing 
case will be argued in Section 2.7.5. We remark that we have only to consider the 
unramificd case, according to Lemma 2.2.7. 

Before going into the proof of the proposition, we give a consequence, which will 
be used in Section 16.3.4 for the proof of Theorem 16.2.1. 

Corollary 2.7.11. — Let — ► V«) — ► (£(°>, V<°>) — ► {E (2) M 2) ) — ► 

be an exact seguence of meromorphic flat bundles on (X,D). If (£W,V^) (t = 
1,2) have good Deligne-Malgrange lattices, then (£^°\V^) also has a good Deligne- 
Malgrange lattice. 

Proof It immediately follows from Proposition 2.2.13 and Proposition 2.7.10. □ 

Remark 2.7.12. — In the earlier version of this monograph, the claim of Proposi- 
tion 2.7.10 was proved in the case dimX = 2. We also proved the claim of Corollary 
2.7.11 with a slightly different argument. Proposition 2.7.10 seems useful for simplifi- 
cation of the arguments. Although it is also given in our survey paper [98], we include 
it for the convenience of readers. □ 

2.7.4. Proof of Proposition 2.7.10 in the smooth divisor case. — Let X := 

A n and D := {z\ = 0}. Let D denote the completion of X along D. Let tt : X — > D 
denote the natural projection. 

2.7.4-1. First, let us observe that we can ignore the subsets whose codimension in X 
is larger than 3. The result in this section is also used in Section 19.3.5. We will use 
the following easy lemma implicitly. 

Lemma 2.7.13. — Let Z be a closed analytic subset of D with codim£)(Z) > 2. Let 
I be a good set of irregular values on (X \ Z, D \ Z). Then, it is also a good set of 
irregular values on (X,D). 

Proof Take a £ X. By Hartogs property, we obtain that o £ M(X,D)/H(X). 
Because d rd(a) is nowhere vanishing on D \ Z, we obtain that it is also nowhere 
vanishing on D. We can check the other property similarly. □ 
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Let (£, V) be a meromorphic flat connection on (X, D), i.e, £ is a (not necessarily 
locally free) coherent 0x(*-D)-module with a meromorphic flat connection V : £ — > 
£ (g> £l x . Assume the following: 

— There exist a closed analytic subset Z C D with codimpi(Z) > 2, and a good 
set of irregular values X c M(X,D)/H(X), such that the irregular values of 
the restrictions (£, V)|„~i(p) are given by {a^-^p) | a G l} for any P G D\Z. 

Lemma 2.7.14. — Ij the above condition is satisfied, the Deligne-Malgrange lattice 
E of (£, V) is a locally free Ox -module, and unramifiedly good with Irr(V, Q) — X for 
any Q € D . 

Proof Since E is reflexive, by extending Z ', we may assume that E\x\z IS locally 
free. By using a well established argument (see [77] or [84], for example), we can 
easily obtain the irregular decomposition E^^~^ = Q) aeX E a .D\z- Let 7r a denote the 
projection onto F a D \ z , which gives a section of End (£7) j^j^g • 

Let us see that n a is extended to a section of End(£ l )ig. Although it follows from 
a general result, we show it directly. It is easy to show the following claim by using 
Hartogs theorem: 

- Any section of Ogyg is extended to a section of Oq. 

Since E is reflexive, we can (locally) take an injection i : E — > O x N for some 
large N such that the cokernel Cok(i) is torsion-free. We can also take a surjection 
ip : O x AI — > E. The morphisms i, ip and 7r a induce a morphism F a : — > 

0® N It is extended to a morphism F a : 0^ M — ► 0^ N . Since Cok(z) is tor- 

X\D\Z ^ D D w 

sion free, F a factors through E^g. Let JC denote the kernel of O®- 1 — > E^g. The 

restriction of F a to K. on D \ Z is 0. Then, we obtain F a i£ = because O® N is torsion- 
free. Thus, we obtain the induced maps n a : E,g — > E,g for a G X, which satisfy 

7i"a ° — ^a, 7r a o 7Tt, = and n a — id- They give a decomposition E = (& ae xEa- 
Let us show that E a is a-logarithmic. We have only to consider the case a = 0. 

Take a point P G D \ Z. We have the vector space V := E Q \ P . We have the 
endomorphism / of V induced by the residue. Let E' := V <E> Ox and Vq = d + 
f ■ dz\jz\. We have the natural flat isomorphism (E' , Vo)i„— i(p) — (Eq, Vo)i w - i(p)- 
Since the codimension of Z in D is larger than 2, we obtain a flat isomorphism 
®o,d\z '■ {Eq, ^b)\D\z ~ ( °' ^°\d\z' S mcc E'q and E are both reflexive, the above 
argument shows that 3>o,d\.z and $~ D > z are extended to morphisms on D. Thus, we 
are done. □ 

2.7.4-2. Let (£ , V) be a meromorphic flat bundle on (D,D). Assume the following: 
(A) : {£, V)|p has an unramifiedly good Deligne-Malgrange lattice P E for each 

PeD. 
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We obtain the following lemma from Proposition 2.4.4. 

Lemma 2.7.15. — Let E be an Og-free lattice of £ such that E^p = P E for any 
?€fl. Then, the following holds: 

— There exists I £ z^ 1 H(D)[z^ 1 ] such that X,p = Irr(V, P) for any P £ D . 

— We have a flat decomposition E = © a ex -^a whose restriction to P is the same 
as the irregular decomposition of p E for any P £ D. □ 

2.7.4-3. We put Z := {z\ = z 2 = 0}. Let (£,V) be a meromorphic flat bundle on 
(D, D) satisfying the condition (A) in Subsection 2.7.4.2. Assume there exists an Ox- 
free lattice E of £ such that E,p = p E for each D\Z. Take any point Fe D\Z. We 
have a naturally induced action of the fundamental group tti(D \ Z, P) on Irr(V, P) 
by Lemma 2.7.15. 

Lemma 2.7.16. — If the action of tt\(D \ Z,P) on Irr(V,P) is trivial, we have 
E^q = ®E for any Q £ Z. In particular, the conclusion of Lemma 2.7.15 holds. 

Proof Because the action of iri(D \ Z,P) on Irr(V, P) is trivial, we have 1 C 
z^ 1 H(D \ Z)[z^] such that 1 ]P , = Irr(V,P') for any P' e D\Z. We set m := 
min|ord Zl (a) | a G I}. We use a descending induction on m. If m = 0, we can deduce 
that V is logarithmic, and hence the claim is obvious. Let us consider m + 1 =>■ m. 
We put 

T := {{fi m Zidia)\ D \ael}dH(D\ Z). 
Because zf m V '{zid{){ F ' E) C P E for any P e D\Z, we have z^ m V { Zl di)E\ D \ Z C 
E\d\Z: and hence zj~ m V (zid\)E C E. Let G be the endomorphism of E\jj induced 
by z 1 ~ m V '(zidi) . Because the elements of T are the eigenvalues of G\r>\z, they are 
algebraic over H(D). Hence, we obtain T C H{D). 

Let Q £ Z. We will shrink X around Q without mention. Let N be the H(D)((zi))- 
module corresponding to £ , i.e., the space of the global sections of £. Let L be the 
iJ(£))[zi]-lattice of N corresponding to E. We put N' := N ® M(D,Z)((zi)) and 
L' := L®M(D, Z)\z{\. We have the eigen decomposition of L' / z\L' with respect to G, 
which is extended to a decomposition L' = (J) bgT L' b such that (z-j~ m+1 <9i — b)L' b C i' b 
by Lemma 2.2.16. We put m{Q) := min{ord Zl (a) | a £ Irr(V,Q)} and 

T(Q) := {(z; m ^ +1 d ia ) lD | a £ Irr(V,Q)} 

Lemma 2.7.17. — We have m(Q) = m and T(Q) = T. 

Proof We may assume Q = (0, . . . , 0). We put M := N <£> Oq. It is equipped 
with an unramificdly good Dclignc-Malgrangc lattice ®C with Z\d\ -decomposition 
Q £ = ©beT(Q) Qc b such that (zi m{Q)+1 di - b)Q£ b C Q C b for any b £ T(Q). 
By considering the extension to the field C((z n )) ■ ■ ■ ((z2))((zi)), and by using Lemma 
2.2.20, we obtain Lemma 2.7.17. □ 
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Let us return to the proof of Lemma 2.7.16. By Lemma 2.7.17, we have the eigen 
decomposition of E\ D with respect to G. By Lemma 2.2.16, it is extended to a 
decomposition E = @ b E b such that (t~ m+1 d t - b)E h C E b . Put £ b = E b (*D). We 
can apply the hypothesis of the induction to £ b ® L{—z^ m b/rn), and the proof of 
Lemma 2.7.16 is finished. □ 

Lemma 2.7.18. — The action of ~k\(D \ Z) on Irr(V,P) is trivial. In particular, 
the conclusion of Lemma 2.7.15 holds. 

Proof Because Irr(V,P) is finite, we can find a ramified covering <p : X' — > 
X given by tp(zi, C2, z 3 , . . . , z n ) = (zi, Q, ^3, • • • , z n ) such that we can apply 
Lemma 2.7.16 to <p*(£,V) and ip*E. Then, ^*Irr(V,P) C z^ 1 H{X')[z^ 1 ] and 
ip* Irr(V, -P)|q = Irr(V, Q). Hence, we can conclude that the action of tti(D\Z, P) 
is trivial. □ 

2.7.4-4- Let (£ , V) be a meromorphic flat sheaf on (X, D) satisfying the condition 
(A) in Subsection 2.7.4.2. 

Lemma 2.7.19. — The Deligne-Malgrange lattice E of {£, V) is unramifiedly good 
Deligne-Malgrange. Namely, the claim of Proposition 2.7.10 holds if D is smooth. 

Proof There exists a closed analytic subset Z C D with codim£>(Z) > 2 such 
that E\x-z is locally free. By Lemma 2.7.16 and Lemma 2.7.18, we obtain that there 
exists a closed analytic subset Z' C D with codini£>(Z') > 2 such that E\ X -z' is good 
Deligne-Malgrange. Then, the claim of the lemma follows from Lemma 2.7.14. □ 

2.7.5. Proof of Proposition 2.7.10 in the normal crossing case. — Let X = 

A™ and D = [f i=1 {zi = 0}. We put dD l := -D 1 nU 2 <^- D j- We put D° := D^dD^ 

2.7.5.1. We regard M(D\, dDi)((zi)) be a differential ring equipped with the differen- 
tial di. Let N be a differential M{D U dDi)((zi))-module with a M{D U dD\){zi}-bee 
lattice C. We put C := C ® H(Dl){zij. Assume that we have 1 G z^ 1 H(Dl)[z^ 1 ] 
and a decomposition £ = ® oeI £' such that (i) (z\d\ — z\d\0)£ a C £ a , (ii) the 
eigenvalues a of the induced endomorphism of £Jz\£ a satisfy < Re(a) < 1. 

Lemma 2.7.20. — We have I C z-f M [D\, dD\)[z^ 1 ] and a decomposition C = 
© aG x C a such that (i) (z\d\ — z\dia)C a C C a , (ii) the eigenvalues a of the induced 
morphism of £„/ ' z\C a satisfy < Re(a) < 1. Moreover, we have C a ® H(D\)\zi\ = 
£ 

Proof We use a descending induction on m(£) := minjordjij (o) | a el}. If 
m(£) = 0, there is nothing to prove. Let us consider the case m(£) = m < 0. We 
put T(£) := {m(z-f m a)| Zl=0 | a G ■ Let us consider the endomorphism G of C/ziL 
induced by z^ m V{z\di). Because the elements of T(£) are the eigenvalues of G, 
they are algebraic over M{D\, dDi). Then, we can deduce T(£) C M(D\, dDi) from 
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T(C) C H(D\). If |T(£)| = 1, by considering the tensor product with a meromorphic 
flat bundle of rank one, we can reduce the issue to the case m(£) = m + 1. Let us 
consider the case |T(£)| > 2. It is standard that the eigen decomposition of C/z\L is 
uniquely extended to a V-flat decomposition £ = ©j,gt(£) ^b- It is easy to observe 
that m(£(,) > to, and |T(£&)| < 1 if m(£|>) = to. Thus, we are done. □ 

2.7.5.2. Let (£, V) be a meromorphic flat bundle on (X,D). Let (£,V) be a mero- 
morphic flat bundle on (X,D). Assume the following: 

— (£, V)|p is unramifiedly good for each P G D. 

— The Dclignc-Malgrange lattice E of (£, V) is 0^ -locally free. 

Let us show that P is unramifiedly good Dcligne-Malgrange under the above assump- 
tion. 

We put DM := U^j(A nD,-). We can take a ramified covering 93 : (X, P) — >• 
(X, D) with the following property: 

— For each P G A \ P [2] , the action of tti(A \ P [2] , P) on Irr(<^*V, P) is trivial. 
By using the argument for Lemma 2.7.18, we may and will assume that the above 
property holds for (£, V) from the beginning. We have already known that P|x-d[ 2 1 
is unramifiedly good Deligne-Malgrange. In particular, we have X c z^H(D\)\zy X \ 
and a decomposition E,g„ = © a ex A sucn tnat — z\dia)E a C Pa- 
Let VW be the differential M (A, dPi)((zi))-module corresponding to £, and let £ 

be the M(A, 9A)[zi]-lattice induced by P. Applying Lemma 2.7.20, we obtain I C 
Zy M(Di,dDi)[zi ] and a decomposition £ = ® a6l A such that (zi<9i— zi<9ia)A C 
£ a . Let £ := C((z„)) ■ ■ ■ ({z 2 ))- By the natural extension M(A,<9A) C it, £ ® J?|[zil 
is the Deligne-Malgrange lattice of the differential module Wl := (A/ - ® ^((zi)), 9i) . 

Let °P be the unramifiedly good Deligne-Malgrange lattice of £,,5 with the irregu- 
lar decomposition °P = (B a eirr(v O) °A- Let Irr(V, 1) be the image of Irr(V, O) via 
the map O g (*D)/O g — ► O g (*D)/O d (*D(^ 1)). It is easy to see that ® °P 

is the good Deligne-Malgrange lattice of (SDti , A ) , an d the set of the irregular values 
is given by Irr(V, 1). Hence, we obtain Irr(V, 1) = I\ in z^ 1 M.[z^ 1 } and °P®^[zi] = 
£1 <8> We can deduce a similar relation for each i = 2, . . . ,£. Then, we obtain 

that Irr(V) C M(X,D)/H(X). 

We take a frame v of °E. Let / be a section of P. We have the expression 
/ = J2.fp v p- We obtain f p G and hence f p is zi-regular, i.e., f p does not 

contain the negative power of z±. Similarly, we obtain that f p are Zj-regular for 
j — 2, . . . , I. Thus, we obtain E,q C °E. Similarly, we obtain E C Pig) an d hence 
E,q = E. Thus, we obtain that P is unramifiedly good Deligne-Malgrange lattice. 

2.7.5.3. Let us consider the case in which we do not assume that P is locally 
free. We have a closed analytic subset Z C D with codiniD(Z) > 2 such that 
E\x-z is locally free. Then, it is an unramifiedly good Deligne-Malgrange lattice 
of (£,y)\x-Zi according to the result in Subsection 2.7.5.2. We put D\ := D\\Z 
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and dD\ := dD\ \ Z. We have I C z 1 1 M{D\,dD\)[z 1 1 ] and the irregular decom- 
position E^j^* = ©ogx^f.Dj- By using the Hartogs property and the argument in 
the proof of Lemma 2.7.14, we obtain X C z-f 1 M(£>i, dDi)^ 1 ] and a decomposition 
^ifjj = © oe i £ such that (i) (V(zidi) — Z\d\a)E a C E a , (ii) the eigenvalues a of 
the induced cndomorphism of E a \ Dl satisfy < Re(a) < 1. Then, as in Subsection 
2.7.5.2, we obtain E®&\zi\ = °E®^.\z 1 \. Let v be a frame of °E. Let / be a section 
of E. We have the expression / = ^2f p v p . Then, we obtain that f p is zi-regular. 
Similarly, we obtain that f p are Zj-rcgular (j = 1, . . . , I) and hence E,q C E. 

To show °E C E,q, we consider the dual. Put £ y := Kom 0x ^ D }(£ 7 Ox{*D)), 
which is equipped with a naturally induced flat connection V. Put E v := 
Home> x (E, Ox ) , which is a lattice of £ v . It is gcnerically unramificdly good 
lattice, and the eigenvalues a of the residue satisfy —1 < Re(a) < 0. Put 
°E y := Rom 0e (°E,O d ) which is an unramificdly good lattice of (£ v ,V) |( g. The 
eigenvalues a of the residues satisfy — 1 < Re(a) < 0. Then, we obtain E y Q C°E V 
by the above argument. Note that E^q = Homo x (E, Ox) <8) Oq ~ Homci 6 (E^q,Oq). 
Hence, we can conclude that E = E,q. Thus, we obtain that E is an unramificdly 
good Deligne-Malgrange lattice of (£, V) at O, and the proof of Proposition 2.7.10 is 
finished. □ 



2.8. Family of filtered A-flat bundles and KMS-structure 

2.8.1. Notation. — We will be particularly interested in the case JC C C\ and 
g(X) = A. Let X be a complex manifold, and let D be a simple normal crossing 
hypersurface of X with the irreducible decomposition D = {J ie \Di. Let X be an 
open subset of K. x X, and T> := X n (K. x D). If JC is not a point, a A-flat connection 
on (X, T>) is called a family of A-connections to emphasize that it does not contain the 
differential in the A-direction. We use the words "family of" in similar meanings. For 
example, "good family of filtered A-flat bundles" is just a good filtered A-flat bundle 
on (X,V) in the sense of Definition 2.5.1. 

For a fixed Ao, a neighbourhood of {A } x X in C\ x X will be often denoted by 
X( Xo \ In that case, for any subset Y of X, we will put y A °) := (C A x Y) n X^ 
and y x := ({A} x7)n X^'K If we arc given a family of flat A-connections on X, its 
restriction to X x is denoted by B A . 

Let (-E*,B) be a good family of filtered A-flat bundles on (X^ x °\ 2?( Ao '). For a 
subset / of A, we put Dj := f] ieI Di. In this case, the induced nitrations of c E^x ) 

are denoted by *F( Ao ) for i £ I. (See Subsection 2.5.3 for the induced filtration.) For 
Of = (a,-) G R 1 , we use the following notation: 
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We put 

Tar( c E,l):={a I ER I \ I GrC"\oE)^0}, Par(E.,l) := \JVar( c E,l). 

ceR A 

As in Proposition 2.5.3, we have the induced endomorphism ReSi(B) on 1 Grf ( 0> ( C E), 
which preserves the induced nitrations k F ( - x °^ > of 1 Grf ( 0> ( C E). (x ) _<a ) . Hence, we 

have the well defined endomorphisms ReSi(B) (i G I) on 1 Gr^ ° ( C E). 

2.8.2. KMS-structure. — For simplicity, let us consider the case in which X^ is 
the product of X and some neighbourhood U(\q) of Ao in C\. Let p(A) : RxC — > R 
and e(A) : Rx C — > C be given as follows: 

p(A, (a, a)) = a + 2 Re(A a), c(A, (a, a)) =a-aA-5A 2 

The induced map RxC — > R x C is denoted by 6(A). Let (25*, B) be a good 
family of filtered A-flat bundle on (X^^^). 

Definition 2.8.1. — We say that (25*, B) has the KMS-structure at Ao indexed by 
T(i) C R x C (i G A), if the following holds: 

— Var(E*,i) is the image ofT(i) via the map p(Ao). 

— For each a G Var{E*, i), we put JC(a, i) := |u G T(i) | p(Ao, u) = a}. Then, the 

set of the eigenvalues o/Res.;(B A ) on 1 Gr^' ° (ci?),^ is {e(A,it) | it G /C(a,i)}. 

In t/iai case, 7^ A G U(Xq) is called generic, if e(A) : T(i) — > C are infective for 
any i. □ 

Assume (25*, B) has the KMS-structure at Ao- Wc have the generalized eigen 
decomposition with respect to the induced action of Res^ (B) 

(37) * Grr°' ( C E) = *G^( C E), 

where Res.i(B) — e(A, u) arc nilpotcnt on l Q^F°^ ( C E). 

Remark 2.8.2. — I/(25*,B) has the KMS-structure at Ao, we have the decomposi- 
tion C E^ V (\ ) = ® ! Eq A °' ( c E^ v (\ ) ) indexed by the eigenvalues o/RcSi(B Ao ), such that 

(i) it is preserved by ReSj(B), (ii) the restriction of the decomposition to 2X° is the 
generalized eigen decomposition o/ReSi(B A °). Then, the decomposition 8 E^ A °^ and the 
filtration 1 I"( A °) are compatible, and 1 Grf' ° 1 Eq A °' (cE.^xq)) is naturally isomorphic 

to i g ( u°\ c E), where u is determined by t(Ao,w) = (a, a). □ 

If (2?* , B) is unramified, the KMS-structure is compatible with the irregular de- 
composition in the following sense. For simplicity we consider the case X = A™, 
Dj = {z, L = 0} and D = \J i=1 Di. Wc have the irregular decomposition cE^ u( ^ Xq ^ x q = 
(J) aeT c E a . They give a family of filtered A-fiat bundles 25* on U(\q) x O, with the 
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irregular decomposition (25*, D) = © aeT (25 a *,ID) a ). Each (25 a *,]D> a ) has the KMS- 
structure at Ao. By the natural isomorphism c E\o ~ (J) a c i? a |0; the nitrations F^ °' 
and the decompositions E( A °) are the same. 

2.8.3. Uniqueness of the filtrations. — According to the following lemma, it 
makes sense to say that (25, ID ) has the KMS-structure at Ao- 

Lemma 2.8.3. — Let (i?j*,Dj) (i = 1,2) be good filtered X-flat bundles on 
have the KM S '-structures at Ao- Assume that we are given 
an isomorphism ip : (i?i,Oi) ~ (25 2 , B2) of families of meromorphic X-flat bundles. 
Then, it induces an isomorphism ip : (25i*,Bi) ~ (25 2 *,B 2 ) of families of filtered 
X-flat bundles. 

Proof It can easily be reduced to the case in which D is smooth. Let I)( Ao ) 
denote the completion of X^°> along T>( x °\ We are given the induced isomorphism 
E^^xq) — E 2 ,fxx o) . We have only to show that it induces aE^^^ = a E 2 ^ {X(i) for 
each a € R. 

Let us consider the case in which ( 25 j*,Oj) are unramificd. We have the irregular 
decompositions: 

(E„,B t ) l3(Xo) = {E ha *,n lM ) 

cielrr(Bi) 

We have Irr(Bi) = Irr(D 2 ) and 25 li0 = E 2 . a for each a. Let 1} (i = 1,2) denote the 
index sets of the KMS-structures of E^ . Note that there exists a discrete subset Z in 
C/(A o )\{0} such that e(A) : T X \JT 2 — > C is injective for any A G U(X )-Z. Take any 
Ai G U{X )-Z, and a neighbourhood U(Xi) in U(Xo)-Z. We set X^ :=U{X 1 )xX 
and 2?< Al ) := f/(Ai) x £>. 

Lemma 2.8.4- — have ^(a^i^Oi)) C a ^ 2 |;t(*i)- 

Proof Since this is a quite standard claim, we give only an outline. We put 
£(a,X Q ) := {m € Ti U T 2 | a - 1 <p(X Q ,u) <a}. 
We have the generalized eigen decomposition 

a^|X>( A l) = (J) ^c(\M)(aE^ v (x 1 )), 
u€£(a,Ao) 

where Res(B) has a unique eigen value t(X,u) on E c (A. u )(a^i|-D( A i))- It is compatible 
with the irregular decompositions, i.e., 

( 38 ) a^apCM) = @ E c(A.«)(a£ , j !a |X)( A i))- 

uEC(q, Ao) 
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It can be shown that e(A, ui) — e(A, U2) are not contained in Z — {0} for any distinct 
U\, v,2 € £(Ao, a) and for any A € U (Ai). Hence, we obtain the fiat decomposition 

whose restriction to £>( Al ) is the same as (38). We put a Ei^ u :— (J) a a Ei. a ,u- For each 
a £ _R, there exists 6 > such that we have the flat morphism 

induced by the flat isomorphism E^^^ — E 2 \-d(>-i)- The restriction ip Ul „ 2 |x>(*i) has 
to be compatible with the residues. Hence, it is easy to observe that <p ui ,u 2 (a-Ea m ) C 
a+6-W-E'2,«2 f° r an y A > 0, if «i 7^ U2. It implies if Ul ,u 2 = unless 1*1 = U2. Let us 
look at (p u ,u- Again, by the comparison of the eigenvalues of the residues, we obtain 
(a-^iju) C a E2,u- Thus, we obtain Lemma 2.8.4. □ 

Let us return to the proof of Lemma 2.8.3. We have the morphism ip : a E± — >• 
a +bE2 for some b. By Lemma 2.8.4, the induced map a E\ — > Grf +h ° (-E?2|c/(A )x£>) 
is trivial if b > 0. Hence, we obtain tp( a Ei) C a i?2 in the unramified case. 

Let us consider the case in which (J2j j]|t , B$) are not necessarily unramified. Wc 
set X := X and D := D. We use the notation X^ x °^ and D( A °) in similar meanings. 
We take an appropriate ramified covering ip : X — > X such that the induced filtered 
bundle (E it *,f}>i) via (p and (Ei*,Bi) on is unramifiedly good. It is easy 

to see that (22^*, Bj) have the KMS-structure at Ao- By applying the above result 
to them, we obtain Ei* = E<x*- Since 22,* are obtained as the descent of we 
obtain 2?i * = £?2*- Thus, the proof of Lemma 2.8.3 is finished. □ 

2.8.4. Openness and invariance. — Pick c e R A such that Cj ^ Var^E^^i) for 
each i € A. Let 7!j ia be the projection: 

^^)( cS|l/(Ao)xDi )^^Grr 0, ( c i?) 

Let Ai € f/(Ao) be sufficiently close to Ao, and let U{\{) C U(\q) be a neighbourhood 
of Ai. Let Ci — 1 < b < Ci. If b = p(Ai, v) for some i; € /C(a, i), we put on V X 

p(Ai,w)<6 

Otherwise, let b Q := max{p(Ai, u) < b\v e /C(a,i)}, and wc put »F b (Al) := 4 i^ Al) . 
Thus, we obtain the filtration J F^ Al ^ of cE^pj . It induces a family of filtered A-flat 

bundles (2?( Al) ,B) on (X^ Xl \ X> (Al )). It is easy to observe that ReSi(B) has a unique 
eigenvalue c(A, it) on 

i Gr KAi,«) (c-S) • Hence, (2?l Al) ,B) has the KMS-structure 
at Ai. The index sets are equal to those for (E^ a \ B). 
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Remark 2.8.5. — More precisely, there exists an open subset Ao G U'(Xq) C U(Xq) 
depending only on the sets KM.S{E^°\i) such that the above construction can be 
applied for any X\ G U'(Xq). □ 

For each A G U(Xo) sufficiently close to Ao, wc put := (-E1 A ')|{a}x(A',d), which 
is a good filtered A-flat bundle. The set KMS{E^ ,i) is equal to the image of T(i) 
via the map 1(A). Note ICMS(E°, i) = T(i) in the case G f7(A ). We often identify 
them. 



CHAPTER 3 



STOKES STRUCTURE OF GOOD ^-MEROMORPHIC 

FLAT BUNDLE 



In this chapter, wc shall study Stokes structure of unramifiedly good g-Hat bundle. 
In Section 3.1, we give preliminary to describe Stokes filtration. In Section 3.2, we 
state some theorems and propositions for full Stokes filtrations, which will be proved 
in Section 3.7. We state some theorems and propositions for partial Stokes filtration 
in Section 3.3, which will be proved in Sections 3.5-3.7. 

3.1. Preliminary 

3.1.1. Filtration indexed by a finite ordered set. — 

3.1.1.1. Compatibility. — Let (/, <) be a finite ordered set. Let V be a vector space. 
In this section, a filtration F of V indexed by (I, <) means a family of subspaces 
F a C V (a G /) with the following property: 

- F a C F b if a < b. 

— There exists a splitting V = ® V a such that F a = (B b<a 14 . 

Wc put F <a := J2b< a F ° and Gr f (V) = F a /F <a ~ V a . For a given subset S C I, we 
set F s :=Y,aes Fa- 
Remark 3.1.1. — Note that we have assumed the existence of splitting, which is 
unusual. For example, we do not have such a splitting for filtered flat bundle. We 
consider the above type of filtration just for Stokes filtration. □ 

Let <p : (I, <) — > (I 1 , <') be a morphism of ordered sets, and let F be a filtration 
of V indexed by (!,<)■ Then, we have the induced filtration F v indexed by (/', <') 
constructed inductively as follows: 

= E F « 
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We set V* := ® aev -i (b) V a . Then, V = ® &e/ , V* gives a splitting of F v . We say 
that F v is induced by F and p. 

Definition 3.1.2. — Let F and F' be filtrations ofV indexed by (I, <) and (/', <'), 
respectively. Let ip : (I, <) — > (/', <') be a morphism of ordered sets. We say that F 
and F' are compatible over p, if F' is the same as F v above. 

In the case 1 = 1' (but possibly [I, <) ^ (/', <')) and ip' = id, we just say F and 
F' are compatible. □ 

In the case / = we have the natural isomorphism Grf (y) ~ Grf (V). 

Lemma 3.1.3. — Let F be a filtration of V indexed by (/,<). Let <i (i G A) be 
orders on I such that (i) the identity tpi : (I, <) — > (I, <,) are order preserving, (ii) 
a < b if and only if a <j b for any i G A. Then, F can be reconstructed from F tpi 
(i G A) in the sense F a = C\ie\ P a'- 

Proof We take a splitting V = aS/ V a of the filtration F. Recall F^ = 
(Bb< o ^b- Then, the claim of the lemma is clear. □ 

Remark 3.1.4- — It can be generalized for vector bundles appropriately. □ 

3.1.1.2. Dual. — Let (/, <) be an ordered set, and let V be a finite dimensional 
vector space equipped with a filtration F indexed by (/,<)■ Let us give an induced 
filtration F v on the dual vector space V v . We set 7 V := / and let < v be the order of 
7 V defined by a < v b <==> a > b. For distinction, we use the symbol —a if we regard 
a € J as an clement of I v . And, "—a < v —b" is denoted by —a < —6. We hope that 
there are no risk of confusion. 

We take a splitting V = (§) aeI V a of the filtration F. In general, for a vector 
subspacc U C V, let U 1 - C V v be {/ G V v | f(v) = G U}. For each a £ I, let 
S(a) denote the set of b G / such that b ^ a. We have the subspaces of V y given as 
follows: 

b^a beS(a) 

Lemma 3.1.5. — The subspaces {F^_ a (V v ) | — a G / v } are we/Z defined, and give 
a filtration of V v indexed by (/ v ,<). The decomposition V v = ©_ ae /v V- a gives a 
splitting of the filtration F v . 

Proof Let us show that F^ a (V) := @b£S(a)^b 1S independent of the choice of 
a splitting. Let V = ® aeI V a bc another splitting of F. Note V b ' C F b (V) = 
® c<fc V c . We can observe that b G S(a) and c < b imply c G S(a). Hence, V b ' C 
F~£a(y) for any b G S(a), which implies that F^ a (V) is independent of the choice of a 
splitting. Because -FY a (V v ) = F^aty)- 1 , we obtain that the subspaces -FY a (V v ) are 
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well defined. If —b < —a, we have b > a, and F^ b (V) D F^ a (V). Hence, we obtain 
FX b (V v ) C F^ a (V v ). It is easy to show 



-b<-a 

Thus, we obtain the claims of the lemma. □ 
We give some property of the induced filtration above. 

Lemma 3.1.6. — We have the natural isomorphism Gr^ a (V v ) ~ Gr^ (V) v . 

Proof The perfect pairing of V and V v induces a pairing P of F a (V) and 
FY„(F V ). By definition, the restriction of P to F <a (V) (g> F^ a (V w ) is 0. Let 
F >a (V) := b>a V b . Then, we have F^_ a {V v ) = F >a {V)^. Hence, the restriction of 
P to F a (V) <g> F^_ a (V v ) is 0. Hence, we have the induced pairing P a of Grf (V) and 
Gr_ a (V ). It is easy to check that P a is perfect by using the induced isomorphisms 
Grf (V) ~ V a and Gr^ (F v ) ~ I/_ v a . □ 

Lemma 3.1.7. — Let tp : (ii,<i) — > (^2,<2) be a morphism of ordered sets. Let 
Fi (i = 1, 2) 6e filtrations of a finite dimensional vector space V which are compatible 
over ip. Then, the induced filtrations F^ (i = 1,2) are compatible over the induced 
morphism (p v : (7^, <i) — > (J^, < 2 ). 

Proof It is easy to show the claim by using the induced splitting V v = (J) aeI V^ a . 

□ 



Lemma 3.1.8. — Let Vi be finite dimensional vector spaces with filtrations F(Vi) 
indexed by an ordered set (/,<). Let f : Vi — > Vi be a linear map preserving 
filtrations. Then, the dual f v : V 2 — ^ V\ preserves the dual filtrations F V (V^). 

Proof Because F^_ a (Vi) = F-^aiVi)- 1 , the claim is clear. □ 

3.1.1.3. Horn-space. — We prepare a notation. Let {I, <) be an ordered set, and 
Vi (i = 1,2) be finite dimensional vector spaces equipped with filtrations indexed 
by {I, <). Let FoHom(Vi,V 2 ) (resp. F < oHom(Vi,V2)) be the vector subspace of 
Ftom(Vi,V 2 ) which consists of the linear maps / satisfying the following: 

f(F a (V!)) C F a (V 2 ), resp. f{F a {V 1 )) C F <a {V 2 ) 

If we take a splitting Vi = © aG j V, a of the filtrations, we have the following: 
(39) 

F Q Hom{V u Vi) = Hom{V ha , V 2 , b ), F <0 Hom(V 1 ,V 2 ) = Hom(V ha , V 2 , b ) 

a>b a>6 
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3.I.I.4. Induced filtration. — Let (/l,<) — > (/l-i s <) — > ••• — > be a 

sequence of surjections of ordered sets. The induced morphism Ij — > Ik is denoted 
by (fj,k- Let V be a vector space. Let F Il be a filtration indexed by 1^. Then, 
we have the induced filtrations F Ij for j = 1, . . . , L obtained by the procedure ex- 
plained in Section 3.1.1.1. Moreover, we obtain the following inductive structure. 
Let Gr /j (V) = © be j. Gt^(V) denote the graded vector space associated to F Ij . 

For each b £ Ij-i, we have the induced filtration F j on Gr^-^V) indexed by 
the ordered set <£7j_i(b) C Ij, and the associated graded space Gr /j Gt^^^V) = 

©66/^-1 ©ae^Jw Gr « 3 G 4 3 "(V) is naturally isomorphic to Gr /j (V). 
Conversely, assume that we are given the following inductive data: 

- A filtration F h of V indexed by h. We put V"/ 1 := Grf' 1 (V) or a G 1%. 

— For each b £ Ij-i, a filtration F Ij of V^' 1 indexed by ^j|_ x (b). We put 

:=Grf' (v/'" 1 ) for a G v7i_ x (f»). 
Then, we obtain the naturally induced filtration i* 1 ^ of V with the following property: 

— F Ij and i 7 ' 7 '' are compatible over ipj t k- 

- Let Gt Ij (V) = ogJ . Gr^(y) denote the graded vector space associated to 
i* 1 ^ . Then, Gr^ (V) is naturally isomorphic to v/ 3 . 

The construction is given as follows. Assume that we have already obtained the 
desired filtration F Ij - x . Let a € Ij and b := <pj j_i(a). We have the natural morphism 
K ij-i . pij-i — >. Gr^-^V) ~ V^~\ Then, we put 

FHV) := F^(y) + (tt^- 1 )- 1 ^^- 1 )) 
It is easy to check Gr„ J (V) is isomorphic to Gr„ 3 iV^ 1 ) ~ y/ J . 

3.1.2. Orders on a good set of irregular values. — Let X — > K. be a smooth 
fibration of complex manifolds. Let D be a normal crossing hypersurface of X such 
that any intersections of irreducible components are smooth over K.. Let g be a 
holomorphic function on X such that dp is nowhere vanishing on K, := /? -1 (0). We 
put X" := X x K K°, V° := 2? x K /C° and W := #° U £>. Let n : X{W) — > X denote 
the real blow up. 

Let Xp C Ox,p{*D)/Ox,p be a good set of irregular values, where P £ V. For 
each Q £ 7r _1 (P), we shall introduce an order <q (simply denoted by <q) on the 
set Xp. We can take a coordinate neighbourhood {Xp, Zi, . . . , z n ) around P such that 
V P = X P n V is expressed as [f i=x {zi = 0}, and that X P C M(X P ,V P )/H(X P ). We 
take a lift a G M (X P ,V P ) for each a G Xp. WcputW P :=V P UX P . For each distinct 
a, b G 2p, we put 

(40) F 0i6 := -Rc(g- 1 (H- b)) | 2 - ord (°- b ) |. 

It naturally induces a C°°-function on X P (W P ). 
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Definition 3.1.9. — Let Q G it We say a <q b for distinct a, b G Ip, if 

Fa,b(Q) < 0. We say o <q b for o, b <G Ip, if a <q b or a = b. □ 

It is easy to check that the condition is independent of the choice of a coordinate 
system and lifts a. We will denote it by <q, when g is fixed. 

Notation 3.1.10. — Later, we will also use the relation < e A for a subset A C 
X P (Wp), defined as a < e A b F a:h < on A n n~ 1 (Dp) for a, b G Ip, where 
A denotes the closure of A in Xp{Wp). □ 

3.1.2.1. For any given C°° -manifold (possibly with corners), we mean by a "com- 
pact region" the closure of a relatively compact connected open subset which is C°°- 
manifold with corners. Let il(X(W)) denote the set of compact regions in X(W). 
For any point Q G X(W), let il(Q, X(W)) denote the set of U G il(X(W)) such that 
Q is contained in the interior part of U. 

Let X = (Ip | P G T>) be a good system of irregular values. For Q G tt^ 1 (P), let 
il(Q,X(W),Z) denote the set of U G i\(Q,X(W)) such that, for any o, b G I P , we 
have a <q b F a j, < onW. The following claims are clear. 

- If U G il(Q,<?(W / )) is sufficiently small, it is contained in U(Q, A?(W),X). 

- For a given U G X(W),T), we have a <^ b if and only if F a ^ < on 

- Let U G U(<3, X(W),I). For Q' eWH 7r~ 1 (I?), the natural map 

(^(q),<q) — > (^(Q')'^Q') 

is order preserving. 

We will often denote U(Q,X(W)) and il(Q,^(W),X) by U(Q) and il(Q,X) if there 
is no risk of confusion. 

3.1.3. Holomorphic functions and vector bundles on real blow up. — 

3.1.3.1. Functions and vector bundles. — Let us recall the framework of asymptotic 
analysis in [103]. Sec Chapter II. 1 of [103] for more details and precision. Let X be 
a complex manifold, and let D be a normal crossing divisor of X. In the following, 
X(D) denote the fiber product, taken over X, of the real blow up of X along the 
irreducible components of D, which is called the real blow up of X along D in this 
paper. It is naturally a C°°-manifold with corners. Hence, C°°-functions on open 
subsets of X(D) make sense. In the case X = A n and D = [J i=1 {zi = 0}, we 
may use the local coordinate (ri, 6\, . . . , rg, 9i, zi+i, . . . , z n ), where (r,, are given 
by Zi = n e^ 19 ' . 

We have the C°°-vector bundle 51^ 1 (log_D) on X locally generated by dz~i/z~i (i = 
I,..., I) and dzi (i = £+ 1, . . . , n). The pull back of ^(log D) via 7r is also denoted 
by the same symbol. For any open subset U G X(D), we have the well defined 



82 



CHAPTER. 3. STOKES STRUCTURE 



differential operator d : C°°{U) — ► C°° (U, ^(log D)) . We say / G C°°(U) is 
holomorphic, if df = 0. It is easy to see that / G C°°(U) is holomorphic if and only if 
f\un(x-D) is holomorphic in the standard sense. The space of holomorphic functions 
on U is denoted by A{U) or 0(U). 

Let Z be a locally closed subset of X{D). Let C°°(Z) denote the space of the C°°- 
functions on Z in the sense of Whitney (see Chapters 1.2 and 1.4 of [80]). Namely 
it is the space of the oo-jets of X on Z , satisfying some compatibility condition as 
in Theorem 2.2 of [80]. Let U be an open subset of X(D) such that Z C U. Then, 
C°°(Z) is the same as the limit UmC°°(J7)//g, where I z denotes the ideal of C°°(U) 

which consists of the functions / such that f\% = 0. Equivalently, let denote 
the ideal of C°°(U) which consists of the functions / such that (d J f)\z = for any 
derivation d J with any degree. Then, the natural morphism C* 00 ([/)/4° 0) — > C°°{Z) 
is isomorphic. (See the proof of Theorem 4.1 of [80].) We prefer to regard elements 
of C°°(Z) as C°°-functions on the space Z which is the completion of X(D) along Z. 
The image of a function / G C°°(U) to C°°{Z) is denoted by /.g. 

The differential operator d : C°°(U) — > C°° (U, Q^ 1 (log D)) induces d : 
C°°{Z) — > C°°(Z,n^ x (logD)). We say that / G C°°{Z) is holomorphic if 
df = 0. The space of holomorphic functions on Z is denoted by A(Z) or O(Z). We 
will use the following fact without mention. 

Lemma 3.1.11. — Let X = A™ and D = Uj—ii^j = 0}- Let W be a closed region 
of X(D), and let Z := U D 7r _1 (D). Let f be a holomorphic function onW—Z such 
that |/| = 0([Q J=1 l-Zjl^) for any N . Then, f gives a holomorphic function on W 
such that f,^ = 0. 

Conversely, if f is a holomorphic function on W such that f,^ = 0, it satisfies 

i/i = 0(n5=i \ z j\ n ) f° r an y N - 

Proof Let / be a function as in the first claim. By using Cauchy's formula, we 
obtain d J f = 0(f| -_ 1 1^1^) for any TV and for any derivation d J with any degree. 
(See the proof of Theorem 8.8 of [128].) Then, the first claim of the lemma follows. 
The second claim is obvious. □ 

We recall Borel-Ritt type theorem, due to Majima [79] for his strongly asymptot- 
ically dcveloppablc functions, and due to Sabbah [103] in this framework. 

Proposition 3.1.12 (Theorem 2.2 of [79], Proposition 1.1.16 of [103]) 

Let Q G 7r _1 (D). Let f G A(Z), where Z denotes a closed neighbourhood of Q in 
tt~ 1 (D). Then, we have a neighbourhood U of Q inX(D) and a holomorphic function 
F G A(U) such that F\2 V = f\z v > w ^ ere %u '■= Z f~)U. 

In particular, A{Z) is isomorphic to lim A(U)/I^, where Xz denote the ideal of 
A(U) which consists of the holomorphic functions f such that f\ z = 0. □ 
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Remark 3.1.13. — Assume that X = A n and D = {zi = 0}. Let S be a sector in 
X-D and let's be the closure of S in X(D). We set Z := ~Sr\TT~^(D). Let f g A(Z). 
If we shrink S in the radius direction (Definition 3.4. 2), we can take F g A(S) such 
that Fig = f , which can be shown by the argument in the proof of Theorem 9.3 of 
[128]. □ 

Let U denote an open subset of X(D). Since X(D) is a C°°-manifold with corner, 
we have the well defined concept of C°°-vector bundle on U. Let £ be a C°°-bundlc 
on U. The space of C°°-sections of E on U is denoted by C°°(U, E). Assume we are 
given a differential operator d E ■ C°°(U,E) — ► C°°(U,E® CI / (log D)) such that 
(i) d E (f ■ a) = d(f) -s + f- d E (s) holds for any / g C°°(U) and s g C°°(U,E), (ii) 
d E od E = 0. A section s is called holomorphic, if d E (s) = holds. We always assume 
the existence of holomorphic local frames of E around each point of X(D). 

3.1.3.2. Some equivalence. — Let Mod(0A") denote the category of Ox-modules. 
Let Mod;/ (Ox) denote the full subcategory of Mod(Ox) of locally free Ox-sheaves 
of finite ranks. To state some equivalence, which would be useful for understanding 
of our later construction, let us introduce a category C. 

— Objects of C are tuples (F^, D yFg, l ) : 

• J'x(D) * s a l° cau y iree Ojf/£js-inodule. 

• Fg is a locally free Og-module. 

• l is an isomorphism TT*Fg and the completion of F^, D \ a l° n g 7t1 (D). 

— Morphisms (F~ ,F^\l^) — > i^-) ,F^~\l^) are pairs of morphisms 

X (D) D X (D) D 

fx(D) : -^x\d) — > x\d) and ?D '■ — > which arc compatible with 
t« and S 2 \ 

We have the functors Ft : Mod ;/ (Ox) — > C given by Fi(F) := (tt*F,F,£,i), 
where i denotes the natural isomorphism and ir*F = ir~ 1 F ®x(D)' We also 

have the functor F 2 : C — > Mod(Ox) given by F2(F^, d -.,Fq, l) = ' k *(^x(d))i wnere 
7T* denotes the push-forward of sheaves. 

Proposition 3.1.14- — For any (F^^ D y Fg, i) 6 C, Tt*F£, D \ is Ox -locally free, 
and hence the functor Fi factors through Mod;/ (Ox)- Moreover, we have an isomor- 
phism Fg ~ 7T *(J 7 x(d))\d> w hich induces l. (Note that it is unique.) 

Proof Let us show the first claim. Since it is a local property, we consider the 
case X = A™ and D = [J i=1 {zi = 0}. Moreover, we will replace X with a smaller 
neighbourhood of the origin without mention, if it is necessary. 

Let (FxmyFfi, l) g C. Let v be a frame of Fg. Let Q be any point of tv~ 1 (D). 
According to Proposition 3.1.12, we can take a small multi-sector S of X — D and a 
frame v$ of ■^jj(23)is sucn that (i) v s ^ = k^v, (ii) Q is contained in the interior 
part of S, where 5 denotes the closure of S in X(D), and Z := S n 7r _1 (£)). 
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We take a covering X — D = {J p=1 S p by multi-sectors on which wc have frames 
vs p as above. We take a partition of unity (x P | P = 1, • • • , Nj subordinated to the 
covering such that P\p are polynomial order in \zj 1 \ (j = 1, . . . ,£) for each differential 
operator P on X. Wc obtain a C°°-frame vc°° of J~ X {D) gi ven by «c» '■— v s p Xpi 
or more precisely, vc°°,i = J2Xp v S p ,i- 

Let S be a small multi-sector of X — D, and let v$ be as above. Let Cs be 
a matrix-valued function on S determined by vc°° = v$ (I + Cs), where / is the 
identity matrix. 

Lemma 3.1.15. — Cs\z = ^- 

Proof Let C p be determined on StlS p by vs p = «s [I + C p ). Then, C^^^~ = 0. 
By our choice of the partition of unity (Xp)> we obtain C s ,g = 0. □ 

Let A be the matrix valued (0, l)-form determined by dvc<=° = vc°° A. 
Lemma 3.1.16. — A gives a matrix-valued C°° -function on X, and A,^ = 0. 

Proof By Lemma 3.1.15, for each small multi-sector S, dv coo ^ = v$dCs = 
v c°°\~s {I + C s)~ l dC s ■ Hence, A,g = for each S. Then, we obtain the claim of the 
lemma. □ 

Let E be the C°°-vector bundle on X, which is the extension of Fx(d)\x-d by 
the frame vc°=>- According to Lemma 3.1.16, the <9-operator of E\ X -d is naturally 
extended to a (^-operator of E in C°°, i.e., the holomorphic structure of E\ X _ D ' 1S 
prolonged to that of E. Let £ denote the sheaf of holomorphic sections of E. By 
construction, we have the natural isomorphism £ ~ tt^J 7 -^,^,. Thus, the first claim 



of Proposition 3.1.14 is proved. 

By Lemma 3.1.16, « CoC |g naturally gives a frame of £^. By the frames v Cao 
and v, we obtain an isomorphism J-g ~ £\g, which induces t. □ 

Corollary 3.1.17. — The functors F\ and F2 give equivalence of categories, and 
they are mutually quasi-inverse. □ 



We give some complements. 



Lemma 3.1.18. — Fi (i = 1,2) preserve 

Proof By construction, the functor Fi 
sum. Then, by Proposition 3.1.14, F2 also 
sum. 



dual, tensor product and direct sum. 

preserves dual, tensor product and direct 
preserves dual, tensor product and direct 

□ 
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3.1.3.3. Decent of a family of meromorphic g- connections. — We use the setting in 
Subsection 3.1.2. Let T be a locally free O^-module of finite rank. We set tt*T := 
°x(w) ®ir- 1 o* K^ 1 !. 

Lemma 3.1.19. — Let B^^m : ir*T — > it* (J 7 <E> f2^y JC (*I>)) be a meromorphic 
g-connection of it* J- . Then, there exists a meromorphic g-connection D of J- such 
that = TT*©. 

Assume moreover that we are given a meromorphic g-connection B^ of such 
that 7r*D^ equals the completion ofI$x(w) a ^ on 9 tt~ 1 (W). Then, the completion of 
D equals B^. 

Proof Let P be any point of X. Let / be any section of J 7 on a neighbour- 
hood Xp of P in X . If Xp is shrinked appropriately, there exists a number ./V 
such that ^x(w)( n * /) gi yes a section of tt* i^F ® fl x y K (iVD)) on 7r _1 (Ap). Because 
7r*7r*(.F(g> n^,, K (JV2?)) ~ J 7 ® Q*, /JC (iVD), D^ (X)) (7r*/) naturally gives a section of 
T ' ® il x i K (ND) on Xp. Thus, we obtain a map of sheaves U> : T — > T ® £l x y K (*2?). 
We can observe that it is a meromorphic g-connection, and satisfies 7r*B = J} x ^ D y 
and thus the first claim is proved. 

If we are given a meromorphic g-connection of -T 7 ^ as in the second claim, we 

have tt*(D^) = ^>x(w)\^=HW) = 7r *( D |w)' and hcncc % = D |t?- Thus wc obtain 
the second claim. □ 



3.2. Good meromorphic g-flat bundle 

In this section, we state a theorem and some propositions. They will be proved 
in Section 3.7. (See Subsection 3.7.8.) We use the following setting unless otherwise 
specified. Let X — > K, be a smooth fibration of complex manifolds. Let I? be a normal 
crossing hypersurface of X such that any intersections of irreducible components are 
smooth over IC. Let g be a holomorphic function on X such that dp is nowhere 
vanishing on K° := p' 1 ^). We put A" := X x c /C°, V° := Vx K K° and W := X°UV. 
Let it : X(W) — > X denote the real blow up. 

3.2.1. Full Stokes filtration. — Let (£,B) be an unramifiedly good meromorphic 
g-flat bundle on (X,T>). We put n*£ := tt~ 1 £® 7T - 1 o x Ox(w)> which i s an ®x(W) (*^)~ 
module. For each Q g 7r _1 (I?), let tt*£q denote the germ at Q, and t^*£\q denote 
the formal completion. In the following, Irr(B, tt(Q)) is also denoted by Irr(D, Q) for 
simplicity of the description. 

The irregular decomposition of (£,©)|^^ induces tt*£^q — 9^ a eirr(o Q) 

Q £ a . We 

put 
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Theorem 3.2.1. — For any Q G it 1 {T>), there exists a B- flat filtration ofir*£Q 
indexed by (lrr(B, Q), <q) with the following property: 

— Gr^ (it*£q) are free O %, w y modules, and J 7 ® (tt*£q)^q = J 7 ^ (tt*£^q). 

— Take Uq G Irr(B)) such that J-Q of tt*£\ [ i Iq is given. For any Q' G Uq H 
7r _1 (£>), we have the induced filtration J 7 ® ofn*£q>. Then, J 7 ® and J 7 ® are 
compatible over (lrr(B, Q), <^) — ► (lrr(B, Q'), < e Qr ) . 

The conditions characterize the system of filtrations (.F^ I Q G 7r _1 (2?)). If g(Q) ^ 0, 
the first property characterizes the filtration J 7 ® . 

The filtrations J 7 ® arc called the full Stokes filtration of £ at Q. It is also called 
the Stokes filtration, if there is no risk of confusion. 

Remark 3.2.2. — Such a filtration appeared in the classical works on meromorphic 
flat bundles on curves, for example [82] and [83]. (See also [S3].) T. Pantev informed 
that it is called "Deligne-Malgrange filtration". We keep our terminology "Stokes 
filtration', partially because we use "Deligne-Malgrange" in a different meaning. □ 

Let P G V with a small neighbourhood X P . Let U G ii{X P (Wp)). Let be the 
order on Irr(B, P) defined as follows: 

a< e u b^a Q < e Q b Q (VQ eWn^p)) 

Here, aQ,bQ G Irr(B, n(Q))) be the induced elements. The use is consistent with 
Notation 3.1.10. 

If tt*£\u has a B-flat filtration F u indexed by (lrr(B, P), with the following 
property, which is called a full Stokes filtration on U: 

— Let Q be any point of U n 7r -1 (2?). We have the induced filtration J 711 of tt*£q. 
Then, T u and F Q are compatible over (lrr(B,P), < u ) — ► (lrr(B, n(Q)), <q). 

Such a filtration is uniquely determined if it exists, by Lemma 3.1.3. 

For a multi-sector S of X \ W, if a full Stokes filtration for S exists, if is also called 
Stokes filtration for S. 

3.2.2. Functoriality. — Let (£j,B ? ) (i = 1,2) be unramificdly good meromorphic 
p-flat bundles on (X,T>). 

Proposition 3.2.3. — Let F : £\ — > £2 be a H-flat morphism. For simplicity, we 
assume that Irr(Bi) Ulrr(B2) is also good, i.e., Irr(Bi, P) Ulrr(B2, P) is good for each 
P G T>. Then, for each Q G 7r _1 (2?), the induced morphism tt*£iq — > ir*£2Q is 
compatible with the full Stokes filtrations. 

Proposition 3.2-4- — //Irr(Bi) ® Irr(B2) is good, we have 

CI1 + CI2 — a 
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Tflrr(Di) ® Irr(©2) is good, we have 

^?(7r*(fi © £2)0) = J%(**ei, Q ) © ^(tt*£ 2:Q ) 

Proposition 3.2.5. — Let (£,B) be an unramifiedly good g-meromorphic flat bundle 
on (X,T>). The Stokes filtration of (£ V ,B V ) at Q S 7r -1 (X>) is groen as follows: 

3.2.3. Characterization by growth order (the case £?(Q) 7^ 0). — Let (£,B) 
be an unramifiedly good meromorphic g-flat bundle on (X,T>). Let Q € 7r -1 (2?). 
Take a small neighbourhood U £ ii(Q, Irr(B)) and a frame v of £\ u . A B-flat section 
of £\u\tt- 1 (w) i s expressed as / = fj v ji where fj <E O^w-i^)- Let / denote the 
tuple (fj). 

Proposition 3.2.6. — Assume g(Q) 7^ 0. We have f <G £\u\-n- 1 (v) if an d only 
if |exp(— g _1 a)/| is of ■polynomial order onlA \ 7r -1 (Z?). 

Remark 3.2.7. — Let (zi, . . . , z n ) be a coordinate system around n(Q) such that T> 
is expressed as = 0} around n(Q). We say that a function F on Uq \ 7r _1 (2?) 

is of polynomial order, if \F\ = 0(J\ i=1 \zi\~ N ) for some N > 0. □ 

3.2.4. The associated graded bundle. — Let P e V. For each Q e tt^ 1 (P), 
we take a small neighbourhood Uq of Q, then and we have Gr (7r*£|^ Q ,BJ on 
Uq. Although the filtration depends on Q, the system | Q g 7r~ 1 (P)) 
satisfies the compatibility condition. Hence, by varying Q G tt~ 1 (P) and gluing 
Gr JFQ (7r*f| Wq ,D), we obtain the associated graded locally free 0^^, (*X>)-module 
with a flat g-conncction 

Gr f (n*£„- HP) ,®)= (Grf (7r*^-i (P) ),D«) 

0Glrr(D,P) 

on a neighbourhood of ir (P). By taking the push- forward via ir, we obtain an 
O^-rnodule with a flat g-connection 

G^(£p,B)= (Grf(£ P ),B ) 

0Slrr(D,P) 

on a neighbourhood Xp of P. 

Proposition 3.2.8. — Gr^^B) is a graded meromorphic g-flat bundle sat- 
isfying Gr' ;r (7r*£ 7r -i(p), B) ~ n* Gr^ (£p,H>). We have a canonical isomorphism 
g/(£ p ,B) |p ~ (£ P ,B) lP . 

In particular, each (Gr^(£p), B ) ©L(— a) is a regular meromorphic g-flat bundle. 
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3.2.4-1- Functoriality. — Let (£i,Di) — > (£2,^2) be a morphism of unramificdly 
good meromorphic g-flat bundles. For simplicity, we assume Irr(Bi, P) Ulrr(B2, P) is 
good. Then, we have the induced morphism on a neighbourhood of P: 

Gr^p) — > G^(£ 2 ,p) 

If Irr(Bi, P) © Irr(B2, P) is good, we have the following canonical isomorphism on a 
neighbourhood of P: 

g/((£! is £ 2 ) p ) ~ G/ (£i, p ) gi G/(f 2 ,p) 

If Irr(Di, P) © Irr(ID>2) -P) is good, we have the following canonical isomorphism on a 
neighbourhood of P: 

Gr- ? ((£ 1 © £ 2 )p) ~ G/(£i,p) © G^(£ 2 , P ) 

For an unramificdly good meromorphic p-flat bundle (£,B), we have the following 
canonical isomorphism on a neighbourhood of P: 

Gt*(£%) ~ G/(£p) v 

3.2.5. Lattice. — Let E be an unramifiedly good lattice of (£,B). We set tt*E := 
7r _1 (.E) ©tt-io^. 0^( ff >. We have the induced filtration F Q of tt*Eq C 7t*£q. 

Proposition 3.2.9. — 

— Gr" 7r (7r*i?Q) is free as an O ^-module. 

— We have the induced lattice Gv^(Ep) o/Gr" F (£p). It is functorial with respect 
to morphism, tensor product, direct sum and dual. 

3.2.6. Splitting. — We give some statements for splitting of full Stokes filtrations. 

3.2.6.1. Flat splitting. — First, we consider B-flat splittings. Let (£,B) be an un- 
ramifiedly good meromorphic g-flat bundle on {X,T>). 

Proposition 3.2.10. - Assume g{Q) 7^ 0. We can find a J}- flat splitting of 
JFQ, i.e., we can find a Hi-flat decomposition tt*£q = © ae i rr (B q) 7t*£q.c> such that 

F*{k*£q) = ® b <e Qa Tr*£ Q ,b- 

Let E be an unramifiedly good lattice of (£,B). 

Proposition 3.2.11. — Assume g(Q) 7^ and that E satisfies the non-resonance 
condition, i.e., for distinct eigenvalues a and j3 of Res-p^ ((? _1 B) we have a — f3 1*. 
Then, we can find a H-flat splitting tt* Eq = © oe i rr / D q\ tt*Eq iCI of (tt*Eq, J 7 ®). 

Note that we have the following natural isomorphisms on a neighbourhood of Q 
with q{Q) 7^ 0, for the direct summands of the above decompositions: 

k*£qm ^ tt* Grf (£ n (Q)), n*E Q>a ~ tt* Grf (E^q)) 
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For example, we can take a nice frame of ir* Eq by lifting a nice frame of Gr (E 7r rg\). 

If T> is smooth, wc do not have to impose additional assumptions such as "non- 
resonance" and u g(Q) ^ 0" . 

Proposition 3.2.12. — Assume that ir(Q) is a smooth point ofT>. Then, we can 
find a Tii-flat splitting of (tt*Eq, T®) and hence (w*£Q,J r< ^). 

3.2.6.2. Partially flat splitting. — We consider rough splittings in more general situ- 
ations. Because the claims are local, we use the setting and the notation in Subsection 
2.4.2. Let (£,B) be a good meromorphic p-flat bundle on (X,T>) with the good set 
of irregular values 1 C M(X,T>)/H(X), which are lifted to M{X,V). Let E be 
an unramifiedly good lattice. For simplicity, we assume that the coordinate system 
{z\, . . . , z n ) is admissible for X. Let p be determined by the following conditions: 

ordp(a) < (Va G I, Vi < p), ord p+ i(a) = (3a G 1) 

Let D< p denote the restriction of D to the (zi, . . . , z p )-dircction. 

Proposition 3.2.13. — For any Q G 7r _1 (2?f) ; we can find a U)< p -flat splitting of 
(it*Eq, J r< ^). It induces a ~0< p -flat splitting of J 7 ^ (tt*Eqi) for Q' contained in a 
sufficiently small neighbourhood of Q. 

We give a more refined statement. Let 4 D (i > p + 1) be the induced flat g- 
connection on Em. with respect to Zj. (See Subsection 2.2.1.1) Assume that E\%>. 
(i > p + 1) are equipped with 'ID- flat filtrations l F. 

Proposition 3.2.14- — For any Q G 7r _1 (2?f), we can find a D< p -/Zai splitting of 
(tt*E, J 7 ®) on a neighbourhood Uq which is compatible with l F and Res, (O) . Namely 
we have a V>< p -flat splitting -k*E\ Uq = © oe x7r*-E?a,t/Q such that (i) RcSi(O) preserves 

■K*Ea,UQ\U Q mr-i(Vi), (H) l F a = ® ae x %F a n ^*E a u Q - 

We give some complements. 

Proposition 3.2.15. — Assume g(Q) ^ 0. IfUQ is a sufficiently small neighbour- 
hood of Q, any B< p - flat splitting of (E, J- 'Q) on Z-/q\7t _1 (2?) is extended to aTS)< p -flat 
splitting on Uq . 

The following proposition is a refinement of Proposition 3.2.11. 

Proposition 3.2.16. — Assume g(Q) ^ 0. If we have a — (3 ^ Z for distinct eigen- 
values a and f3 of Resx> i (£>" 1 B ) ) (i > p + 1), then we can find a Ti-flat splitting of 
n* Eq compatible with l F (i > p + 1). 
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3.3. Good meromorphic p-flat bundle in the level m 

In this section, we state some propositions on Stokes nitrations in the level m. 
The proof will be given in Section 3.6. (See Subsection 3.6.7.) We use the setting in 
Subsection 2.6.3 unless otherwise specified. Namely, let Y be a complex manifold with 
a simple normal crossing divisor T>' Y . Let K, be a complex manifold with a holomorphic 
function g such that dp is nowhere vanishing on KP := /9 _1 (0). Let X := A z x Y x fC, 
T> z i ■= { z - = 0} and V z := [f i=1 V z ^. We also put V Y ■= A k z x V' Y x JC and 
V:=V Z \JV Y . For any subset I C k, we put V z j := f) ieI T> z ,i. We set A" :=Xx K KP 
and W := X° U V z . Let tt : X(W) — ► X denote the real blow up of X along W. 

3.3.1. Orders on weakly good sets of irregular values in the level m. — 

Let m £ Z^q. Let I be a weakly good set of irregular values on (X, T>) in the level m. 
We put F a .t, := — Rc(g _1 (a — b)) |g2; _rrl | for any distinct o, b £ I. They naturally 
induce C°° -functions on X(W). 

Notation 3.3.1. — Let A be any subset of X(W). For distinct a, b g I, we say 
a < e A b if F a _ b (Q) < for any Q £ A. We say a < e A b for (a, b) £ I 2 if either a < e A b 
or a = b holds. The relation < A gives a partial order on X. We use the symbol < e p 
in the case A = {P}. (We will use the symbol <p instead of < e P , if there is no risk 
of confusion.) □ 

Let I be a weakly good set of irregular values in the level m. For any / £ 
M(X,V Z ), X' := {a - f\a£X} is also a weakly good set of irregular values in the 
level m. The natural bijection obviously preserves the orders < e A for any subset A of 
X{W). 

For Q £ tt-^P), let ii(Q,X(W),X) or ii(Q,X) denote the set of U £ fd(Q,X(W)) 
such that <q=<1[. If U £ ii(Q,X(W)) is sufficiently small, it is contained in 
tt(Q,X(W),X). For any point Q' £ ^{V) nW, the map (X,< e Q ) — > ( x ,<q>) 
preserves the orders. 

3.3.2. Stokes filtration in the level m. — Let (£,B) be a meromorphic p-flat 
bundle on (X,T>) with a weakly good lattice (E,X) in the level (m,i(0)). The re- 
striction of D to the A^-direction is denoted by D 2 . Let it : X(W) — > X be the real 
blow up. We have the decomposition induced by (36): 

n £ '|7r :rT Tw'-) = ^ E TT^HW),a 

Proposition 3.3.2. — For any Q £ Tr~ 1 (T> Zt k), there uniquely exists a D -flat filtra- 
tion X® of it*£q indexed by (X, <q) with the following property: 

— It comes from a filtration ofn*EQ such that Gr^ (tt* Eq) is a locally free 0^, v y 
module. 
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Take U G il(Q,Z) on which is given. Then we have 

^ai 11 E )\Umr^HW) = ® E Ti^HW),a\U 



The filtration F® is called a Stokes filtration in the level (m, i(0)) (or simply in 
the level m). 

Proposition 3.3.3. — Take U G ii(Q,I) on which is given. For any Q' G 
U n 7r _1 (2? 2 fc), the natural morphism (tt*£qi, — > (tt*£qi,F^ ) is compatible. 

Remark 3.3-4. — Let U e il(X(W)). If ix*£\ U has a 3- flat filtration T u indexed 
by (T, <^A with the following property, which is also called a Stokes filtration on U : 

— Let Q be any point of U D ir~ 1 (T) z ^). We have the induced filtration T u of 
it*Eq. Then, J- u and J-Q are compatible over (T,<^j — > (I, <g)- 

Such a filtration is uniquely determined if it exists, by Lemma 3.1.3. For a multi- 
sector S of X\ W, if the Stokes filtration for S exists, it is also called Stokes filtration 
for S. □ 



3.3.3. Functoriality. — Let (£j,Bj) (i = 1,2) be meromorphic p-flat bundles on 
(X,V) with weakly good lattices (Ei,Xi). 

Proposition 3.3.5. — Let F : £\ — > £2 be a Hi-flat morphism. For simplicity, 
we assume that I\ U I2 is weakly good in the level (m,i(0)). Then, for each Q G 
7T (X> Zl fc), the induced morphism it*£iq — > ^*£2Q is compatible with the Stokes 
filtrations in the level m. 

Proposition 3.3.6. — Ifli ®Ti is weakly good in the level (m, i(0)), we have 

ni + a2 — n 

IfXi 0X2 weakly good in the level (m,z(0)) ; we have 

(7r*(fi e £2)0) = J*{n*£i, Q ) e ^{**£2, Q ) 

Proposition 3.3.7. — Let (£,B) be a g-meromorphic flat bundle on (X,T>) with a 
weakly good lattice (E,T) in the level (m, i(0)). The Stokes filtration o/(£ v ,B v ) in 
the level m is given as follows: 

^(^) = (E^ q (^q)) ± 
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3.3.4. Characterization by growth order. — Let (£,B) and E be as above. Let 
v be a frame of E. Let Uq £ il(Q,I) be sufficiently small. For any B 2 -flat section / 
of ■E|w Q \7r- 1 (w r )> we have tlie expression f = J2fj v j- Put / : = (/j)- 

Proposition 3.3.8. — Assume g(Q) 7^ 0. We have f £ , if and only if the 
following holds for some C > 0: 

|/exp( e - 1 a)| = 0(exp(C\z m ^\) \z m \~ c ) 

3.3.5. The associated graded bundle. — For any P £ T> z< k, we have the associ- 
ated graded sheaf with an induced D-flat connection on a neighbourhood of tt~ 1 {P): 

Gr^(7r*^- 1(P)) B) = ©(Grf (7r*^- 1(P) ),B ) 

ael 

By taking the push-forward via tt, we obtain a graded Ox(*D )-module with a flat 
ID-connection on a neighbourhood of P: 

Gr- F (fp,B)=0(Grf(fp),B a ) 

ael 

Similarly, we have Gr^ (t:* E^-i (P) , B) and Gi^(E P ,B) on neighbourhoods of n 1 (P) 
and P, respectively. 

Proposition 3.3.9. — Gr^^B) is a graded meromorphic g-flat bundle on a 
neighbourhood of P such that Gr" F (7r*f 7r -i(p), B) ~ n* Gt^ (£p,H>). We also have 
Gr- F ( 7 r*£; 7r -i ( p ) ,B) ~ tt* Gr^i^B). 

For each a, we have a canonical isomorphism Gr^(E, B),^ ~ (£7 o ^,Bq), where 

the right hand side is the direct summand in (36). In particular, (Gr^(£),B ) has a 
weakly good lattice (Gr^(E), {a}) in the level (m, i(0)). 

3.3.5.1. Functoriality. — If wc arc given a morphism of meromorphic p-flat bundles 
F : (£i,Bi) — > (£ 2 ,B 2 ) with weakly good lattices (2£j,2j) in the level (m, i(0)), we 
have the induced morphism 

Gr- F (F) : Gr^^i.Di) — ► Gr^, B 2 ). 

In particular, we have Gr^(£i,Bi) — > Gr^ (£ 2 ,B 2 ). 

lili is weakly good in the level (m,i(0)), we have the following canonical 
isomorphism on a neighbourhood of P: 

Gr F (E 1 ®E 2 )~ Gr^-Ei) ® Gi :F (E 2 ) 

If Ii ffl I2 is weakly good in the level (m, i(0)), we have the following canonical 
isomorphism on a neighbourhood of P: 

Gv^(E 1 ®E 2 )~ Gr^-Ei) © Gr^(£ 2 ). 
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Let (E,B>,I) be a weakly good lattice in the level (m,i(0)). We have a canonical 
isomorphism on a neighbourhood of P: 

Gt^{E v ) ~ Gv^{E) w 

3.3.6. Splitting. — Let T>y = UjeA^-Vj be the irreducible decomposition. For 
each j e A, we have the residue Resy.j(B) on E\p Y .. Assume that we are given a 
filtration F of E\j) Y . which is flat with respect to locally induced filtration J 'B. 

Proposition 3.3.10. — We can take a H z -flat splitting ii*E\ Uq = @ aeX E a jj Q 
which is compatible with Resyj(B) and J F (j 6 A). 

Proposition 3.3.11. — Assume g(Q) ^ 0. If the non-resonance condition is satis- 
fied for each Resy,j(f> B), we can take a IS)- flat splitting compatible with J F (j £ A). 

Proposition 3.3.12. — Assume g(Q) ^ 0. IJIAq is a sufficiently small neighbour- 
hood ofQ, any B 2 - flat splitting of (£,J-Q) onlAQ\ix~ 1 (T> z } is extended to a D< p -/Zai 
splitting on Uq . 

Proposition 3.3.13. — IfT> z is smooth and ifDy = 0; we can find a H-flat splitting 
ofT Q - 

3.4. Some notation 

3.4.1. We prepare some notation for the proof of the claims in Sections 3.2 and 3.3. 
Let Sec[5, 9^°\ 9^] denote a closed sector in A*: 

Sec[M (0) ,# (1) ] := {z G A* | < \z\ < 8, 6 {Q) < arg(z) < 

Let 7T : A(0) — ► A denote the real blow up along 0. Let Sec[<5, fi( ', 9^] denote the 
closure of Sec[<5, Q(°\ 9^] in the real blow up A(0) along 0: 

3ec[(y,0 (< V (1) ] :={(t,0)\O<t<5, 6^ < 9 < 0«} 
We put Sec[0W,OW] := ti-^O) n S^c"[<5, (O) , • 

Let X := A k x Y and D := UiLii-^ = 0}- I n this paper, a multi-sector (or sector, 
for simplicity) of X \ D means a subset S of the following form 

(41) IJSec^.ef,^] xPc (A*) 1 x ((A*) r x Y), 

where / C k, I c := k \ I , Sec[Sj, 9^°\ 9^] C A Zj (0), and U denotes a compact region 
in (A*) /c x Y. (We admit the case I = 0.) Let n : X{D) — > X denote the real blow 
up of X along D. The closure of S in X(D) is denoted by 5. 

Notation 3.4-1- — Let AiS(X \ D) denote the set of multi-sectors in X \ D. For 
a point Q G n (D), let MS{Q, X \ D) denote the set of multi-sectors S in X\D 
such that Q is contained in the interior part of S. □ 
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Definition 3.4-2. — We say that we shrink S = H jeI Secfo, 0f\ 6^} x U in the 
radius direction, when we replace it with S' = Yij^i Sec [5^-, 9*f\ 6^} x U for some 
^<5j. □ 



3.4.2. We use the setting in Subsection 3.3. If JC° ^ 0, we implicitly assume that JC 
is a product A e x JC' to consider a sector of JC* := JC \ KP . Because we are interested 
in a local theory, it is not essential. 

Let X be a weakly good set of irregular values in the level (m, i(0)). Let Scp(a, b) 
denote the subset (F Oj f,) _1 (0) C X(W), and let Sep(l) denote the union of Sep(o, b) 
for distinct pairs (a, b) of 1. 

Notation 3-4-3. — Let MS(X\W,1) denote the set of the multi-sectors S of X\W 
which is the product of 

Sec^oj^a.fl^cA^, [/icIlA;, U 2 cYxJC* : 

p^i(O) 

where U\ (resp. U2) is a compact region or a multi-sector of Op^i(o) ^*z P ( res P- 
Y x fC*). We assume |OTj(o)| ■ \^?,L ~@i(o) \ ^ 7r > an< ^ moreover , there exist < (9^^ 
in the open interval jO^^O^^ such that S'nSep(X) C Sec[<$j(o)> ^[0)1^(0)] xU±xU2- 

□ 

The following lemma is clear. 
Lemma 3.4.4. — We put V° z k := V Ztk x K KP. 

- Let Z C ^ l {'L>z,k\'D z k ) be a product of Up=i Sec[(9 p 0) , 6p '] and a compact 
region U ofYxJC* such that 

Z n Sep(X) c J] Sec[eW,0<p] x Secftgj, 6$] X U 

for some 6^] < $g m jO^Ofyl where Sec[9 p 0) , 6^] C A 2p (0). Take suf- 

ficiently small S p > (p = 1, . . . , k), and put S := Y[p=i Sec[(5 p , 9 P °\ Op 1 " 1 ] x U. 
Then, S S MS(X\W,1). 

- Assume JC = A e x K! . Let Z C ^ l {V a z k ) be the product of Sec[4 0) , 6^} x 
Y[p—i Sec^p '', Op 1 ^] and a compact region U ofYxK! such that 

Z n Scp(X) c 8ec[9<®, 0«] x Y[ Sec[0p°), 0«] x Sectfg, 0$] x U 

for some 9^] < 6$ in l^.^t, where Sec[0< O) , 0^] C A e (0). Take suffi- 
ciently small 6\ > and 5 P > (p = 1, . . . , k). We put S := Sec[<5,\, 0\ , 9\ ] x 
nLiSec^,^,^] x U. Then, S eMS(X\W,I). □ 



3.5. PRELIMINARY IN THE SMOOTH DIVISOR CASE 



95 



Notation 3-4.5. — For Q G 7r -1 (D Zj £), /ei MS(Q, A? \ denote the set of 

multi-sectors S £ MS(X\ W,l) C\MS{Q, X\ W) such thatSeil(Q,X(W),X). □ 

We obtain the following lemma from Lemma 3.4.4, which will be used implicitly. 

Lemma 3.4-6. — Let Q be any point of 7r -1 (2? z ,fc). LetlA be any neighbourhood of 
Q in X(W). Then, there exists S G MS{Q, X\W,T) such that S <ZU. □ 

The following lemma is clear by the condition, which will be also used implicitly. 

Lemma 3-4-7. — For any S G MS{X \ W,l), there exists S' C S such that (i) 
S' e MS(X \ W,l), (ii) S' n tt- 1 ^ ,•) = (j + i(0)) and S* n tt" 1 ^ ) = ®, (ni) 
<%=<%,. □ 



3.5. Preliminary in the smooth divisor case 

In the following sections, ir*E and ir*£ are denoted by E and £, if there is no 
risk of confusion. We use the setting in Section 3.3 with k = 1 and T>y = 0, i.e., 
X = A 2l xY x K, and T> = {0} x Y x JC. We also assume that g is nowhere vanishing 
on 1C. Let it : X{T>) — > X denote the real blow up along T>. For a multi-sector S 
in X — V, let S denote the closure of S in X(D), and the intersection S D 7r _1 (I?) is 
denoted by Z. In the following, <^ and <| arc denoted by <s and <$, respectively. 

3.5.1. Existence of a decomposition. — Let m G Z<o- Let I be a good set 
of irregular values on (X,T>) in the level m. Let (E,H,I) be a good lattice of a 
meromorphic g-flat bundle in the level m. We have the irregular decomposition in 
the level m: 

(42) = 0(£ a ,B a ) 

Lemma 3.5.1. — For any S G A4S(X — T>,I), we have a decomposition of E^ 

(43) % = 0^a,5 

ael 

such that (i) fiat with respect to d Zl , (ii) the restriction to Z is equal to the pull back 
of the irregular decomposition (42) on T>. 

Proof We closely follow the standard argument (Chapter 12 of [128], for exam- 
ple). We give only an outline. Let w = (w;) be a frame of E^ which is compatible 

with the decomposition (42). When w; G E a , we put a(i) := a. Let M r (C) denote 
the space of r-th square matrices, where r = rankE 1 . Let M a ^ denote the set of 
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A G M r (C) such that Aij = unless a(i) = a and a(j) = b. Thus, we obtain the 
decomposition: 

(44) M r (C) = 0M ttlb 

Wc have the natural isomorphism M a , a ~ M ranl | (C). The element corresponding to 
the identity matrix is denoted by I a . Any element A G M r (C) has the decomposition 
A = J2A a ,b corresponding to (44). Let M r (C) (resp. M r (C) r ) denote the subspace 
of M r (C) which consists of A such that A a ^ = unless (resp. if) a = b. Any element 
A G M r (C) is decomposed into A = A d + A r , where A d G M r (C) d and A r G M r (C) r . 
We have the corresponding decomposition for M r (C)-valued functions. 

By Proposition 3.1.12, we can take a holomorphic frame w of Tr*Erg such that 
w^g = 7T _1 (wYg. Let A be determined by W (z\d zi )w — w ■ A. By construction, A d 
is of the form £(m0 _1 a) I a + where |^| = 0(|zi| m+1 ). Wc also have A r ~ = 0. 

Wc consider the change of the frame of the form w' = w (I + B\ such that 
W{ Zl d Zl )w' = w'(A d + R), where B = B r and R = R d and B ]2 = R, 2 = 0. 
The condition is as follows: 

(45) R=(A r B) d , A r + A d B + (A r B) r + z x d Zl B = B {A d + R) 

By eliminating R, we obtain the following equation for M r (C) r -valucd function B: 

(46) z x d Zl B = BA d - A d B - (A r B) r - A r + B (A r B) d 

Note A r = 0(\zi\ N ) for any N. By changing the variable x = , we can apply 
Proposition 20.1.1 to (46). Recall S is of the form Sec [5, 6K°), 6»W] x U, where U 
denotes a compact region in Y x JC. We can find solutions B and R of (45) such 
that B = 0(\zi\ N ) and R = 0(\ Zl \ N ) for any N on Sec[5', d<-°\ 6^} x U. Since B 
and R are holomorphic, we also obtain B^ = and R^g = 0. Hence, we obtain a 
decomposition like (43). We can extend it to a decomposition on Sec[5, 9^°\ 9^] x U 
by using OA Thus, we are done. □ 

3.5.2. Stokes filtration in the level to. — Let S G MS(X — T>,I) and a decom- 
position Erg = (J) a(E x E a ,S as m Lemma 3.5.1. We define 

J* := E b .s, J*. := J2 = ^M- 

Kso f)<so b<sa 

Lemma 3.5.2. — J 7 ^ is independent of the choice of a splitting (43), and it is H-flat. 

Proof Let Erg = ® aeI E' a s be another splitting. The inclusion i a : E a .s C Erg 
and the projection p' b : Erg — > E' b s give $ 2l -flat morphisms E at s — > E' b s for any 
o, b. Let f a> b denote the composite. We have f a & ,g = for a ^ b by construction, 
and f a ,g = id. In particular, f a ^ are bounded. Hence, we obtain f a ^ = unless 
b <s due to Corollary 20.3.7. 
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Let V be a holomorphic vector field in the ^-direction on U. We have the frames 
v a of E a ,s on S. Let p a denote the projection Erg — > E 0i s- Let A a ^{V) (o ^ b) be 
determined by (pt, o (V) o i a )v a = vt, ■ A ai b(V). Then, A at b{V)^ = and c^-flat. 
Thus, we obtain A a ^(V) = unless b <s a. due to Corollary 20.3.7. □ 

Lemma 3.5.3. — The filtration F s indexed by (X,<s) * s characterized by the fol- 
lowing property: 

— J 7-5 is flat with respect to d Zl . 

~ F a \Z = ®b<sa Eb - 

We call J 7 Stokes filtration in the level m. 

Proof Let Gr := J 7 ^ /.7< a , and let r(a) := rankGr . For a frame v a of Gr a on S, 
let A a be determined by 1% (d Zl )v a =v a ■ A a , where W a denotes the induced family 
of the flat connections of Gr . Then, A a is of the form g~ 1 d Zl a + A° where A° is the 
holomorphic section of p _1 M r ( a )(C) (8 Ox(mT> ). 

Let F' s be a filtration of E^ on S 7 which has the above property. We set 
Gr' a :~ J 7 '^ I J-'J^, which is equipped with the family of connections U)'J along the 
A Zl -direction. For any frame v' a of Gr' a , let A' a be determined by Wj (d Zl )v' a = v' a -A' a , 
and then A' a is of a form similar to A a . 

We use an induction on the order <g. We put F§ := XaeB-^cf f° r an Y subset 
Bel. Assume that we have already known JF^ = lF' b s for any b <s a, and we will 
show = T' a s . Let B be the subset of T such that T' a s C T§ and T' a s (jt T§, 
for any B' C B. Let c be any maximal element of B. Then, we obtain the flat 
morphism </> a c : Gr' a — > Gr c . Due to Corollary 20.3.7, we obtain a c = unless 
a >s c. Therefore, we obtain J 7 '^ C J-§ C J-j? . By comparison of the rank, we obtain 
J if = T' a s . Thus, we are done. □ 

3.6. Proof of the statements in Section 3.3 

We use the setting in Subsection 3.3. Since we are interested in a local theory, we 
put Y := A", V Y ,j := {Q = 0} and V Y := Uj=i v Y,j for some 1 < £ < n, although 
it does not matter until Subsection 3.6.3. We put 3 := 7r _1 (2? z ^)- In this section, P 
denotes a point in the real blow up. For any multi-sector S in X \ W, let S denote 
the closure of 5* in X(W), and let Z denote 5fl n~ 1 (W). The orders <| and <| are 
denoted by <s and <s, respectively. 

3.6.1. Existence of Stokes filtration. — Let m € Z< . Let (E 7 ]D,I) be a good 
lattice of a meromorphic g-flat bundle in the level (m,i(0)) on (X,!)). The irregular 
decomposition (35) induces the following on Z: 

(47) (E,-D)\ S = Q)(E tl ,n a )\2 
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We put T z := Q) b<sa and thus wc obtain a filtration T z indexed by (l, <s)- 

Let D 2 denote the restriction of D to the A^-direction. 

Proposition 3.6.1. — Take S G MS(X\W,X) such thatSn^ ^ 0. If we sufficiently 
shrink S in the radius direction, the following holds: 

— There uniquely exists a D -flat filtration J 7-5 of E,g indexed by (I, <s) such that 
T% = J~ z . Moreover, if a H) z -flat filtration J-' s of E^ indexed by (T,<s) 
satisfies T'l = T z , then P ' s = F s . 

— There exists a H z -flat splitting of the filtration J- s on S . Note that the restriction 
of such a splitting to Z is equal to (47) . 

— If q is nowhere vanishing, any D z -flat splitting of J- s on S is extended to a 
splitting on S. 

We call J 7 Stokes filtration of (E,H) on S in the level m. 

Proof We may assume i(Q) = 1. We show the following lemma analogue to 
Lemma 3.5.3. 

Lemma 3. 6. 2. — If we sufficiently shrink S in the radius direction, there exists a 
decomposition on S 

(48) % = 0^n,5 

ael 

such that (i) it is flat with respect to d Zl , (ii) its restriction to Z is the same as (47), 
where Z := S D it' 1 (W) . 

Proof We closely follow the standard argument as in the proof of Lemma 3.5.1. 
Hence, we give only an outline. We will shrink S in the radius direction without men- 
tion. Wc take a frame w = (w a ) of E^ compatible with the irregular decomposition 
(35) in the level m. We use the decomposition of matrices as in the proof of Lemma 
3.5.1. 

By Proposition 3.1.12, we can take a holomorphic frame w of tt*E^ such that 
w,g = 7r _1 ('u)). Let A be determined by W (z\d\)w = w A. By construction, A d is 
of the form ^(q' 1 Zidia) 7 a + A l wherc l^ol = 0(|z m «|). Wc also have = 0. 

We consider a change of frames of the form w' = w (l+B\ such that W (z\d\)w' = 
w'(A d + R), where B = B r , R = R d , and B ]2 = R\% = 0. Then, we obtain the 
equation (45) for B and R, and (46) for B by eliminating R. 

We use the change of variables x — z-j -1 and yi = (i = 1, . . . , k — 1), and 
Vk = Q^ 1 if ^° 7^ 0- By applying Proposition 20.1.1 to (46), we can find solutions B 
and R of (45) such that B = o(j$ =1 \ Zl \ N \g\ N ^ and R = 0(j]- = i \ Zl \ N \g\ N ^ for any 
TV. Since B and R are holomorphic, we also obtain B^ = and R^ = 0. Thus, the 
proof of Lemma 3.6.2 is finished. □ 
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Let S be as in Lemma 3.6.2. We put J"f := b<sa 1 E aiS . 

Lemma 3.6.3. — They are independent of the choice of the decomposition (48) , and 
they are Hi z -flat. 

Proof Wc can take a multi-sector S"cS such that (i) S' G MS{X \W,T), (ii) 
S' n n^iVzj) = for j ^ i(0) and s' n tt" 1 ^ ) = 0, (hi) < S '=<s- Then, we can 
show the claim of the lemma by considering the restriction to S and by using Lemma 
3.5.2. □ 

Let us consider the second condition. Let Gr n denote the induced flat bundle on 
S. The frame w' in the proof of Lemma 3.6.2 induces a frame v a of Gr a . Let B a be 
determined by D z n lJ = U a (d z a + -B ). By shrinking S in the radius direction, we 
may assume that \B b \ and |i? c | are sufficiently smaller than |Re(p _1 (b — c)) | on S for 
any b >s c. Let us consider the following claim: 

A(a) : There exists a B 2 -flat splitting = b<sa E b .s on S. 
We have a similar claim A(<$ a) on the existence of a B z -flat splitting of .F< a . 

We show A(a) by the induction on the order If a is minimal, the claim A(a) 
is clear. The claim A(<sa) follows from A(b) for any b <s a. Let us show A(a) by 
assuming A(<$ a). Let f a be the morphism Gr a ~ 1 E a _s C J 7 ^ ■ Then, we obtain the 
following morphism 

D*(/a) : Gr a — > g) ^ = 0^b,s ® ^- 

[i<a 

We have J} z (f a )^ = by construction of J 75 . 

Note that S is the product of a multi-sector S z C (A*) fc and J7 C Y x AC* which 
is a sector or a compact region. The closure of S z in A k contains 0. Take a point Q 
of S z . We take g a , b : Gr — >• S 6iS such that B z (g a , b ) = (B z f a ) b , and g atb \ QxU = 0. 
By sufficiently shrinking S in the radius direction, we can apply Lemma 20.3.1 in this 
situation, and we obtain g a b ^ = 0- Wc put /„ := /„ - J2 b<a 9a,b, then f a : Gr a — > 
F% is Oz-flat and f a iv a )^ = v a \z- Thus, we obtain A(a), and the second condition 
in Proposition 3.6.1 is satisfied. 

Assume g is nowhere vanishing. If b >s c, any D 2 -flat morphism Gr^-E^) — > 
Grf(E\ S ) has the order 0(cxp(-e|z m |)) due to Corollary 20.3.6. Then, the third 
condition in Proposition 3.6.1 is satisfied. □ 

Let MS*(X \ W,T) denote the set of S € MS{X \ W,l) such that % has a 
B-flat filtration J 75 as in Proposition 3.6.1. If g is invertible and T> is smooth, we 
have MS*{X \ W,X) = MS(X \ W,X). 

Corollary 3.6.4- — F° r an V point P G 3, there exists Up £ il(P, X(W),i) such 
that, for any S G A4S(P, X \ W,T) with S C Up, there uniquely exists a Hi- flat 
filtration J 75 of Erg indexed by (I, <g) satisfying the conditions in Proposition 3.6.1. 
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Let A4S*(P,X \ W,T) denote the set of such multi-sectors. □ 

Remark 3.6.5. — Even if (E,H>) is a weakly good lattice in the level (m,i(0)), 
(End(_E),D) is not necessarily a weakly good lattice in the level (m,i(0)). We may 
not have the Stokes filtration o/End(i?)|g for S € AiS*{X \ W,X). However, as re- 
marked in Section 3.1.1.3, the J}-fiat subbundles J r oEnd(£')|g and J r < o End(_E)|g are 
well defined, which will be implicitly used. □ 

3.6.2. Compatibility. — 

Lemma 3.6.6. — Let S, S' e MS*{X \ W,l) such that S' C S. 

— The filtrations F s and F s are compatible over [I, <s) — > (l, <s>) in the 
sense of Definition 3.1.2. In particular, we have J- s = J- s if (I, <$) is iso- 
morphic to (X, <s'J. 

— The decomposition Ergi = ® ae x^ a s\s' 9^ ves a B 2 -/Za£ splitting of the filtration 
T s ' . 

Proof It follows from the characterization of the Stokes filtrations (Proposition 
3.6.1). □ 

3.6.3. Splitting with nice property. — We have the induced g-flat connection 
■?B of E\p Yj . Since T s is B-flat, Resy,j(B) preserves the filtration T\ Vv . and J 'D. 
Assume that we are given filtrations ] F (j = 1, ...,£) of E\x> Y which are preserved 
by Resyj(D) and 

Proposition 3.6.7. — Let S e MS*(X \W,T). We have a B z -flat splitting of the 
filtration F s , whose restriction to SnVyj is compatible with the residues Resy,j(B) 
and the filtrations 3 F for j = 1, ...,£., after we shrink S in the radius direction 
appropriately. 

Proof Take a large number N. Let denote the 7V-th infinitesimal neighbour- 

hood of W. By Lemma 3.6.30 below, we can take a decomposition E = (& ae xE a ,N 
such that (i) it is the same as the irregular decomposition in the level m on W^ N \ 
(ii) the restriction to T>y,j is compatible with ReSj(B) and 3 F for each j = 1, . . . ,£. 

Recall that S is the product of a multi-sector S z C (A*) fc and SjC^xK', where 
So is a sector or a compact region. The closure of S z in contains the origin O z . 
Let Sq denote the closure of So hi the real blow up of Y x JC along Y x JC°. Let Q be 
any point of S z . We have the following morphisms: 

b<sa 

If Q is sufficiently close to Zl the composite of the morphisms in (49) is an isomor- 
phism. Let Ga C -T^Qxg denote the inverse image of E a n ^q x s - ^ e ma ^ assume 
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F s ln n Q$ = {0}. Then, g$ can be extended to a D z -flat subbundle Qf of E ]s . 
If 5 is shrinked in the radius direction appropriately, they give subbundles of E^g, due 
to Corollary 20.3.9. By construction, it gives a splitting with the desired property. 

□ 

3.6.3.1. Special case 1. — We consider a B-flat splitting in the non-resonance case. 
We assume that g is nowhere vanishing. Let denote the origin in Y = A". Take 
S € MS*(X \ W,X) of the form Si X U x X U 2 where Si is a multi-sector in (A*) fc 
whose closure contains the origin, U\ is a neighbourhood of Oq in Y, and J7 2 is a small 
compact region in /C. 

Proposition 3.6.8. — Assume a — j3 ^ Z for distinct eigenvalues a, (3 of 
Res Y ,j(^ f )\ v y (j = 1, ...,£, y G U 2 ). Then, we have a H-flat splitting of F , 
whose restriction to S D T>y.j is compatible with 3 F for each j = 1, . . . ,£. 

Proof Let Q be as in the proof of Proposition 3.6.7, where we construct the 
B z -fiat splitting of the filtration F s on Q x U. In particular, we have the splitting 

(50) E lQx0iXU2 =@>E?*°< xU \ 

ael 

which is compatible with the endomorphisms ReSj(B) and the nitrations 3 F (j = 
1,...,£). By the assumption on the eigenvalues of ReSj(B), (50) is extended to a 
B-flat splitting of F s onQx[/ix[/ 2 . By extending it to a flat splitting of F s on S } 
we obtain the desired splitting. □ 

3.6.3.2. Special case 2. — We consider the case D is smooth, i.e., k = 1 and T)y = 0. 

Lemma 3.6.9. — For any P <G 3, there exist Sp € MS*(P, X \ W,l) and a B-flat 
splitting of the filtration F p on Sp. 

Proof According to Proposition 3.6.8, we have only to consider the case g(P) = 0. 
We use the symbol m instead of m. We would like to take a D-flat morphism <j) a : 
Gr a (Erg) — > Erg for some S e MS*(P,X \ W,X). We construct such a morphism 
inductively with respect to the order <p. If a is minimal with respect to <p, we have 
nothing to do. Assume that we have already taken such morphisms for any b <s a. 

We have a B z -flat splitting E^g = ©-E^s of the filtration F s . By the hypothesis 
of the induction, we may assume that F< a (E,-g) = (B ll<pCI Eb is B-flat. Let f a be the 
morphism Gv a (E^) ~ E a> s — > E.-g ~ © Gvb(E,-g). We remark dzi-component of 
B(/ ) is 0. We have the decomposition B(/ ) = j2 b< a B(/ )& corresponding to the 
B-flat decomposition F^ a = © b< -Eb,s: 

B(/ a )b : Gr a (E^) — > Gr fa (^) <g> Q^/K <g> 0(mD) 

Let v a be a holomorphic frame of Gr a (E^g) for each a E I. Let R a be determined 
by B a 17 a = v a (da + R a ). We have R a = 0(|z™ +1 |). Let A be determined by 
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^>{fa)b v a = v b A. Since D(/ a )t, is D 2 -flat, we have the following estimate for some 
C > 0: 

r 0(e X p(C|^-^r +1 |)) (m<-l) 
A exp(g _1 (b - a)) = < 

1 0(exp(C| e - 1 | log^f 1 !)) (m=-l) 

By shrinking S 1 , we obtain the estimate A = 0(exp(— e|g _1 z™|)) for some e > 0. Let 
Pi := 7r(P) € 2?°. Recall that we have assumed /C = x KJ , which induces K. — > K? 
and hence q : X — > T>°. If we shrink S, we can take a section g a ^ : Gr a (E\ s ) — > 
Grt>(E\s) satisfying the following conditions: 

- ©(flo.t) = ®>(fa)b and g a . b \ q -i( Pl ) n s = 0. 

- g a , b =0(exp(-e|g- 1 zr|/2)). 

We put </> n := / a — X^3a,b- Because of the estimate for g a b , the D-flat morphism 4> a 
is extended on S. Thus, the inductive argument can proceed. □ 



3.6.4. Functoriality. — 

3.6.4-1- Dual. — Let (E,H),X) be a weakly good lattice in the level (m,i(0)) on 
(X,V). Let S G .M<S*(# \ W,X). Let = aeI £ a „s be a B*-flat splitting of the 
filtration F S (E^) whose restriction to "Dyj is compatible with Resy;j(D) for each 
j = 1, . . . For any a € I, we put 



(51) E\ >s := 0^, s , FU E \s) ■= E ^(%)- 

\ bex / hex 

Lemma 3.6.10. - 

— The decomposition £™ = ® a£ 2 s gives a TS^-flat splitting of the Stokes 
filtration J rS (E^), whose restriction to T>y.j is compatible with Resyj (B v ) for 
each j = 1, . . . , I. 

— In particular, ^F_ a (E^) = ^^(E^) 1 - for any a G X. 

Proof The second claim follows from the first claim. We put 

bez 

-b<s-a 

For the first claim, we have only to show J*_ s a (E)L) = ^ a (E)L). It is easy to check 

1 6 1 6 

Fl^E^L)^ = T z a (E^~). Then, the first claim follows from the uniqueness in Propo- 
sition 3.6.1. □ 
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3.6.4-2. Tensor product and direct sum. — Let (E p , B) p ,I p ) (p = 1, 2) be weakly good 
lattices in the level (m, i(0)) on (X, T>). Let us consider the case that X\®X 2 is weakly 
good in the level (m,i(0)). We put (E,B>) := (£i,Bi) ® (£7 2 , For a multi-sector 
5 e n p =i, 2 \ W, 2 ?) j we take ©a-flat splittings £^3 = apGlp ^P,a P ,s whose 

restrictions to XVj are compatible with Resyj(D p ). We put 

(52) £a, ft i,s ® ■Ea.oa.s. 

(01, 02)6X1 XX 2 
ai+a2 — a 

The following lemma can be shown by an argument in the proof of Lemma 3.6.10. 
Lemma 3.6.11. — 

— The decomposition Erg = © oe xng>Z2 E a ,S gives a J} z -flat splitting of the Stokes 
filtration of Erg, whose restriction to X>y,j is compatible with Resy-j (B) for each 
3 = 1,..., I. 

- In particular, ^(Erg) is equal to J2a 1 + a2 < sa :F a 1 ( E i\s) ® ^(E^). □ 

Let us consider the case in which X\ © X 2 := X\ U X 2 is weakly good in the level 
(m,i(Q)). For a multi-sector S € f] p —i 2 MS*(X \ W,I p ), we take D z -flat splittings 
of E p rg = E PyCl ,s whose restriction to T>y,j is compatible with Resy ^D). We put 

(53) (Ei © E 2 ) a , s := Bh.,0,8 © E %a>s 
The following lemma is obvious. 

Lemma 3.6.12. 

— The decomposition (J5i©I?2)ra = © n gi 1 ©i 2 (-£'i©-E , 2)o,S flwes a H) z -flat splitting 
of the Stokes filtration of (E\ © E^jrg, whose restriction to X>yj is compatible 
with Resyj(B). 

- In particular, F^ ((E\ ffi E 2 )rg) is equal to F^E^g) © Jjf (E 2 rg). □ 

5.6.^.5. Morphism. — Let (.Ep,B p ,2p) (p = 1,2) be as above. Let F : (£i,»i) — ► 
(^,©2) be a flat morphism. We assume that Xi U X 2 is weakly good in the level 
(m,i(0)). 

Lemma 3.6.13. — Let S £ rip=i 2-^'^*('^' \ Wj^p)- ^ e restriction Frg preserves 
the Stokes filtrations. 

Proof Let 55 p be frames of E,^ compatible with the decompositions E p ^ = 
® pa\W' ^ e determined by F(v\) = v 2 A. We have the decomposition 

A = 0A a , a . Let S G n p =i, 2 - /Vt,S *( ; ^ \ W,2p)- Wc havc thc Stokes filtrations 
F s (E p r g ) (p = 1,2). We take ©.-flat splittings E p ,g = © E p ^ s of the filtrations 
F (E p rg), and let v Pt s be lifts of v p to -Era compatible with the splittings. Let F[,, 
be the B 2 -flat morphism £i. aj s — > E 2> b > s induced by Frg. Let A(, i0 be determined 
by Fb. a( v i.a,s) — v 2,b,S Ab M . Lemma 3.6.13 can be reduced to the following lemma. 
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Lemma 3.6.14- - 

— Ab t!X = unless a >s b. 

— In the case a >s b, we have the following estimate for some C > 0: 

A b , a exp(g-\b-a))=o(exp(C\g- 1 z m ^\ log l^)) 

— A a o ,g = A aa . In particular, |-A a , a | is bounded. 

Proof The first two claims follow from Corollary 20.3.7 and Corollary 20.3.6. The 
third claim is clear. Thus, we obtain Lemma 3.6.14 and Lemma 3.6.13. □ 

Corollary 3.6.15. - 

— If the restriction of F to X \ T> is an isomorphism, we have X\ = Xi and 

— In particular, the Stokes filtration F s in the level (m,i(0)) depends only on the 
meromorphic g-flat bundle (E(*T>),Ib), in the sense that it is independent of 
the choice of a weakly good lattice E C E(*T>) in the level (m, i(0)). 

Proof F induces an isomorphism Ei(*T>) ~ E2(*T>), and hence Ei(*T>),^ ~ 
E2(*T>)^ . Then, we obtain an isomorphism Ei_ a (*T>) ~ E2,a(*'D) for a E I\ Ul2- 
Hence, we have 2^ = I 2 . Since we have the inclusion F^(Eiig) C F^(E 2 \s) by Lemma 
3.6.13, we obtain F^(E^g) = F^(E 2 \s) by the comparison of the rank. Thus, the 
first claim is proved. The second claim follows from the first claim. □ 

3.6.5. The associated graded bundle. — For any S E MS*(X\W,I) and a El, 
we obtain a bundle Gr™ (Erg) with a meromorphic flat p-connection U> a -g on S, by 
taking Gr with respect to the filtration F s . By definition of Stokes filtrations, we 
have a natural isomorphism 

When S is varied, we can glue them and obtain a bundle Gt™(E^^ w ^) with a mero- 
morphic flat p-connection D^^j on V(W), where V denotes some neighbourhood 

of V Ztk , and V(W) denotes the real blow up of V along W := V n W. By the 
construction, we are given an isomorphism 

According to Proposition 3.1.14, Corollary 3.1.17 and Lemma 3.1.19, there exists a 
holomorphic vector bundle Gt™(E) with a meromorphic flat p-connections D a on 
(V,Vn V) such that 
(54) 

7r*(GC(£),Ba)^ w * (GT?(Ep (w) ),B a $ m ), (Gr™(E),B a ) lW , ~ (E a ,D a )^,. 
It is well defined on the germ of neighbourhoods of T> z ,k in X . 



3.6. PROOF OF THE STATEMENTS IN SECTION 3.3 



105 



Corollary 3.6.16. If we shrink X, we can take a frame v — (v a ) of E^ com- 
patible with the irregular decomposition in the level m, such that the power series R a 
is convergent, where B a v = v a R a . 

Proof We take a holomorphic frame w a of Gr™(E) on V. It induces a frame 

w a\W of Gv T( E )\w ~ E*- Wc havc onl y t0 P ut ^ := w a\W- D 

Let w a be a frame of Gr™(E). Let S G MS*{X \W,1), and let E^ = ©£ a „s 
be a D z -flat splitting of the Stokes filtration F s . By the natural isomorphism E a _s — 
Gr^ l (i?)|g, we take a lift w a ^s of w a . Thus, we obtain a frame ws = (uvs). The 
following corollary is clear from the construction. 

Corollary 3. 6.17. — Let v be a frame of E, and let Gs be the matrix by v = ws Gs- 
Then, Gs and G^ 1 are bounded on S . □ 

Remark 3.6.18. — Ifk = 1 and if g is nowhere vanishing, we obtain (Gr™(.E), B ) 
on (X,T>), not only on (V \T> n V). Note that we can always extend a good lattice of 
a meromorphic g-fiat bundle on (V,2?n V) to that on (X,T>). □ 

3.6.5.1. Functoriality. — Let (E,U>,X) be a good lattice in the level (m,i(0)). From 
(£ V ,B V ,Z V ), we obtain the associated graded bundle Gr m (£ v ) = neI v Gr™(E y ) 
with an induced meromorphic flat g-connection. 

Lemma 3.6.19. — We have a natural flat isomorphism Gr™(E v ) ~ Gr™(i?) v . 

Proof By Lemma 3.6.10, we have the natural isomorphism Gt'^ 1 (E s/ )^^ w ^ ~ 
Gr^^iJ)^^ . It induces the desired isomorphism on V. □ 

Let (E p ,Vp,Ip) (jp = 1,2) be weakly good lattices in the level (m,i(0)). The 
following lemma can be shown similarly. 

Lemma 3.6.20. — Assume T\ <g> 1-2 is weakly good in the level (m, i(0)). Let 
(E,H>) := (E p ,B>i) Cg) (E p ,B>2). Then, we have the following natural isomorphism for 
each a € T\ ® Z 2 •' 

(55) Gt?{E)~ Gr^OgGr^) 

(ai,a 2 )eIixX 2 
ai + n2 — a 

If Ti © 1% is weakly good in the level (m,i(0)), then we have Gt™(E\ © E2) — 
G^(E 1 )®Gt^ 1 (E 2 ). □ 

Lemma 3.6.21. — Let F : {E\,Hi) — > {E^^i) be a flat morphism. Assume that 
T\ U T2 is good, for simplicity. Then, we have the naturally induced morphism 

GvT(F) : GC(£0 — > GC(£ 2 ). 

Proof We have the induced morphism Gr^-EAy,^ — > Gr^E^y^-, by 
Lemma 3.6.13. It induces the desired morphism on V. □ 
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Corollary 3.6.22. — In the situation of Lemma 3.6.21, if E\\x-v — ^ E 2 \x-t> * s 
an isomorphism, we have induced isomorphisms: 

Gr™(£i) 8> 0{*V) ~ GC(£ 2 ) ® 0{*V) (a g I) 
Hence, the graded meromorphic g-flat bundle 

0(GC(E)®O(*2>),B B ) 

a 

is well defined for the meromorphic g-flat bundle (£?(*£>), ED) . 

Proof By Corollary 3.6.15, the restriction Gt™(Ex)\ v \ D ~ Gr™(£ 2 )|v\.D is an 
isomorphism. Hence, the induced morphism Gr™ (Ei)® 0(*V) — > Gr™(-E 2 )®0(*X>) 
is an isomorphism. □ 

3.6.6. A characterization by the growth order. — Assume that g is nowhere 
vanishing. Let (E,H),X) be a good lattice in the level (m,i(0)). Take any frame v 
of E. Let S G MS*{X \ V z ,l). Let / be a D 2 -flat section of J5| S . We have the 
expression f = Ylfj v jy an d obtain / = (fj). 

Lemma 3. 6. 23. — We have f € J- 8 if and only if the following holds for some 
C > 0: 

|/exp(g- 1 b)| =o(exp(C|*™«|)|z; (0 )|- c ) 
Recall m(l) := m + 8^ . 

Proof We take a B 2 -flat splitting Ei-g = (J)-E a .s of J 78 , and take a frame v$ = 
( v a.s) of E,^ compatible with the splitting. Let r(a) := ranking. We have the 

expression / = ^ a Ej=i fa,S,j v a ,s,j, and obtain /„ = (f a ,s,j \ j = 1, • • • , r(a)). Note 
|/| and l/J are mutually bounded. 

Let R a be determined by W z v aS = v aS ^®(d 2 (g _1 a) + R a )^j- Then, it is a 
holomorphic section of the following: 

k 

M r{a) (C) ® z m ^ 0^d Zl /z t (if m i(0) < -1) 

i=i 

M r{a) {C) <g> O^dz./z, + M r{a) (C) <g> Ogdzi/Zi (if m j(0) = -1) 

i^i(0) 

Since each / is U^-flat, we obtain the following estimate in the case f a ^ 0, by using 
Lemma 20.3.3: 

logl/.expOr 1 ^! <C\z m ^\+C\og\z-^\ 
Then, the claim of the lemma follows. □ 

Let us consider the case Y = A™ and Vy = Ui=i{Ci = 0}. Let / be a ID-flat section 
of E\s\D Y - We obtain the following lemma from Lemma 2.6.10 by the argument in 
the proof of Lemma 3.6.23. 
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Lemma 3.6.24- — We have f £ J-^ if and only if the following holds for some 
C > 0: 

i 

\S cxp(g- 1 b)\ = 0(exp{C\z m W\)\z m \- c l[ \Q\- C ) 

3=1 

□ 

3.6.7. Proof of the claims in Section 3.3. — Corollary 3.6.4 implies Proposition 
3.3.2. Lemma 3.6.6 implies Proposition 3.3.3. The functoriality in Subsection 3.3.3 
follows from those in Subsection 3.6.4. The growth estimate in Proposition 3.3.8 is 
implied by that in Lemma 3.6.23. The associated graded meromorphic p-flat bundle 
and its functoriality are studied in Subsection 3.6.5. Proposition 3.3.10 is implied 
by Proposition 3.6.7. Proposition 3.3.11 follows from Proposition 3.6.8. Proposition 
3.3.12 follows from Proposition 3.3.11 and Lemma 2.6.9. Proposition 3.3.13 is implied 
by Lemma 3.6.9 

3.6.8. Appendix (Lifting of formal frames). — We discuss liftings of frames. 
Although we will use such concepts in our later argument, readers can skip here. 

3.6.8.1. Holomorphic lift on small sectors. — We take a frame v = (v a ) of E^ 
compatible with the irregular decomposition. Let R a be determined by D i) n = 
v a (da + R a ). 

Let S e MS*{X \W,1). We take a ©.-flat decomposition E^ = © E a , s which 
gives a splitting of J-" s as in Proposition 3.6.1. We can take a frame v a s of E a g such 
that v a = v a \zi an( l wc P u ^ v s -~ ( v a,s)i which is called a holomorphic lift of v 
on S. 

Let E\-g = ($) a E' aS be another O z -flat splitting of J 75 , and let v' s = (v' a s ) be 
a holomorphic lift compatible with the splitting. Let C = (C a \ a ) be determined by 
vs = v' s (I + C) . where / denotes the identity matrix. 

Lemma 3.6.25. - 

— We have C Q , a ,£ = and C a >. a — unless a' <s a. 

— If a' <5 o ; we have the following for some C > 0: 

C a ., a exp^-^a'-o)) =o(exp(Cb- 1 |(|^ m(1) |+log|^ 1 ) |))) 

Proof We have C a , = by construction. Since vs and v' s are compatible 
with the filtration J 75 by construction, we have C a ^ a = unless o' <s a. The other 
follows from the estimate of the norm of D z -flat sections (Lemma 20.3.5). □ 

3.6.8.2. C°°-Uft onX. - 

Lemma 3.6.26. — We have a local C 00 -frame fc°° = { v a,c°°) of E on some neigh- 
bourhood V ofVz.k with the following property: 
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— Let S € AAS* (X\W, I), and let v$ be a holomorphic lift ofv on S as in Section 
3.6.8.1. Let Bs be determined by vc=° = v$ {I + B$) on 7r _1 (V) n S. Then, the 
following holds: 

• B s\z = 0- 

• Let Bs = (Bs,a,b) be the decomposition, corresponding to the decomposi- 
tion of the frame v = («„). Then, we have Bs. a ,b = unless a <s b. 

• In the case a <s b, we have the following estimate of the C q -derivatives 
of Bs, a ,b cx p(f? _1 (<* — b)) for some C > and N(q) > (q € Z> )." 

o(e X p(cb- 1 |(|^ 1 )|+log|^ 1 ) |))ni^r JV(9) k- 1 |- iV(9) 

In particular, the frame Vc<^\s is compatible with the Stokes filtration J- s for S G 
MS* (X — W,I) in the sense that (u^c 00 | b <s a) gives a frame of J 7 ^ for each a. 
Such a frame vc°° is called a C°° -lift of v. 

Proof In the following, for a given multi-sector S, let 5° denote the interior part. 
We take multi-sectors #0') € MS*{X \ W,l) (j = 1, . . . , N) of X \ W such that 
U S0> = y \ W, where V is some open neighbourhood of T> z ^ in X. We take 
holomorphic lifts Vg(j) = {vs(f).i) of 2 on 5 . We have only to glue them in C°°- 
sense as follows, for example. We take small sectors S3 C S2 C Si — S^ such 
that (i) Uf = i Si j) ° =V\W, (ii) Si j) in V \ W is contained in for a = 2, 3. 

We take C°°-functions Xj on V\W such that (i) Xj > 0, (ii) Xj > on Sg', and 
Xj = outside of S% , (iii) each (&Z > Yl&i l< )Xj is polynomial order in \g~ 1 \ and | ^ ~ 1 1 
(i = 1, . . . , k), (iv) Y^Li Xj = 1- Wc put u c °c := X^Li X? "SO) - or morc precisely, 
vc°°,i ■= SjLi Xj Then, := (vc°°,i) gives a C°°-frame on 7r _1 (V). 

Let S £ MS*{X \W,T). Let C« be determined by t> s(j) = w<j (7 + C (i) ) on 
S n S b) , where I denotes the identity matrix. Let Z(S, S (i) ) = S b) n S n tt" 1 (X> 2 ). 
Due to Lemma 3.6.25, we have (i) Cf~ = 0, (ii) C^l = unless a < s ui nS b, 

(iii) C%1 exp(g- 1 (a- b)) = O^xpjC'IfT 1 !^ 1 )! + log 1^1))) if a < s(j , nS b. 

By construction, v C oc = Vg (i + J^Xj holds. Hence, t>c°= satisfies the desired 

estimate on S. It also implies that vc°° gives a C°°-frame of £ on V. □ 

Let us look at the connection form of D with respect to vc^ ■ Let I a denote the 
identity matrix whose size is ranki? a . Then, we have the following: 



(D + dx)v c «o =v c °° (0do/„) +R 
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We put £>« := V z , = V Y if m m < -1, or £>« := (J,,. ::• ^ (2) ~ 

^2,2(0) u ^ m i(o) = — 1- We can deduce the following from the property of «c»- 

Lemma 3.6.27. — R is a C°° -section of 

mac) ® (log ) + o^° /x: (log v^ + n^ 1 ), 

and we have R a = i? a and i? a = /or a 7^ b. For eac/i sufficiently small 
sector S, the following holds: 

1- ^o,b|S = unless a <s b. 

2. //a <5 b, the C q -derivatives of R a ^ exp(£> _1 (a — b)) is 

o(exp(c|p- 1 |(|^ 1 )|+log|z^|))|pr^)n|z j r JV(9) ) 

i=i 

for some C > and N(q) > (<? e Z> ). □ 

Let t)' C oo be another C°°-lift of Let B be determined by v' coo = vc^ (I + B). 
It is easy to deduce the following. 

Lemma 3.6.28. — We have B^ = 0. On each sufficiently small sector S, we have 
Ba,b\S = unless a <s b. If a <s b, the C q -derivatives of -B ,b exp(g _1 (a— b)J is 

0(ex P (q.- 1 |(|^W| +bg|^ 1 ) |)) \g\- N ^ II l^l"^) 
for some e > cmd iV(g) > (g G Z>o)- □ 

3.6.9. Approximation of formal decompositions (Appendix). — Let X := 

A", Dj := {zi = 0} and D :— |Jj=i f° r some £ < n. In the following argument, N 
will denote a large integer, and we will shrink X around the origin (0, . . . , 0) without 
mention. Let D denote the completion of X along D. (See [6], [10] and [75]. See 
also a brief review in Subsection 22.5.1.) Let D^ N > denote the iV-th infinitesimal 
neighbourhood of D in X. Let 1 : D — > X denote the natural morphism of ringed 
spaces. For any Ox-module J 7 , let J 7 ^ denote l~ 1 J 7 ® l -i 0x Oq. We use the symbol 
J~\f)( N ) in a similar meaning. 

Let V be a free Ox -module of finite rank, equipped with the following data: 

- Sections e End(Vj£>J for k = £+ 1, . . . ,n and i = 1, . . . ,M. 

— Filtrations k F of V\rj k for k = £ + 1, . . . , n. 

Here, M denotes some positive integer. 



110 



CHAPTER. 3. STOKES STRUCTURE 



3.6.9.1. Approximation of an endomorphism. — Let F € EndfV)^ satisfy the fol- 
lowing conditions: 

— \f% , F, «_ n 1 = for k = £+ 1, . . . , n and i = 1, . . . , M, where [•, -1 denotes 

<- J k\DC]D k ' \DnD k ] i > ) 

the commutator. 

- F0 nDk preserves k F for k = £ + 1, . . . , n. 

Here, £> n D k means the completion of D k along D n Z?a> 

Lemma 3.6.29. — For any large N, we can take a section F^ N ^ € End(V) smc/i 
£/ia£ F^fiin) = ^|5(jv) ; ura'tt £/ie following property: 

- [fk\ F \D k ] =0 for k = £ + l,...,n audi = 1,...,M. 

— F\p^ preserves the filtrations k F for k = i + 1, . . . ,n. 

Proof Let Cok(ad(/j^)) denote the cokernel of the morphism 
ad(/f ) : End(V)| Djb — > End(7)|u fc 
given by ad(/f - [/«, 5 ]. We put /f := /W^. Let Cok(ad(/f )) denote 

the cokernel of the morphism ad(/^) : End(y)|g nZ)fc — > ^ n< ^0^)\DnD k ■ 

For fe = i + 1, . . . , n, let End'(V|rj fc ) denote the sheaf of sections of End(V|rj fe ) pre- 
serving k F. Similarly, let End'(V|g n£)jfc ) denote the sheaf of sections of End(V^g ni3fe ) 
preserving J- ' . We put 



A k := End(V| D J/End'(^J, A k := End(^ n5 )/ End'(^ n5 ). 
Dk — > X and t k : -Dfe fl D — ► -D denote the inclusions. We set 

/ n n M \ 

F := Ker End(F) — > L k *A k ffl lb Cok(ad(/f )) 



F:=Ker [End(F) |5 — > ^l fe ® 0t fc * Cok(ad(/™)) J 

We have only to show that F is the completion of F along D, which implies the claim 
of the lemma. Note that Cok(ad(/^ 1 ')) and A k are the completions of Cok(ad(/^)) 
and A k , respectively. Since Og is faithfully flat over Ox ([10]), we obtain F ~ F^g. 
Thus Lemma 3.6.29 is finished. □ 

3.6.9.2. Approximation of a decomposition. — Assume that we are given a formal 
decomposition V,q = © ae j Vb satisfying the following condition: 

~ %\5nD k ( a G x ) are preserved by f k % nDk for k = £ + 1, . . . , n and i = 1, . . . , M. 



k=e+i k=e+i »=i 

n n M 
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Lemma 3.6.30. — For any large N, we can take a decomposition V = ©„ e x^o 
such that vffi( N ) = ^a|S(w)) with the following property: 

— V^lDk ( a e ^ are P reserve d by for k = I + 1, . . . , n and i = 1, . . . , M. 

Proof Let Tr a (a € I) be the projection of V,q onto V a . We take an injection 

tp : X — > Z, and we put F := EoeiV'W ' ^a- We take for F as in Lemma 

3.6.29. After shrinking X, we have the decomposition V = (J) V a .Ar such that (i) 
i^'( Af )(V jv) C V 0i jv, (h) the eigenvalues of F\y N arc close to ip( a )- Then, it gives the 
desired decomposition. □ 



3.7. Proof of the statements in Section 3.2 

3.7.1. Preliminary. — We use the setting and the notation in Subsection 2.4.2. 
Let J C M{X,V)/H{X) be a good set of irregular values. We assume that the 
coordinate system (z-i,...,z n ) is admissible for J. We take an auxiliary sequence 
m(0), . . . , m(L), m(L + 1) = (Section 2.1). Let k(p) be determined by m(p) E 
1 k ^ ] x 0. Let J(m(p)) and lT (p) be as in Subsection 2.6.2. Let i] m ^ : J — > 
J(m(p)) be the induced map. For each c £ J{m{p)), we put J c := Vm(p)( c ^ 
which is a good set of irregular values. We also have the naturally induced map 

Vm(p— l),m(p) 

: J(m(p))— > J(m(p-1)). 
Let W(k) := X°UV(k). Let n k : X(W{k)) — > X be the real blow up of X at W{k). 
In particular, 7T£ =: tt. We have the naturally induced maps vJk, m ■ X(W(m)) — > 
X(W(k)) for m > k. The map X{W) — > X(W(k)) is denoted by w k . We will use 
the following obvious lemma implicitly. 

Lemma 3.7.1. — Let P <G T>i and Q E 7r _1 (P). For a,b E J . we have o <q b, if 
and only ifrj m(p) (a) <^. (p)(Q) Vm(p)( b )> where m (p) = ord(o - b). □ 

For any P e V, let J P denote the image of J by M(X, V)/H(X) — > 
O x {*V)p/O x .p. For any i, we put V* := V 4 \ (x° U {j^vX Note that 
the natural map J — > Jp is bijective for any P £ T)\. 

Lemma 3.7.2. — Let Q e Tr^ 1 (Vi). We take a small Uq e il(Q,J) and a, b £ J. 
Then, we have a <q b, if and only if a <q, b for any Q' £ Uq n ir~ 1 (T>l). More 
strongly, we have a <q b, if and only if there is a dense subset B of Uq n 7r~ 1 (X> 1 ) 
such that a <q, b for any Q' £ B. 

Proof We have a <q, b if and only if F a ^{Q') < 0. For fixed a,b, after an 
appropriate coordinate change, we may assume a — b = z m . Then, the claim of the 
lemma is clear. □ 
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We state it in a slightly generalized form. 

Lemma 3.7.3. — Let I a L 

— Take P G ^AUjgj ^ e ^ ave ^ e naturally induced bijective map Jp — > J pi 
for any P' G V* ninI . 

— Let Q G 7r _1 (P). We take a smalllAQ G Jp) and a, b G »7p. Then, we have 
a <q f> i/ arad only if a <q, b for any Q' G Up n 7r~ 1 (I?* lin/ ). More strongly, 
we have a <q b if and only if there exists a dense subset B C Up n 71-1 (^min/) 
smc/i i/iai o <q, b for any Q' G B. □ 

3.7.2. Reduction. — Let (£ , O) be an unramifiedly good g-meromorphic flat bun- 
dle on (X ,T>) with a good lattice E and a good set of irregular values J. We as- 
sume that the coordinate system is admissible for J . We use the notation in Sub- 
section 3.7.1. We shall construct the associated graded meromorphic p-flat bundle 
Gr m(p) (£,D) with an unramifledly good lattice Gi m{p) (E) for any p, defined on a 
neighbourhood of T>k{a)- We remark T>k(a) C T>k(p)i which we will implicitly use. 

3. 7.2.1. One step reduction. — Let us consider the case in which J(m(p— 1)) consists 
of a unique element a. Then, (E, D) is a weakly good lattice in the level (m(p), f)(p)). 
By the procedure in Subsection 3.6.5, after shrinking X around 2?fe( p ), we obtain a 
graded holomorphic bundle Gr TO ^(.E) = ® a ^jr m (p)) (E) with a meromor- 
phic flat ^-connection = 0D™ (p) on (Af,X>). Due to (54), the completion 
of Gr™ (p) (P,B>) := (Gr™ (p, (£), B™ (p) ) along W(fe(p)) is naturally isomorphic to 

(^tt W )' D ») in(28): 

In particular, (Gr™^ (E 1 ), D^ < - p ' 1 ) is also an unramifledly good lattice. We have 
Irr(lD>a ) = J a . In particular, its image by rj m ^ consists of one element. 

3.7.2.2. Reduction in the level m(p). — By shrinking X around T>(k(0)), we shall 
inductively construct the unramifledly good lattices 

G™ ip) (E,B) = (Gr™ (p) (P),B™ (p) ) 
on (X,T>) for b G J(m(j)) (j = 0, . . . ,L) with the following property: 

— The completion of Gr™^ (E, D) along W(k(p)) are naturally isomorphic to 
(^ (p) ,B b )in (28): 

(56) GC (ri (£,D) l{ffW ,D 6 ) 

Namely, for any b G J(m(p)), we put a := 77 m (p_i), m (p) (b) G J(m(p — 1)), and we 
define 

Gr™ (p) (P,B) := Gr™ (p) Gr^ 1 ' (E, D). 



By (56), the following holds: 
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— We have Irr(B^ = Vm(p)^ ^ or an y & ^ <^( m (p))- I n particular, its image 
by 7j m r p \ consists of one element. 

— We have the following natural isomorphism for each p: 

a6lrr(D,m(p)) 

In particular, Gr™ (i) (.E,B) are a-logarithmic. 

Remark 3.7-4- — ^ ^ e following, we often formally put Irr(lD), m(— 1)) := {0}, 
Gr™ = -E and Dq ^ := D. We a/so o/ten use £/ie symbol Gr^(E) instead 

of Gr™ (i) (E) , which is called the full reduction of (E, D) . □ 

3.7.2.3. Functoriality of the associated graded bundle. — Let (E r ,J} r ) (r = 1,2) be 
unramifiedly good such that Irr(lB) r ) ~ J r . By using Lemma 3.6.21 inductively, we 
obtain the following lemma. 

Lemma 3.7.5. — Let F : (Ei,H>i) — > {E 2 ,^2) be a morphism. Assume J\ U J 2 is 
also good. We have the naturally induced flat morphisms Gi^ p \F) : Gr^ p \Ei) — > 
Gr™ ip \E 2 ) for any a. □ 

Corollary 3. 7. 6. — // the restriction of F to X — T> is an isomorphism, we obtain 
naturally induced isomorphisms for any a G Irr(D, m(p)): 

Gr™ (p) (F) : Gx^ v \Ex){*V) — > Gy™ {p) {E 2 ){*V) 

In particular, the graded meromorphic g-flat bundle Gr m ^ p \E)(*D) is well defined for 
{E(*T>), PJ , in the sense that they are independent of the choice of an unramifiedly 
good lattice E. □ 

If J\ ® 3i is good, we obtain the following natural isomorphism for any o £ 
Irr(D, m(p)) by using Lemma 3.6.20 inductively: 

GCW^gBj.D)- Gt™W(E 1 ,® 1 )®Gt™W(E 2 ,B 2 ) 

a p GIrr(D p ,m(p)) 
ai + ci2 — n 

If Ji ffi Ji is good, we have 

GC (P) (£ 1 © E 2 ) ~ GC {p \Ei) ® Gr™ {p \E 2 ). 

If (-E,B) is unramifiedly good, the dual (i? v ,O v ) is also unramifiedly good. By 
using Lemma 3.6.19 inductively, we obtain the following natural isomorphism for any 
aej: 

Gr™ (p) (£ v ,B v ) ~ Gr™ {p) {E,n) v 
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3.7.3. Full and partial Stokes nitrations. — Let (£, D) be an unramificdly good 
meromorphic g-flat bundle on (X , T>), with a good lattice E and a good set of irregular 
values J . We shall explain the construction of full and partial Stokes nitrations of 
the stalks £\q for Q 6 7r _1 (2?). 

As explained in Subsection 3.7.2, after shrinking X around T>(k(0)), we may have 
the graded meromorphic g-flat bundle Gr m ^ p \£ , V) with the unramificdly good lattice 
Gr mip) (E) on (X,T>). For fc(0) < k < £, let us consider the real blow up 7r fc : 
X(W(k)) — > X. Let Q be any point of 7T _1 (£>fcJ. The image of Q by ■cCfc( p ) fc : 
,Y(W(fc)) — ► #(W(&(p))) is denoted by Q p . We have a small neighbourhood Uq p 
of Qp in X(W(k(p))) and the Stokes filtration F Q " of Gr^ -1 ^)^ indexed by 
J(m{p), a) with <q, where a £ J(m(p — 1)) and 

J(m(p),a) := {b G J(m(p)),rj m{p _ 1)tm(p) (b) = a}. 

We take a small neighbourhood of Q in A" (VF(fc)) such that 'cuk(p).ki^Q) C Wq p - 
We obtain the filtered bundle (Gr™^" 1 ) (£) Mt} , F®*) for each a G J(m(p-1)), and 
the associated graded bundle is naturally isomorphic to 

<o£j{m(p),a) 

By applying the inductive procedure in Section 3.1.1.4, we obtain the ID-flat filtration 
jrQm(p) Q £ E\ Uq indexed by the ordered set ( y J(m{p)), <q). It is called the partial 
Stokes filtration of E\ Uq in the level m(p). In particular, J" T ™( i ) ( 3 is called the full 
Stokes filtration, and denoted by . We have the induced nitrations of the germs 
of E and £ at Q, which are denoted by the same symbols. 
The following compatibility is clear by construction. 

Lemma 3.7.7. — Let Q G tt (7Jk). We take neighbourhoods Uq as above. Let 
Qi G n-^V^nUq. We takeU Ql cMq. Then, the filtrations F Q m ^ andF Qim ^ 
of E\ Uqi are compatible over (J (m(p)) , < e Q ) — ► (j(m(p)),< e Qi ) . □ 

3.7.3.1. Functoriality. — Let (£" r ,D r ) (r = 1,2) be unramifiedly good such that 
Irr(B r ) = J r . By using Proposition 3.3.5, wc obtain the following lemma. 

Lemma 3.7.8. — Let F : (E\,Di) — > (E^Bb) be a morphism. Assume J\ U Ji 
is also good. Let Q G w ("Dk), where k(0) < k < i. The morphisms of germs 
Fq : Ei t Q — > i?2,Q preserve the Stokes filtrations in the level m(p). In particular, 
the filtrations fQ m ^ of the germ £q are well defined for (£,©) in the sense that 
they are independent of the choice of an unramifiedly good lattice E. □ 

By using the propositions in Subsection 3.3.3 inductively, we also obtain the functo- 
riality of the full and partial Stokes filtrations for dual, tensor product and direct sum 
as in Subsection 3.2.2. We have similar functoriality for the partial Stokes filtrations. 
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3.7.4. Compatibility and characterization. — By applying the procedure ex- 
plained in Subsection 3.7.3 to the restriction of (£,B) to a small neighbourhood of 
any point of T>, we obtain the full Stokes filtration of the stalk of E at any point of 
7T _1 (2?). We shall argue the comparison of the nitrations. 

3.7.4-1- Preliminary. — We consider the case T> = T)\. For simplicity, we assume 
that g is nowhere vanishing. Let (£, V) be an unramifiedly good mcromorphic £-flat 
bundle on (X ,T>) with a good lattice E and a good set of irregular values J . We can 
use the order of the poles of elements of J as the auxiliary sequence. For Q £ ir^ 1 (D), 
we have the partial Stokes nitrations J 7 *-™- 1 of E q and Eq . 

Lemma 3.7.9. — Let J-' 1 ' ^ be a ED -flat filtration of Eq indexed by (^(m), <q) such 
that f\^ = F[ r ~^ • Then, we obtain F^ ^ = J^™) . 

Proof If we take a sufficiently small neighbourhood Uq of Q in XiV), we obtain 

•^"--rr-, = J- 1 " 77 ^—— . Then, we obtain F^ — J 7 '" 1 ) by using the argument 
| 7 r- 1 (x>)nW Q |7r-i(x>)nw Q 

in the proof of Lemma 3.5.3. □ 

3.7.4-2. Let us return to the original setting. Let Q £ 7r _1 (2?^). We take a small 
U Q £ il(Q, J). We set V* := V, \ (W U \J jjti V 3 ). 

Lemma 3.7.10. — Take any Q' £ U Q n n^ 1 (T>*) for some 1 < % < I. Then, the 
filtrations F® and J 7 ® are compatible over {j , <q) — > (i7q',<q>). 

Proof We construct a filtration F of E\ Uq from F® and ( J, <g) — > {Jqi , <q>) ■ 
By construction of F® , we can easily check that F^q, = F® . Then, the claim follows 
from Lemma 3.7.9. □ 

Let us observe that F® can be reconstructed from the filtrations F® (Q' £ Uq n 
7t _1 (2?j)) in the following sense. 

Lemma 3.7.11. — Let J 7 be a filtration of E\u Q such that F\qi and J 7 Q l are com- 
patible over {j, <q) — > (^7r(Q')' — Q'J f or anv Q' e ^ 7T ~ 1 ^P\)- Then, we have 
F^ = F. 

Proof It follows from Lemma 3.1.3 and Lemma 3.7.2. □ 

We state it in a slightly generalized form. 

Lemma 3.7.12. — Let Q £ 7r _1 (X>). Let i(Q) := min{i | n(Q) £ £>;}. Take a 
sufficiently small neighbourhood Uq of Q. Let J 7 be a filtration of E\u Q indexed by 
(\J-k(Q)7 — B q) with the following property: 

— For any Q' £UqC\tt~ 1 (T>*^q^), the filtrations F \q, and F^ are compatible over 

(Jn(Q),< Q ) > {Jn(Q>)i<Q')- 
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Then,F = F Q . □ 

Lemma 3.7.13. — Let Q £ ir" 1 ^!)). We take a sufficiently small neighbourhood Uq 
of Q in X(W). Then, for any Q' £ Uq H 7T — 1 {T>), the titrations F® and F® are 
compatible over {j n { Q ),< e Q ) — > (J n (Q>),<Q>)- 

Proof We construct F from F® by (J v (q),<q) — > (Jw(Q')i —q') ■ By Lemma 
3.7.10, F satisfies the condition in Lemma 3.7.12 for F® . Hence, we obtain F = F® . 

□ 

Let us compare the Stokes nitrations of (E, 3) and Gr m(p) (E, D). Let Q £ -k~ 1 (T>i). 
Let Uq be a small neighbourhood of Q in X(W). We have the full Stokes filtration 
F® and the partial Stokes filtration J r< 3 TIl (p) of Eyj Q . By construction, we have a 
natural isomorphism 

(57) G^ QmM (E lUQ )^Gr^(E) lUQ . 

Let R £ Uq. Take a small neighbourhood Ur C Uq. We have the full Stokes filtration 
F R (Eu Ql ) which induces a filtration on the left hand side of (57). We also have the 
full Stokes filtration F R {Gr m{p) (E)\ Uq , ), i.e., the right hand side of (57). 

Corollary 3.7.14- — (57) is an isomorphism of filtered bundles. 

Proof By Lemma 3.7.13, the both nitrations arc induced by the full Stokes filtra- 
tion F of E\u Q ■ □ 

Corollary 3.7.15. — Let P £ T>i be a smooth point ofT>. Assume that the i-th 
component of m(p) is negative. Then, we have a natural isomorphism Gr^ m \Ep) ~ 
Gr (m) Gr m(p) (E P ) for any m < 0. □ 



3.7.4-3. Let us show a refinement of Lemma 3.7.9 in the normal crossing case. 

Lemma 3.7.16. — LetQ £ 7r _1 (I?^) such that g(Q) ^ 0. Let F be a D- flat filtration 
of Eq indexed by (J , <g) such that F^q — Then, we have F = F® . 

Proof We take a small Uq £ il(Q, J) on which E\ Uq has the full Stokes filtration 
F® and the filtration F. We can take a linear map ip : A — ► A™ such that (i) the 
image of the induced map tpje : A x K, — > X is not contained in T>, (ii) Q is contained 
in the image of the induced map iptc ■ A(0) x K, — > X(D). Let R be the inverse 
image of Q via Ipic- We take a small neighbourhood Ur of R in A(0) x JC. By the 
D-flatness, we have only to show F\ VK (u R ) = F9, UR y 

The pull back O) has the unramificdly good lattice p^E, and the set of 

irregular values is given by J\ := {ip*a | a £ j} . Wc remark that the natural map 
J — > J\ is bijective, and the orders <q and < e R are the same. Then, by Lemma 
3.7.9, we obtain that the restriction of F® and F to (p(Ur) are equal to the full Stokes 
filtration of ip* (E) \ Uh . □ 
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3.7.5. Splitting of the full Stokes filtration. — 

3.7.5.1. Flat splitting. — Let (E,H>) be an unramifiedly good lattice on (X 1 T>) with 
Irr(B) = J . First, we consider the non-resonance case. 

Condition 3.7.17. — We have a — j3 Z for any distinct eigenvalues a, j3 of 
Res^- 1 ©)^. (j=2,...,£). □ 

If (E,B) satisfies Condition 3.7.17, the induced lattices Gr™^ (E, D) also satisfy 
Condition 3.7.17 for any a € J(m(p)), which follows from (56). 

Proposition 3.7.18. — Assume that (-E,D) satisfies Condition 3.7 '.17 '. Let k satisfy 
fc(0) < k < t. Take Q £ rr^^P) C X(W(k)) such that g(Q) ^ 0. Then, there exists a 
small neighbourhood Uq on which we can take a H>-flat splitting E^/ Q = Q) ae j E a jj Q 
of the full Stokes filtration T s . 

Proof We have only to consider the case Q £ ™k v^L)- We take Uq p as in 
Subsection 3.7.3. By Proposition 3.6.8, we can find a D-flat splitting of the Stokes 
filtration fQp™(p), i.e., Gr m(p-1) {E)\ Ucjp ~ Gr m(p) {E) ]UQp . Then, we can construct 
a desired splitting by lifting the splittings inductively. □ 

Proposition 3.1.19. — Assume thatT) is smooth. For any Q £ 7r _1 (2?) there exists 
a small neighbourhood Uq on which we can take a J}-flat splitting E^ = (§) ae j E a ^s 
of the full Stokes filtration J- s of E^. 

Proof We have only to apply Lemma 3.6.9 inductively. □ 

3.7.5.2. Partially flat splitting. — Even in the general case, we have partially flat 
splittings, which can be shown by the argument in the proof of Proposition 3.7.18. 

Lemma 3.7.20. - - Let fc(0) < k < £, and let Q £ ^(V) C X(W(k)). There exists 
a neighbourhood Uq on which we can take a J} <k ( p yflat splitting of the partial Stokes 
filtration m ip) in the level m{p) . □ 

3.7.6. Characterization of holomorphic sections of E. — Let fc(0) < k < I. 
Let v be a frame of E, and itbea frame of Gr m ^ p '(E). Take Q £ 7T k 1 ('^ > i) an d a small 
neighbourhood Uq on which we have the Stokes nitrations m ^ and its splitting 
E \u Q - ®b£j(m( P )) Gr T ( E )\u Q ' By using the splitting, we obtain a frame u Q of 
E \u Q - 

Lemma 3.7.21. — Let Gq be the matrix-valued function determined by V\u Q = 
UqGq. Then, Gq and Gq 1 are bounded onUQ. □ 

We take Q 3 £ ^{Vt} (j = 1, . . . ,N) such that \jf =1 U Qi contains rr" 1 ^). We 
take UQ i as above. Let / be a holomorphic section of E\x\r>. We have the expressions 
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/|Wg 4 \ir- 1 (W) = X/ fQi-j w Qi j'i where fQ it j are holomorphic functions on Ug i \tt 1 (W). 
We obtain the following lemma from Lemma 3.7.21. 

Lemma 3.7.22. — f is a section of E if and only if fQ it j are bounded. □ 

3.7.7. Characterization by growth order. — Let v be a holomorphic frame of 
E on X. Let Q E tt^ 1 (T>e), and let Uq be a small neighbourhood of Q. Let / be a flat 
section of E\u Q \ w -i(yyy We have the expression f = ^2fj Vj, and obtain / = (fj) 

Proposition 3.7.23. — / is contained in J^' m ^ (E\u Q \„-i(yy^) if and only if the 
following estimate holds for some C > and N > 0: 

fe X p( Q - 1 fj m(p) (a))\=o(exp(C\z m ^\) JJ 1^ 

fe( P +i)<j<£ 

Proof We may replace E with a lattice satisfying Condition 3.7.17 by a meromor- 
phic transform. Hence, we may and will assume that the condition is satisfied from 
the beginning. Due to Proposition 3.7.18, we can take a flat splitting E\ Uq = (J) E a g 
of the partial Stokes filtration .F ( 3> m (p) . Let u be a frame of Gr m ^ p ^ (E) compatible 
with the grading, and let ug be the lift of u to E a g on Ug via the splitting. 

We have the expression / = J2 Iq.j ' u Q.j- Let fg := (/qj)- Corresponding to the 
grading, we have the decomposition fg = (fg^ | b € J{m(p))). By Lemma 3.7.21, 
X) \ f Q b\ ana ^ l/l are nrutually bounded. Then, the claim follows from Lemma 3.6.24. 

□ 

3.7.8. Proof of the claims in Section 3.2. — The nitrations in Theorem 3.2.1 
was constructed in Subsection 3.7.3. It clearly satisfies the first claim in the theorem. 
The compatibility is given in Lemma 3.7.13. By Lemma 3.7.9 and Lemma 3.7.12, 
the conditions characterize the filtrations. If g(Q) ^ 0, the first property suffices for 
characterization according to Lemma 3.7.16. Thus, Theorem 3.2.1 is proved. 

As remarked in Subsection 3.7.3.1, the functoriality of the full Stokes filtration fol- 
lows from the inductive construction of the full Stokes filtration and the functoriality 
in Stokes filtration of weakly good lattices in Subsection 3.3.3. Proposition 3.2.6 is 
Proposition 3.7.23. Proposition 3.2.8 and the functoriality of Gr" F is clear from our 
construction of the full Stokes filtration. Proposition 3.2.9 is also clear. 

According to Proposition 2.7.5, we can locally take a non-resonance lattice. Hence, 
we obtain Proposition 3.2.10 from Proposition 3.7.18. Proposition 3.2.11 also follows 
from Proposition 3.7.18. Proposition 3.2.12 is Proposition 3.7.19. As remarked in 
Lemma 3.7.20, we can obtain Proposition 3.2.13 and Proposition 3.2.14 by an in- 
ductive use of Proposition 3.3.10. We obtain Proposition 3.2.15 by successive use of 
Proposition 3.6.1. We also obtain Proposition 3.2.16 by successive use of Proposition 
3.3.11. 



CHAPTER 4 



FULL STOKES DATA AND 
RIEMANN-HILBERT-BIRKHOFF CORRESPONDENCE 



In this chapter, we study the Stokes structure in more detail, assuming that g is 
nowhere vanishing. It is our purpose to describe an irregular singularity in terms of 
more (though not completely) topological data, called full Stokes data. 

In Section 4.1, we will introduce the notion of full pre-Stokes data, which is a system 
of nitrations of a g-flat bundle on the real blow up. If we are interested in only ordinary 
mcromorphic flat bundles, we have only to consider pre-Stokes data. But, we are 
interested in families and lattices, too. So we shall introduce the notion of Stokes data 
in Section 4.2, which is a full pre Stokes data with lattices. Then, in Section 4.3, we 
will establish the correspondence between Stokes data and unramificdly good lattice 
of meromorphic g-flat bundles, called Riemann-Hilbert-Birkhoff correspondence. 

As an application, we study the extension of a g-mcromorphic flat bundle in Section 
4.4. The special case given in Section 4.5 will play an important role in our study on 
wild harmonic bundles. 



4.1. Full pre-Stokes data 

4.1.1. Definition. — Let X — > K, be a smooth fibration of complex manifolds. 
Let T> be a normal crossing hypersurface of X such that any intersections of irreducible 
components are smooth over IC. Let g be a nowhere vanishing holomorphic function 
on X. Let it : X(D) — > X be the real blow up. The pull back of Ok, via the 
projection X(T>) — > K, is also denoted by O/c- Its restriction to a subset of X(T>) is 
also denoted by O/c- 

Definition J^.l.l. — Let X be a good system of irregular values on (X,T>). Let hi 
be a subset of X{T>). Let 03 be a locally free Oic-module on U. A full pre-Stokes data 
o/QJ over X is a system J- of filtrations J 7 ® of germs 9Jg (Q 6M n 7r _1 (2?)) indexed 
by (Xr(Q),<g) satisfying the following compatibility condition: 
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— LetQEUDir 1 (T>). Take a small neighbourhood Uq in U on which the filtration 
F® is given. Note that when Uq is sufficiently small, we have a <g b */ cmd 
only if a < Q > b for any Q 1 eU Q C\ k~ x (V). Then, for any Q' G Uq n 7r _1 (X>), 
(?Gq>,F q ) — > (9?Q',^ 7<3 ') is compatible over (X^ Q ),< Q ) — > (Z-k(Q'), <q) ■ 

□ 

By the compatibility, we have the associated graded Ojt-module on 7r~ 1 (P) n U 
(P G V), which is denoted by Gr jr (QJ 7r -i(p) nW ). 

4-1.1.1. Let Q3j (i = 1, 2) be O^-modules on U C X(T>) equipped with full pre-Stokes 
data J~i over X. A morphism F : ^1) — > (23 2 , ^2) is defined to be a morphism 
of O^-modules such that the induced morphisms q — > 23 2 Q preserve filtrations 
for any Q G tt^ 1 (V). If 33 is equipped with a full pre-Stokes data over I, then the dual 
33 v is equipped with an induced full pre-Stokes data over X v . Let 23i be equipped 
with full pre-Stokes data over Xj. If X\ ®X% is good, then 03 1 ® 23 2 is equipped with 
an induced full pre-Stokes data over X\ (3X2- If X\ © X 2 is good, then QJi 932 is 
equipped with an induced full pre-Stokes data over X\ © X 2 . 

4-1.1.2. Uniqueness. — Let U be an open subset of tt^ 1 (D). Let 03 be an Ojc-module 
on U. 

Lemma 4.1.2. — LetTi (i = 1,2) be full pre-Stokes data o/Q3. 

— // there exists a dense subset U' C U such that F® = F^ for Q £ U' . Then, 
we have T\ = T2 ■ 

— Let Z be any subset of U . If Fy = J-" 2 for any Q G Z, there exists a neighbour- 
hood Z' of Z such that F® = F® for any Q G Z' . 

Proof The first claim easily follows from Lemma 3.7.3 and Lemma 3.1.3. The 
second claim is clear from the compatibility condition. □ 

Let SOi (i = l,2) be O^-modules on U with a morphism F : Q3i — > 53 2 . It is easy 
to deduce the following corollary. 

Corollary 4- 1-3. — Let Ti (i = 1,2) be full pre-Stokes structure ofSOi. 

— If there exists a dense subset U' C U such that F preserves F® for Q G U' . 
Then, F preserves J- . 

— Let Z be any subset of U . If F preserves F® for any Q G Z , there exists a 
neighbourhood Z 1 of Z such that F preserves F Q for any Q G Z' . □ 

4.1.2. Global filtration and splitting. — Let X = A™ x K. and V = [f i=1 {zi = 
0}. Let 1 C M(X,V)/H(X) be a good set of irregular values. Let P G T> L . We 
identify 7T _1 (P) ~ (S l ) e , and we use the polar coordinate (81, ... , 9(). 

Condition 4-1-4- — Let U be a closed convex subset of tt (P) satisfying the fol- 
lowing: 
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— There exist (O f , ■ ■ ■ , ® ) such that U is contained in { (6%, . . . , 6g) | \6i — 6[ \ < 
7r/2}. In particular, we can identify U with a closed region in R e . 

— For each distinct pair (a, b) of X, if U D Scp(a, b) ^ ; it divides U into two 
closed regions. □ 

Proposition J^.1.5. — Let 2J be a free Ok -module on U with full pre-Stokes data 
(j 7 *^ | Q £ £/). Then, there uniquely exists a global filtration indexed by (2p,<^) 
such that for any Q £ U, F u and J 7 ^ are compatible over (Xp, — > (Xp, <g)- 
In other words, there exists a decomposition V = Q) ae x V a , which gives a splitting of 
F Q for each Q eU. (See Notation 3.1.10 for < v .) 

Proof The uniqueness follows from Lemma 3.1.3. Put H ab := F~ b (0) for distinct 
a, b £ X. A connected component of U \ \J H a ^ b is called a chamber. If Q is contained 
in a chamber, then <q is totally ordered. If Q and Q' are contained in the same 
chamber, we have <q=<q,. 

Let Q and Q' be contained in two chambers divided by a wall given as H ab - Then, 
a <q b if and only if b <qi a. If F a > ^ ^ on the wall, then a <q b if and only if 
a < QI b. 

We remark that an element a £ Xp is minimal with respect to if and only 

if there exists an interior point Qo £ U such that a is the minimum with respect to 

< e 
-Qo- 

Let V be the space of global sections of 03. We have natural isomorphisms V ~ QJq 
for any Q £ U. We regard that we are given nitrations J 7 ^ (Q £ U) on V. Let a 
be minimal with respect to <^, and take Qo as above. Let us observe that T® a is 
contained in J 7 ® for any Q £ U. We take an interval I connecting Q and Qo- Let 
R be an intersection of / with a wall. Let i?_ and R+ be points in I such that (i) 
they are sufficiently close to R, (ii) Qo is closer to i?_ than R + . In general, we have 
Fa" D J-jp C Fa + - By our assumption, we have F a ,b(R-) < for any b such that 
Fa.b(R) = 0, which implies J-^ = F a ~. Therefore, we obtain C J?. We can 
also deduce that Fa° — > Gr^ is an isomorphism for any Q. Hence, in particular, 
if b 7^ a is minimal with respect to <q, we have jf n J" a Qo = 0. 

We put V<W := V/T® . For any Q £ U and b £ X, let J^(y(°') be the image 
of J^(V) to V"(°). Let V = V b ,Q be a splitting of f Q . We remark that we may 
assume V a ^Q — J 7 ® . Then, it is easy to see that the images of V b , Q to gives a 
splitting of T% of {V^°\ T Q ). We can also easily observe that the system of nitrations 
(pQ(VW) | Q £ U) is a full pre-Stokes data of V<-°\ 

Assume that we have filtrations T u with the desired property for both and 
V. Then, ^(V i0) ) is obtained as the image of (V). Actually, let V = © 6eI V 6 
be a splitting of J-^fV). We have V a = . The decomposition also gives a splitting 
of T®(V) for each Q £ U. We have the induced decomposition = © v£°\ which 
gives a splitting of iF^iy^ 1 ) for each Q £ U. It implies that the decomposition gives 
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a splitting of T v (V^) by the uniqueness, and we can conclude that F u (V^) is 
obtained as the image of F U {V). 

Let us show the claim of the proposition by using an induction on \L\. The case 
\X\ = 1 is obvious. Take a minimal a with respect to <^, and let Qo be as above. 
We can apply the hypothesis of the induction to V^' ' = V/F® a . If a is the minimum 
with respect to <fj, we can construct the desired filtration of V as the pull back 
via V — > V^K Assume that there is another minimal element b. There exists an 
interior point Q\ £ U such that b is the minimum with respect to <q 1 . We remark 
-? b Ql n F C J° = 0. We put y« := V/F® 1 and := V/ffi 1 ®-F„ Qo ). As remarked 
above, they are equipped with the induced full pre-Stokes structure. By construction, 
we have {V) = F?{V^) x^ ?(y(2)) F?{V^). 

By the hypothesis of the induction, VW are equipped with the filtration F u with 
the desired property. Note that F v (V^) is obtained as the image of IF U (V^) 
(i = 0, 1). We put 7f 00 := Jf(V(°)) x ? U(vW) jf (V^). Let us check that f u 

has the desired property. Let = V c {2) be a splitting of T v '. Let Vc (0) C be 
a lift of Vc (2) . We put V a := and V b := F® 1 . By using that T v '(V^ ) is obtained 
as the image of T U (V^) (i = 0,1), we can check that V = ® V c is a splitting of 
T v . Similarly, we can check that it gives a splitting of each JF®(V). Hence, F u is 
compatible with for each Q € U. □ 

It seems useful to consider the following type of covering of 7r -1 (P) (P € T>). 

Definition 4.1.6. — A finite covering {Ui | i £ T} ofir^ 1 (P) is called good for Lp , 
if any intersection Ui := C\ ieI Ui (I C T) satisfy Condition 4.1.4. □ 

Lemma 4.1.1. — For a given Lp, there exists a good cover of tt~ 1 (P). 

Proof For example, we can construct such a finite covering by using polytopcs 
surrounded by hypersurfaces generic to H a ^ for any distinct a, b € Ip- (See the proof 
of Proposition 4.1.5 for H a ^.) □ 

4.1.3. Full pre-Stokes data for g-flat bundle. — Let (V, B) be a p-flat bundle 
on X \ T>. By considering D-flat and A^-holomorphic sections of V, we obtain an Oic- 
module 53' on X \ T>. By taking the push-forward via i : X \ T> C X(D), we obtain an 
OjC-niodule 5J on X(T>), that is what we are mainly concerned. Let A be any subset 
of X(T>). If QJ is given in this way, a full pre-Stokes data of < S\a is equivalent to a 
system of B-flat nitrations of germs i*{V)q (Q € Ap\ 7r _1 (2?)) such that (i) they 
satisfy the compatibility condition as in Definition 4.1.1, (ii) each J 7 ® has a B-flat 
splitting. 

We immediately obtain the following lemma from Proposition 4.1.5. 

Proposition 4.1.8. — Let P e V. IfU\ C n~ l (P) is sufficiently small so that there 
exists Ui Z) U\ satisfying the condition in Proposition 4.1.5, then there uniquely exists 
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a filtration F Ul of l*(V)\jj 1 such that F Ul and (Q G Ui) are compatible over 

Lemma 4.1.9. — Let (V, D) be as above. Let P G D. If we are given a full pre- 
Stokes data o/i*(y)| 7r -i(p), it is uniquely extended to a full pre- Stokes data on a small 
neighbourhood o/7T _1 (P). 

Proof Let {Ui | i G r} be a good cover of 7r _1 (P) for Lp. For each J C T, we have 
the filtration F Ul of (V)\u I . If I C J, the filtration F Uj is induced by the restriction 
of F Ul to Uj and (Xp, <fj ) — > (Xp,<fj )■ We take a small neighbourhood of 
[// in X(V) such that (i) < Wj =<c/j, (h) U.j C for I C J. Wc put W := U/cr^/- 
For each Q G ZY, we can find Z/r 9 Q. Let be the filtration of i*(V)q induced by 
T Ul and (L P , — ^ (I^q), <q) . It is easy to check the well definedness of J-Q , 
and that the system of filtrations is a full pre-Stokes data of i*(V r )|^. □ 



4.2. Full Stokes data 

4.2.1. The associated graded bundles. — Let (V, D) be a p-flat bundle on X\D. 
For each P G T>, Xp denotes a small neighbourhood of P. We put Dp := Xp n 2?. 
We will shrink it without mention. Let I : X \ T> C A" (2?) be the inclusion. Let 
be a full pre-Stokes data of l*V over a good system of irregular values X. For any 
point P G V, we obtain a graded sheaf Gr^(t* V\ v -itx P )) with a g-flat connection IB). 
In particular, we obtain a graded g-flat bundle on Xp, where Xp = Xp \ Dp: 

V P , a := Grf (V\ X .) V P := V P , a 

4-2.1.1. Variant. — Let V = {J ieA T>i be the irreducible decomposition. Let I(P) := 
{i S A | P G T>i}. For any J C i"(P), we put J c := I(P) \ J. Let Z J P be the image of 
rjj : L P — ► O x {*V)p/O x {*V(J c ))p. We obtain a filtration F Q > J of t»(F) Q indexed 
by (Xp,<q) for Q G 7r _1 (P), and the induced filtration ^ Q on Grf Q ' J (t»(V)Q) 
indexed by (?/j 1 (b), < q). In particular, we obtain a system of filtrations !F J := 
(F® J | Q G 7r _1 (P)). It satisfies the compatibility condition in the following sense. 

— Take a small Uq G il(Q,Lp) on which J is given. (Recall the notation in 
Section 3.1 .2.1.) For Q' G U Q n 7r _1 (P), we have the induced filtration F Q J 
and J 7 ^ > J of t*(V)g'. Then, they are compatible over (Lp, <g) — > (Lp, <q,). 

For fa G Lp, we obtain Gr^ ( i *(y)-n- 1 {x P )) with an induced g-flat connection on 
7r (Ap). In particular, we obtain a graded p-flat bundle on Afp ; 

Vp,i ■= Grf (Vj*.), V/ := V£ b 

bex- P 
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We have an induced full pre-Stokes data of t*(Vpf,)|7r-i(p) over the good set ryj 1 (b). 
By construction, we have a natural isomorphism of graded g-flat bundle 

(58) Gr^y/~Vp. 

Let P' G Xp fl T>j with J(P') = J. By the compatibility of the given T , we have a 
natural isomorphism 

(59) Vj*^ ~ Vp, 

4.2.2. Full Stokes data. — We continue to use the notation in Subsection 4.2.1. 
A graded extension of a full pre-Stokes data T is a datum C? = (C/p | P G V) as 
follows: 

— C*p = ©„ e x p £7p,a i s a graded locally free O^p-module with an isomorphism 
Gp. a \x* — Vp.a such that D a is a-logarithmic with respect to Gp,a- 

Note it induces a subsheaf 

where np : Xp(T>p) — > Xp and tp : Xp \ Dp C Xp arc natural maps. Namely, for 
each P G T>, we are considering an O^^^-lattice of Lp*Vp whose push- forward to 
Xp is a locally free C^ p -module. We remark that Qp is recovered as ttp*tt p Gp, which 
will be implicitly used. 

We introduce a compatibility condition for the graded extension Q. First, wc 
impose the following compatibility. 

- If P' G Vpj {P) . wc impose Gp>, a = Gp, a \x P ,- 

Then, for each J C I(P) and b G Ip, we obtain a locally free O^-modulc on 
V\T>p( J c ), where V is a neighbourhood of 2?pj. Actually, it is obtained as the gluing 
of Vp b and Gp>,b for P' G 2?p,j \ lJ-^ 7 2?Pi. Wc remark (59). By shrinking Ap, we 
may assume Ap = V. Let np j be the restriction of np to A , p(2?p)\7Tp 1 (I?p( J c )). Let 
l p,j ■ 

Xp(V P ) \ TTp^VpiJ )) C Xp(V P ). Then, we obtain a subsheaf ip.j*ir P jQ b C 
tp*Vp(,. By construction, it induces an isomorphism 

(60) <>p,j**p,jGi ® ip*e>Af* tp.y^ b . 

Then, the compatibility condition is given as follows: 

- For any Q G n~ 1 (P), the filtration J 7 ^ of ip*Vp b is induced by a filtration of 
i^p,J*^p,jGi and (60). 

— The restrictions of irpQp and Gr^ tp j*7rp 7 5jf to Ap(2?p) \ 7r _1 (Vp{J c )) are 
isomorphic, extending (58). 

If the compatibility condition is satisfied, {T , Q) is called a full Stokes data. 
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4-2.2.1. Let (Vi,Dj) be p-flat bundles on X \ T> equipped with full Stokes data 
ST>i = {Ti,Qi). A morphism F : (Vi,B>i,SX>i) — > (V 2 ,B 2 ,ST> 2 ) is defined to be a 
morphism (Vi, Bi, .^"i) — > (V2, ©2, ^2) such that, for any P E T> and o E Xp, the 

induced morphisms Gt^ (Vi\x*) — > Gr^ (V2\x*) are extended to G\,p,a — > Q2,p,a- 
Full Stokes data has obvious functoriality for dual, tensor product and direct sum. 

4-2.2.2. Meromorphic Stokes data. — A meromorphic graded extension of a full prc- 
Stokes data T is a tuple Q = (Q P | P G X>), where each Q P = ® ae i p Gp, a 1S a locally 

free Ox P (*2?p)-module with isomorphisms Gp, a \x P — Gr^V^*) such that D a are 
a- regular with respect to Qp %a . We can consider a compatibility condition similar to 
the above. If the compatibility condition is satisfied, Q) is called a meromorphic 
full Stokes data. 

4-2.2.3. Another formulation of compatibility. — We give another formulation of 
compatibility condition for Q. Let us consider Xp(T>p) Xp(Vp(J c )) — 1 -> Xp. 
Take Qx G Trf^P). We remark that the nitrations (Q G ™~ 1 (Qi)) on i*Vp ^ arc 
constant, because the orders <q on rfj 1 ^) are independent of Q G vj~ 1 (Qi). Let 
lj : A'p C Xp(T>p{ J c )). By the above consideration, we obtain an induced B-flat fil- 
tration F® 1 on the stalk tj*(V P r b )Q 1 . The system of filtrations [F® 1 | Qi G 7r 1 " 1 (P)) 
satisfies the standard compatibility condition. 

Let i'j denote the inclusions of Xp\Dp( J c ) into Xp(Vp( J c )). We have the subsheaf 
L>'jA J Ga) C tj*Vp 6 . Now, we can state the compatibility condition. 

— For any Qi G 7rf 1 (P), the filtration J 7 '' 1 of ij* (V r / b )Q 1 comes from a filtration 

ofVj. ( J £a) Ql - We obtain Grf ( J £ b ) (a G ^(b)) on A>\X> P (J C ) in a standard 
way. 

- Gi^( J g b ) is isomorphic to Gp. a \x P \v P (j<=)-, extending (58). 



4.2.3. Stokes data associated to unramifiedly good lattice. — Let (£,B) 
be a meromorphic g-flat bundle with an unramifiedly good lattice E on (X,T>). Let 
(V, B) := (£, B^yp. According to Theorem 3.2.1, we have an induced full pre-Stokes 
data T of (V, B). According to Proposition 3.2.9, we have a graded extension Q of 
the full pre-Stokes data. 

Lemma 4-2.1. — Q satisfies the compatibility condition in Subsection 4.2.2. 

Proof The full Stokes filtrations F® (Q E n~ 1 (P)) are induced by filtrations of 
tt*E. Hence, the induced filtration F Q,J (Q E tt^ 1 (P)) are so. We obtain Gr^' (E) 
on Xp. It is easy to see that J Q b is naturally isomorphic to the restriction of Gr b (E) 
to Xp \ T>p{J c ). We also have Gr^Grjf (E) ~ Gp.a- Then, the claim of the lemma 
is clear. □ 
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Namely, (V,D) is equipped with a naturally induced Stokes data, which is functo- 
rial, according to the results in Subsections 3.2.2 and 3.2.5. 

4-2.3.1. Complement on splitting of Stokes filtrations. — We give a complement on a 
splitting of Stokes filtration of a good meromorphic p-flat bundle. We set X := A n x/C 
and V = Ui=i{ z i = 0}- We assume that the coordinate system is admissible. We use 
the notation in Subsections 2.4.2 and 3.7.1. 

Let U C tt~ 1 (P) be as in Condition 4.1.4. Let U be a small neighbourhood of U 
in X(T>), which will be shrinked. As in Proposition 4.1.8, we have a ID-flat filtration 
T u of (l*E)\ U} which is extended to a ID-flat filtration T u of We can take a 

splitting E\u = © oeIp Eu, a 01 J~ u with the following property: 

— For b € X(m(pj), we put 

aerjZ, 1 , Jb) 

Then, the decomposition is 0< fc ( p )-flat. 

Actually, we successively apply the third claim of Proposition 3.6.1. 

Let w = (D a ) be a frame of Gr" F (i?) compatible with the grading. By a natural 
isomorphism Gr" F (£')| W ~ E\ u given by the above splitting, we make a frame Vu- 

Let E\u = ^ E' u a be another decomposition with the above property. We obtain 
another frame v' u . Let C — (Ca,b) be the matrix determined by Vu = v' u (I + C), 
where I denotes the identity matrix. 

Lemma 4-2.2. — We have C a ^ = unless a <u b. If a <u b, we have the estimate 

fc(o,b) 

C , b exp(g- 1 (a-b)) =0( J] 

i=l 

Here, fc(o, b) be determined by ord(a, b) € Z<q x 0. 

Proof It follows from that the induced morphism Gr^ r (£ , )|^ — > Gy^ {E)\y is 
B<fe(a,b)-nat. □ 

4.3. Riemann-Hilbert-Birkhoff correspondence 

4.3.1. Statement. — Let MFL(<Y, T),I) be the category of unramifiedly good lat- 
tices (E, D) of meromorphic p-flat bundles on (X, T>) whose good system of irregular 
values is contained in X, i.e., Irr(V, P) C Ip for any P <S T>. Let SDL(A",2?,I) be the 
category of g-flat bundle with a full Stokes data over X. As explained in Subsection 
4.2.3, we have a functor 

RHB : MFL(Af, X>,X) — >• SDL(^, X>, X). 

We will prove the following theorem in Subsections 4.3.2-4.3.5. 
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Theorem 4-3.1. — The functor RHB is an equivalence. 

Let MF(X, T>,X) be the category of unramificdly good mcromorphic g-flat bundles 
on (X,T>) whose good system of irregular values is contained in X. Let SF)(X 7 V,X) 
be the category of p-flat bundle with a full meromorphic Stokes data over X. 

Corollary 4-3.2. — The naturally defined functor 

RHB : MF(X,V,X) — > SD(X,V,X) 
is an equivalence. □ 

Let G be a finite group acting on (X,T>) over JC. Let X be a good system of 
irregular values such that Zp = g*I g ( P - ) for any g e G and P € T>. Let (V,D) be 
a ED-fiat bundle on X \ T> with a G- action, i.e., for each g <G G, we are given an 
isomorphism g*(V, D) ~ compatible with the group law. Let J- be & full pre- 

Stokes data of (V,ED). For each g <E G, we have the induced full pre-Stokes data g*T 
of (V, D) ~ g*(V, ©). The full pre-Stokes data is called G-equivariant if g*T = T for 
any g G G. Similarly the G-cquivariance of a Stokes data is defined. The category 
of G-cquivariant full Stokes data is denoted by SBL{X,V,X) G . Let MFL(X,V,X) G 
denote the category of G-equivariant unramifiedly good lattices of meromorphic g- 
flat bundles over X. We use the symbols SB(X,V, X) G and MF(X,V,X) G in similar 
meanings. It is easy to deduce the following as a corollary of Theorem 4.3.1. 

Corollary 4.3.3. — The functors RHB : MFL(X,V,X) G — > SBL(X,V,X) G and 
RHB : MF(X,V,X) G — > SD(X,V,X) G are equivalences. □ 

4-3.1.1. Descent. — Let ip : (X',V) — > (X,T>) be a ramified Galois covering with 
the Galois group G. Let X' := ip*X. We have naturally defined descent functors Des : 
MFL(X',V',X') G — > MFL(X, V,X) and Dcs : SDL(A", V, X') G — > SBL(X,V,X). 

Proposition 4-3-4- — We have a natural isomorphism Des o RHB ~ RHB o Des. 

Proof Let (E',W) e MFL(X', V',X r ) G . We set (E,B) := Bes(E',B'), 
{V',W,{T ,&)) := KHB(E', W) and (V, D, {Hf, Q)) := RRB(E, D). By using 
the characterization of full Stokes filtration in Theorem 3.2.1, we obtain that J 2 is 
the descent of T . 

Let 7T : X(V) — > X and tt' : X'(V) — > X' be blow up. Let P e V. We 
take a small neighbourhood Xp of P in X. We put X' p := (p~ 1 (Xp), which is a 
neighbourhood of the finite set ip~ 1 (P). We have Gr^ (^* -i^ x > \) on tt'~ 1 (X' p ). 
We can easily compare Gp, a and the descent of ©p/ eir -i(p) Gp'm, because both of 
them are induced by Gr^ (^*E!>-ir x < ))• □ 
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4-3.1.2. Classification of unramifiedly good meromorphic flat bundles. — By setting 
(i) K. is a point, (ii) g = 1 in Corollary 4.3.2, we obtain a classification of unramifiedly 
good meromorphic flat bundles in terms of full pre-Stokes data. Note that we need 
only full pre-Stokes data, because the unramifiedly good Deligne-Malgrange lattices 
are canonically associated. 

In the one dimensional case, Malgrange [82] showed the correspondence between 
meromorphic flat bundles and flat bundles with pre-Stokes data. See also the work 
due to Sibuya [112] on the classification of meromorphic flat bundles on curves. 

In the higher dimensional case, such a classification was studied in [79] and [103], 
from different viewpoints. If we are interested in deformation by a variation of irreg- 
ular values, the classification according to pre-Stokes data is useful to the author. 

4.3.2. Fully faithfulness. — Let us show that RHB is fully faithful. Let G 
MFL(X,V,X) (i = 1,2). 

Lemma 4-3.5. — The natural map 

Horn ( (Ex , Di ) , (E 2 , D 2 ) ) — > Horn (RHB {Ex , Di) , RHB (E 2 , B 2 )) 
is bijective. 

Proof It is clearly injective. Let us show the surjectivity. Let 

F : RHB(£a,Bi) — > RHB(£ 2 ,B 2 ) 

be a morphism. We have only to show that the underlying morphism F : 
(E±, 1B>i)\x\v — > (E 2 , ©2)1 x\t> is extended to a morphism Ei — > E 2 . By Har- 
togs property, we may assume that V is smooth. Let Q £ tt~ 1 (P). We take a D-flat 
splitting E^u ~ ©^i,Q,a of the full Stokes filtration. The flat morphism F induces 
Fb,a '■ E i a \ u ^ — > E i b \ u ^. Because the full Stokes nitrations are preserved by F, 
we have F b , a = unless a >q fa. By construction F a , a is bounded. Because F b , a 
is D-flat, we have F ba exp(g^ 1 (a — fa)) is of polynomial order in Iz-j -1 !. Hence, we 
obtain that F is extended to a morphism Ei\u Q — > E 2 \u Q by varying Q, we obtain 
^i\x(v) — ^ ^2\x{T>y wn i cn induces E\ — > E 2 . □ 

It remains to show that RHB is essentially surjective. Namely, we have to give 
a construction of an unramifiedly good lattice from a full Stokes data. By Lemma 
4.3.5, we have only to give it locally. We will give an inductive construction in levels. 

4.3.3. Pre-Stokes data and Stokes data in the level m. — We use the setting 
in Section 3.3. For a subset A C X, we put A* := A\T> Z . Let P £ 2? z .fc. Let Xp 
denote a small neighbourhood of P in X . It will be shrinked if it is necessary. 

Let V be a locally free Ox* -module with a meromorphic g-flat connection B whose 
pole is contained in V* — Uy. Assume that ID is fa-logarithmic for some fa £ M (X, T>). 
Let l : X* C X(T> Z ) and it : X(T> Z ) — > X be natural maps. Let I C M(X,T>) be a 
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weakly good set of irregular values in the level (m, i(0)) such that {a — fa | o G 1} is 
good in the level (m,i(0)). 

Definition 4-3.6. — A pre-Stokes data J- of (V, D) in the level (m, i(0)) at P is a 
system of IS- flat filtrations J-® (Q G n^ 1 (P)) of germs i>*(V)q indexed by (X,<q), 
satisfying the compatibility condition. (We assume the existence of a H z -flat splitting, 
instead of a O-flat splitting.) We will often to distinguish "P" and "in the level 
(m, i(0)) " if there is no risk of confusion. □ 

Varying Q G 7r _1 (P), for each a G I, we obtain a locally free Ox* -module 
Grf(V\x^) with fa-logarithmic flat ^-connection D a on (Xp,Vp). (Note that a — fa is 
holomorphic on Xp.) 

Definition 4-3.7. — A graded extension of is a tuple of locally free Ox P -modules 
E a (a G 1) such that (i) E a \x* — Gr^(Vx*), (ii) ord(B a - da) > m(l) := m + d^ ) 
for each a G X. The tuple ST> = (X, {E a }) is called a Stokes data in the level 
(m,i(0)) at P. □ 

Let (V p ,U)p) (p = 1, 2) be fa-logarithmic p-flat bundles D p with pre-Stokes data J- p 
(p = l,2) in the level (m, i{0)) over X p . A morphism (Vi,Di,^i) — > (V r 2 ,B 2 ,^ r 2) is 
defined to be a flat morphism which preserves Stokes filtrations at any Q G 7r _1 (P). 
Note that we obtain a naturally induced morphism of Gr^(Vi) — > Gr^(V2). If 
moreover they are equipped with graded extensions, a morphism (Vi,Bi,<S2?i) — > 
(V 2 , D 2 , ST> 2 ) is defined to be a morphism (Vi^uTi) — > (V 2 , D 2 , T 2 ) such that the 
induced mor phisms Grf (Vl) — > Grf (%) are extended to E\ A — > E 2 a . 

4.3.4. Good lattice and Stokes data in the level m. — We continue to use the 
notation in Subsection 4.3.3. In terms of Stokes data, we can summarize the results 
in Section 3.3 for weakly good lattice in the level m. 

Proposition 4-3.8. — Let (_E,ID,X) be a weakly good lattice of a meromorphic g-flat 
bundle in the level (m,i(0)) on (X,T>). We put (V,B>) := (E, V)\x-v, ■ Then, at each 
point P G £> z ,fc, we have the Stokes data ST>{E 1 W) in the level (m,i(0)) for (V, D) 
associated to (E,U>). The correspondence is functorial, and it preserves direct sum, 
tensor product and dual. □ 

We study the converse. Namely, for a given Stokes data in the level (m,i(0)) at 
P G T> Z: k, we shall construct a good lattice in the level (m,i(0)) on a neighbourhood 
of P. 

4-3.4-1. Construction. — Let (V, D) be a fa-logarithmic g-flat bundle on (X*,T>*) 
with a Stokes data at P. We use a subscript "z" to indicate that we consider dif- 
ferentials relative to Y X K. Because D — db is logarithmic, D z — d z b gives a flat 
g-connection relative to Y X /C. 
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We take a holomorphic frame v a of E a on Xp. Let R a be the connection one 
form of B a with respect to v a , i.e., D a U a = v a R a . Take Q £ tt~ 1 (P) and a small 
neighbourhood Uq. We put = Uq \ 7r _1 (2? z ). We can take a D 2 -flat splitting 
v \u Q = © K.Q of Let v a:Q be the lift of v alu ^ to K,Q- Then, v Q = {v a>Q ) gives 
a frame of V\u*^ ■ Let Rq be determined by Uvq = Vq Rq. We have the decomposition 
Rq = {Ro.cq) corresponding to v Q = {v a , Q ). 

Lemma 4-3.9. — We have the following: 

— Ra,t,Q = unless a <q c. 

— Ra,a,Q = Ra- 

— For a <q c, there exists C > such that 



R a ,cQ exp^-^a-c)) =o(exp(C|^ 1 )|) 



i(0) I 

Proof Since the filtration J 7 ® is D-flat, we obtain the first claim. The second 
claim is clear by construction. Since the lift is taken for a D 2 -flat splitting, the dzi- 
components of R a , c ,Q are 0. We have the expression R a ,c,Q = Y^j=i R*,c,Q,j ^Cj- Let 
F a ,t,j : E t \ Uq — ► E a \ UQ be determined by F aitij v e = v a R a ,c,Q,j. They arc D 2 -flat. 
Hence, we obtain the desired estimate for i? a ,c,Qj by using Lemma 20.3.5. □ 

Lemma 4-3.10. — Let v'q be a frame of V\y+ induced by another splitting V\fj* = 
© VJq. Let C be determined by vq = v'q (I + C). We have (i) C,g = 0, (ii) C a . c = 

unless a <q c, (Hi) C a ^ exp(g _1 (a — c)) = O^cxp^C \z m ^\) \z^o)\~ c J for some 
C > 0. 

Proof Two B z -flat splittings induce a H^-flat map $ 0iC : E c \k q — > E a \u Q for 
a <q c. It can be shown that $ aiC cxp(g _1 (a - c)) = o(eKp{C \z m ^\)\Zi(p)\~ c J for 
some C > with respect to the frames v a and v c by Lemma 20.3.5. Then, the claim 
of Lemma 4.3.10 follows. □ 

By using the natural isomorphisms of holomorphic bundles 

a a 

we extend V\u* to a holomorphic vector bundle Vu Q on Uq. By Lemma 4.3.9, ^>\w Q is 
extended to a meromorphic flat ^-connection Dq of Vu Q on Uq. Moreover, we have 
the following isomorphism: 



( 61 ) (^>^) k -~ww e ^0(^-^) k -T 



(T> z )nu Q 



By Lemma 4.3.10, {Vu Q , Uw Q ) and the isomorphism (61) are independent of the choice 
of a D 2 -flat splitting V = ©K.Q- If 0! e Wq- C Wq, we have (Vw Q ,Ow Q )|w Q , = 
{Yuqi > ). By varying Q and gluing them, we obtain a holomorphic vector bundle 
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Vx P (v P ) w ith a meromorphic flat p-connection V)^ p ^ Dp y Moreover, we have an 
isomorphism 

( 62 ) ^p ( Vp^Xp ( VpJ^-^ z) - ©(^.Da),^) 

a 

According to Proposition 3.1.14, Corollary 3.1.17 and Lemma 3.1.19, there exists a 
holomorphic vector bundle V with a meromorphic flat g-connection D on (Xp,T>p }Z ) 
such that 

(63) n*(V,B) ~ (^^^D^^j), (V,B) |Sp> * @(E a ,B a ) {3py 

a 

4-3.4-2. Functoriality. — Let (V,B) be a b-logarithmic g-flat bundle on (Af*,X>*) 
with a Stokes data in the level (m, i(0)). Then, (V V ,B V ) is also equipped with an 
induced Stokes data in the level (m,i(0)). 

Lemma 4-3.11. — The associated extension of (V w ,D V ) is naturally isomorphic to 
the dual of that o/(V,D). 

Proof Let Vj^* = (J) V Qt Q be a D z -flat splitting. It induces a D z -flat splitting 
V\u* = © V- a Q- W° extend V^ t to by using the splitting. Then, we have a 
natural isomorphism {Vu Q Y — Vu Q - Hence, we obtain (V^ p ^ Vp ^) v ~ V~ ..It 
induces the desired isomorphism. □ 

Lemma 4-3.12. — Let(Vi,V>i) (z = 1, 2) be b-logarithmic g-flat bundles on (X* ,T>*) 
with Stokes data in the level (m,i(0)) at P. 

— Ifl\ ®I% is weakly good in the level (m,i(0)), we have the induced Stokes data 
of (Vi,Oi) £S> (V2,©2) i n the level (m,i(0)) at P, and the associated extension 
of (Vi,Oi) ® (V^Hb) is naturally isomorphic to V\ <£> V%- 

— Ifl\ ©X 2 is weakly good in the level (m,i(0)), then we have the induced Stokes 
data o/(Vi,Di)© (V^Hb) in the level (m, i(0)) at P, and the associated exten- 
sion is naturally isomorphic to V\ © V% . □ 

Let (Vi,U)i) (i = 1,2) be b-logarithmic p-flat bundles on (Af*,2?*) equipped with 
Stokes data ST>i in the level (m, z(0)) at P. For simplicity, we assume that X\ Ul 2 is 
also weakly good in the level (m,i(0)). 

Lemma 4.3.13. — Let F : (Vi,Di,SX>i) — > (V 2 ,D 2 ,SV 2 ) be a morphism. We 
have the naturally induced morphism F : V\ — > V 2 on Xp. 

Proof We take D z -flat splittings Vi\u Q = ®Vi.a,Q of the filtrations J-® . Let Vi >a 
be holomorphic frames of -Ei >0 - Let w»,o,o denote the lifts of t>j,a,Q to Vi >a ,Q- They 
give frames v^q of Vi\u Q ■ 

Let Aq be determined by F(v\.q) = v 2 ,q Aq. We have the decomposition Aq = 
{A a ,c.Q) corresponding to the decomposition v^q = (v^q) (i = 1,2). Since F 
preserves the filtrations J 7 ® , we have A as = unless a <q c. Since ^4 a ,a,Q satisfy 
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Fa( v i,a) = v 2,a ^0,0,(3) they are holomorphic on Uq. In the case a <g c, we obtain 
the estimate 

A a , c , Q exp( e - 1 (a - c)) = O (exp(C\z m ^ |) \z m 

for some positive constant C, by using Lemma 20.3.5. Hence, F is extended to a 
morphism on ir~ 1 {Xp), and the claim of Lemma 4.3.13 follows. □ 

Corollary 4-3. 14- — If the restriction of F\x-v * s an isomorphism, the induced 
morphism F : Vi(*T>) — > V2(*T>) is an isomorphism. □ 

4.3.5. Proof of Theorem 4.3.1. — Let us show that RHB is essentially surjective. 
We have only to argue it locally. We put X := A™ x K and V := (J^ii^i = 0}- Let 
I C M(X, T>)/ H(X) be a good set of irregular values. We assume that the coordinate 
system is admissible for T, and we take an auxiliary sequence m(p) for T. We shall 
construct an unramificdly good meromorphic flat bundle around P €E T>i , from a flat 
bundle with a full Stokes data. 

4-3.5.1. Graded bundles associated to full pre-Stokes data. — We have a refinement 
of the construction in Subsection 4.2.1.1. We use the notation there. Let (V, D) be a 
g-flat bundle on X \ T> with a full pre-Stokes data T over a good set of irregular values 
I. For each Q G 7r _1 (P), we obtain the induced filtration F^ m ^ of l*(V)q indexed 
by {l(m(p)) 1 <q) . (See Subsection 2.6.2.1 for I(m{p)).) On the associated graded 
sheaf Gr™' p ' (i» (V)q), we have the induced filtration F® indexed by (rjm(p) (^)> — $)■ 
By varying Q g 7r _1 (P), we obtain Gr^^i^V,©)^-!^)), and a ID-flat bundle 
Gv m{p) {V\ X * p ) on X* P . Let 7r m(p) : X(D(k(p))) — > X be the real blow up, and let 
L m(p) '■ Xp C X(V{k(jp))). For each Qi € ^^^(P), we have the ES-flat induced 
filtration ^ of t m(p> Gr m ^(V^.) Ql . 

For a given J G £, let m(pj) be determined by m,(pj + 1) = for any i € 
J and mi(pj) ^ for some z £ J. Note that the the image of X(m(pj)) by 
M(Af,I?)/ff(Af) — ► M(X,V)/M(X,V(J C )) coincides with 1 J . We have :F J = 

4.3.5.2. Construction. — Let (V,B,T,g) € SD(A',X',X). Take P e % In the 
following, wc will replace X with a small neighbourhood of P if it is necessary. We 
have Gr™^ p \v) on X \V for b € I(m(p)). We shall construct a b-logarithmic 
extension P™ (p) of Gr™ (p) V on Af \ V(k{p + 1)). 

For J(k) := {fc + 1, . . . , £}, we take rn(pj^)) as in Subsection 4.3.5.1. Then, for b € 
I(m(p,/( fc ))), we have a locally free O^-p^-module 0% • Let 7T/J : X(V(k)) — > X 
and Lk : X \ T>(k) — > X(T>(k)) be natural maps. For each Q € it A T 1 (P), we have the 
D-flat filtration F® of Lk*(G'l^)Q indexed by {%^( Pj(k) ){b)i — q)- (Sec the argument 
in Subsection 4.2.2.3.) We have the induced nitrations F < ^ m ^ for any p > pj(k)- 
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Since they satisfy a compatibility condition, we obtain Gr™^ (Q^ ) on X\T>(k), for 
any p > pj(k) an( l a ^m(pj k ^ using the compatibility condition of lattices 
in Stokes data, we obtain 

(RA\ r ™{P-Hk-l))/ r J(k)\ r J{k-i) 

\ m > ljr n \ y b ) ~ y a \X\V(k) 

for any a G Z(m(pj (fc _i))). 

For p, we take k such that pj(k) < P < Pj(fc+iV For any c G I(m(p)), we put 
Ef := GrT 1 ^ (£^ (fe) ), which is equipped with the induced nitrations J"Q™(p') f or 
any Q € 7r _1 (P) and p' > p. The system of the filtrations satisfy a compatibility 
condition. By (64), we have a natural isomorphism Gr™^ E% ~ ^i;tyD(fc(p-i))- 

Then, by a successive use of the construction in Subsection 4.3.4.1, we can construct 
a locally free O^-module Ep with an isomorphism E\x\v — V\x\v an( i (E,V))^p ~ 
©aeip &p a \p- ^ n particular, E is an unramifiedly good lattice. By construction, for 
each Q G 7r _1 (P), the full Stokes filtration of P at Q is the same as that in the 
given Stokes data ST>. It implies that, for any Q G 7r _1 (2?), the full Stokes filtration 
of E at Q is the same as that in the given Stokes data, according to Lemma 4.1.2. 
(Note that we have shrinked X around P.) 

Let J C t. Take P' G 23 j with I(P') = J. It remains to show that we have a 
natural isomorphism 

(65) G^{E PI ) ~ S P , i0 

a6X P / 

on a small neighbourhood Ap, of P'. We have Gr F {E P , ) ~ Gr^ ' {E\ Xpl . If J = J(fc) 
for some fe, (65) is clear by our construction of E. In the general case, we put 

J(k) T J / \ fJ( k ) 

fc := min J. Because we naturally have G a \ x \ — <?p'. a ancl Gr (P) ~ Gr (P), 
we have the desired isomorphism. Thus the proof of Theorem 4.3.1 is finished. □ 



4.4. Extension of Stokes data 

4.4.1. Statement. — Let X — > B — > K, be smooth fibrations of complex man- 
ifolds. Let D be a normal crossing hypersurface of X such that each intersection of 
irreducible components is smooth over B. For simplicity, we assume the following: 

— a: B — > K, is equipped with a section b : JC — > B, and each fiber of a is simply 
connected. 

- Wc put X b := X x B b and V b := V x B b. Then, (X, V) is topologically a product 
of (X b , V b ) and B. 

For example, we would like to consider the case B = K, x P and [X, T>) = (X b ,T> b ) x B 
as complex manifolds. 

Let g be a nowhere vanishing holomorphic function on K.. Let X be a good system 
of irregular values on (X,T>). Its restriction to X b is denoted by I b . 
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Theorem 4.4.I. — The restriction SDL(X,V,X) — > SDL(X b ,V b ,X ) is equiva- 
lent. 

Note that, under the assumption, the restriction induces an equivalence between 
g-flat bundles over X\V and X b \V b . For a g-flat bundle (V, D) on X\V, let (V 6 , D b ) 
denote its restriction to X b \T> b . Theorem 4.4.1 says that a Stokes data of <y b ,O b ) 
over X b is uniquely extended to a Stokes data of (V, D) in a functorial way. By using 
the uniqueness, we easily obtain the following: 

Corollary 4-4-%- — The above extension is functorial with respect to dual, tensor 
product, direct sum in an obvious sense. 

Corollary 4.4.3. — The restriction MFL(<Y,P,X) — > MFL(X b ,V b ,X b ) is equiva- 
lent. □ 

4.4.1.1. Variants. — We immediately obtain the meromorphic variant. 

Corollary 4-4-A- — The restrictions 

SD(X,V,X) — ► SD(X b ,V b ,I b ), MF(X,V,X) — ► MF(X b ,V b ,I b ) 
are equivalent. □ 

Let G be a finite group acting on (X,T>) over B. Let C(X \ T>) G be the category 
of G-equivariant g-flat bundles on X \ T>. By using the uniqueness, we easily obtain 
the following. 

Corollary 4-4-5- — The restrictions 

SDL(A\X>,Z) G — ► SDL(A- b ,2? b ,X b ) G , MFL{X,V,X) G — > MFh{X b ,V b ,X b ) G 
are equivalent. We have the meromorphic variant. □ 

4.4.2. Extension of full pre-Stokes data. — Let us consider the claim for full 
pre-Stokes data. 

Proposition 4-4 -6- 

— Let (V, ED) be a g-flat bundle on X \ T>. If we are given a full pre-Stokes data of 
(V b ,B b ) over (X b ,T> b ,X b ), it is uniquely extended to a full pre-Stokes data of 
(V,D) over (X,V,X). 

— Let (Vi,Dj) (i = 1,2) be g-flat bundles on X \ T> equipped with full pre-Stokes 
structures J 7 } over (X,T>,X). Let F : (Vi,II>x) — > (^,©2) be a morphism. If 
its restriction F b preserves full Stokes filtrations, then F does so. 



We only give the proof of the first claim. The second claim can be shown similarly. 
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44.2.1. We put X := A" x Y x JC and V := U™=i{ z ; = °l- Wc consider the case 
X := B x Xq and I? := B x P for some simply connected complex manifold P. Let 
7T : ,?(X>) — > X and 7T : <*b(2>o) — > %o be the real blow up. Let 1 : X \ V C X(V) 
and to : <^o \ Po C Ao(Po) be natural maps. Let (V, D) be a g-flat bundle on X \ T>. 
Let P be any point of Do- Note that we have natural identifications P(b.p) ~ Tr^^p) 
for b, b' £ B. In the following, for Q £ tt ~ 1 (P), let Uq denote a small neighbourhood 
of Q in tTq^P). 

4-4-2-2. Let 60 £ B. Assume that we are given a full prc-Stokcs structure of 
l*(V, B)|,r-i (b .P)- According to Lemma 4.1.9, there exists a neighbourhood B of 
6 such that t*(V)\B xir- 1 (P) nas a full pre-Stokes structure whose restriction to 
b x -Kq 1 (P) is equal to the given one. We also obtain that such a full pre-Stokes 
structure is uniquely determined. 

4-4-2-3. Let b\ £ B with a neighbourhood B\. Assume that there is an open subset 
B[ C B\ such that (i) b\ is contained in the closure of B[ in B\, (ii) a full pre- 
Stokes structure of L *(V)\ B , is given. Let Q £ 7r _1 (P). We can take a small 
neighbourhood U(b\,Q) = B2 x C/q C Bi x tt^ 1 (P) such that <(6 1 ,q)=<c/(6 1i q). 

Lemma 4-4-^- — IfU(bi,Q) is sufficiently small, we have <a> 1 ,Q) = <u'(bi,Q)> where 
U'(bi,Q) := Ui(bi,Q) x B B[. Moreover, for any b £ B 2 , we have <(6 1 ,q)=<c/6(6 1 ,q), 
w/iere P 6 (6i,Q) = tx B U(b 1 ,Q). 

Proof For any fixed pair a, b £ P(f>,p) , after appropriate coordinate change, F a j, = 
- Rc(\z- m \ z m ). Hence, F~^(0) n tt q ~ 1 (B 2 x P) — > B 2 x P is a smooth fibration, if 
P2 is sufficiently small. Then, the claim is clear. □ 

Take b 2 £ B 2 n B[. By using Proposition 4.1.5, we have a IB-flat filtration of 
L *{V)\b-,xUQ- It is extended to a O-flat filtration on U{b\,Q). It is independent of the 
choice of b 2 . By varying Q £ (P), we obtain a neighbourhood P4 of 61 and full 
pre-Stokes structure of t *(^)|p lX7r - 1 (p)- Note that the uniqueness is also obtained. 

4-4-2. 4- Assume that we are given a full pre-Stokes structure of i'*(V)i bsXv -i/- Da y 
Take any 64 £ B and P £ V . We take a path 7 connecting b 3 and 64. By a 
continuity method, we can show that there exists a neighbourhood V of 7 and a 
unique full pre-Stokes structure of (^)|vx7r _1 (P) wno sc restriction to 6 x ^^(P) is 
equal to the given one. In particular, we obtain a unique full pre-Stokes structure of 
t *(^)|6 4 xir _1 (P)- ^ is easy to show that the nitrations arc independent of the choice 
of a path, and that the compatibility condition is satisfied. Thus, the first claim of 
Proposition 4.4.6 is proved under the setting of Subsection 4.4.2.1. 

4-4-2-5. Let us return to the setting in Subsection 4.4.1. Let T> = UieA-^i be the 
irreducible decomposition. For / C A, we put V*j := f] ieI T>i \ {_] i ^ I V i . Let X — ^ 
B JC. Take P £ V. Let I(P) := {i £ A \ P £ V t } . Wc put y := a o c(P). Wc 
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can take a path 7 in (a o c)~ 1 (y) n T> \ips connecting P and c~ 1 (b(y)) n T> \i P y Note 
that such a path is unique up to homotopy. By a continuity method, we can show 
that there exists a neighbourhood V of 7 and a unique full pre-Stokes structure of 
t*(V')| ff -i( 7 ) whose restriction to the intersection with Tr~ 1 (T> b ) is equal to the given 
one. In particular, we obtain a unique full pre-Stokcs structure of t*(V)i ff0 (p). It is 
easy to show that the nitrations are independent of the choice of a path, and that 
the compatibility condition is satisfied. Thus, the first claim of Proposition 4.4.6 is 
proved. 

4.4.3. Extension of fa-logarithmic bundle. — Let (V, 1D>) be a ID-flat bundle on 
X\V. Let fa e M(X,V). 

Lemma 4-4-8- — Assume that the restriction (V b ,H> b ) is extended to a b b - 
logarithmic g-flat bundle Eg- Then, (V,ED) is uniquely extended to a b -logarithmic 
g-flat bundle E such that E\xxb = Eq. 

Proof We have only to consider the case fa = 0. By the uniqueness, the claim is a 
local property. Hence, we may assume (X,T>) = B x (Xq,T>o). Then the existence is 
clear, because (V,B) is isomorphic to the pull back of {V,'B)\i ) x(Xo\'Do)- Let us snow 
the uniqueness. Let E be such an extension. If we restrict H> to the B-direction, there 
is no pole, i.e., we obtain a p-flat connection relative to Xq without any pole. Then, 
the claim is clear. □ 

We mention a consequence of this lemma for the proof of Theorem 4.4.1. Let 
{T b ,g b ) be a full Stokes data of (V b ,B b ). According to Proposition 4.4.6, T h is 
uniquely extended to a full pre-Stokes data of (V,H>). By Lemma 4.4.8, we obtain 
that Q b is also uniquely extended to a graded extension of T b . It remains to show 
the compatibility condition for Q. 

4.4.4. Compatibility. — We give a preparation. We put Xq := A™ x Y x K. and 

2^0,2 := Ur=i{ z » = 0}- ^0, y be a hypersurface obtained as the pull back of a 
normal crossing hypersurface of Y. We put Z?o := I?o,z U T>q,y- Let B be a complex 
manifold. We put X := B x Xo, V z := B x T>o, z , and V := B x V$. Let I be a good 
set of irregular values on (X,T> Z ). 
We have the following blow up: 

"0,2 : ^0(^0,2) — > X 7r : Xq(Vq) — > X 

n z : X{V Z ) — > X 7T : X(V) — > X 
We have the following inclusions: 

ki '■ Xq \ Vq — > Xq(T>o, z ) l' : Xq \ Vq_ z — > Xq(T>q^ z ) 

l:X\V — >X(V Z ) l':X\V z — > X(V Z ) 
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Let (E,TD>) be a logarithmic p-flat bundle on (X \ V Z ,T> \ V z ). We put (V,B) := 
(E, H))\x\t>- We have a natural inclusion l'^E C l*V . 

Let ^ be a full pre-Stokes structure of (V, D) over X. Because X is contained in 
M(X, D Z )/H(X), we have the induced filtrations F b ^ of the germs L*{V)b,Q for any 

(b,Q)eX(v z ). 

Let 6 G We have the restriction (V bo ,B bo ) on {6 } x (A? \ X> ) and (£ ,fco ,D bo ) 
on {6 } x (X \ T> 0iZ ). We have the natural inclusion iQ^E b ° C Lo*V b °. We have the 
filtrations of (io*V)q for any Q G ^o^C^o,*)- 

Lemma — Assume the following: 

- Take any Q € ^o\{Po,z)j then J-® of io*{V bo )q is induced by a filtration of 
<<o*(E b °)Q. 

Then, for any G B and Q G tTq 1 (T> z ), J 7 ^-^ of L*(V)/b,Q) is induced by a filtration 
of L*{E)(b,Q)- 

Note that the assumption and the claim are trivial if Q is not contained in the 
inverse image ofT> z n XV . 

Proof By the assumption, we have the filtration J-f of the germ (i'o*E b °)Q for 
each Q 6 ~Kq z (T>q >z ). The system is denoted by iF\. It satisfies the compatibility 
condition. Because (E, D) is logarithmic, by forgetting the differentials in the in- 
direction, we obtain a flat ^-connection V>i relative to Y x /C. The system ^ gives a 
full pre-Stokes structure of i' 0t (E b ° , B b °). According to Proposition 4.4.6, it is uniquely 
extended to a full pre-Stokes structure Ti of i'„ (E 1 , Bi). 

The restriction of J- to X(T> Z ) \ -k~ 1 (T>y) gives a full pre-Stokes structure of 
t*{V, ^i)\x(p )\ 7r - 1 (v Y )' ^ ^ ne un i°i ueness J we obtain the coincidence of the re- 
strictions of T and Ti to X(V Z ) \ -k z 1 (T>y)- Then, we can deduce that T is induced 
by T 2 on X{V Z ). □ 

4.4.5. End of the proof of Theorem 4.4.1. — Let us finish the proof of Theorem 
4.4.1. It remains to check the compatibility condition for Q. We use the setting in 
Subsection 4.4.2.1. Let P 6 X>o- In the following, Xp denotes a small neighbourhood 
of B x {P}. We have a natural bijection Xn,,p) — Z(b',p) f° r ail Y b, b' <G B. We will 
identify them naturally, and denoted by Xp. From a full pre-Stokes structure of V, we 
have Grf (V) on Xp for b G X J P . The filtrations T Q (Q G ^{B x P)) induce a full 
pre-Stokes structure T of Grf (V), by Lemma 4.1.9. We have J Q a on X P \ V P ( J C ). 
Assume the following: 

- The filtrations F Q of i Jt Grf (1/ &0 )q (Q G 7Tq X (P)) arc induced by filtrations of 

- Grf ( J ^°) is isomorphic to Q b p MXp \ Vp{Jc y 
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By Lemma 4.4.9, we obtain that the fihrations F {h ^ Q) of t,j* Grf (V) {biQ) (Q G 
7Tq 1 (P), b 6 B) are induced by filtrations of i>'j*( J Gb)/ b gy By using Lemma 4.4.8, 

we obtain that Gr^ ( J 'Gb) is isomorphic to Gp,b\x P \Vp(J c ) ■ Thus, we obtain Theorem 
4.4.1. □ 



4.5. Deformation 

4.5.1. Deformation E^ T \ — 

4-5.1.1. Unramified case. — Let C be a simply connected compact region in C m . 
We put (X°,V°) := (X,V) x C. Let T be a holomorphic function on K X C. Let 
X be a good system of irregular values on (X , T>). For each (P,c) <G T>° , we put 
l { p c) := {To | aelp}. Thus, we obtain a good system of irregular values TS ' . 

We have an obvious deformation of a p-flat bundle with a Stokes data on (X, T>) 
over X. Let (V,B,SV) G SD(A\X>,X). Let (y°,D°) be the p-flat bundle on X° \ V° 
obtained as the pull back via the projection to X \ T>. Applying Theorem 4.3.1, we 
obtain (V°,W,SVCO) G SB(X° ,V° ,X (r) ). 

We have the corresponding deformation for unramifiedly good lattice of a mero- 
morphic g-flat bundle. Namely, for (E,B) G MFL(X,V,X), we have (E^ T \B^) G 
MFL(A , °,2?°,X ( ' 7 "' ) ), corresponding to the obvious deformation of the Stokes data as 
above. It is unique up to canonical isomorphism. 

4-5.1.2. Remark on descent. — Let ip : (X',1)') — > (X,T>) be a ramified Galois 
covering over K, with the Galois group G. We put X' := ip*X. Take (E',W) G 
MFL(X',V',X') G . Let (E,B) G MFL(<Y,X>,X) be the descent of According 
to Corollary 4.4.5, (E\W)^ is also G-equi variant. 

Lemma 4.5.1. — (£,0)^ is the descent of (£", B') (r) • 

Proof Let (£i,Oi) be the descent of (E' . By construction, the restrictions 
of (E,B)^ and (Ei,I$i) to A" b are naturally isomorphic. By Corollary 4.4.3, they 
are isomorphic on X. □ 

Let us consider the case X' is not necessarily the pull back of a good system of 
irregular values on (X,T>). Let (-E^BJ) G MFL(A", X>',X') (i = 1,2). Their descent 
(Ei,Hi) are not necessarily unramified. 

Lemma 4.5.2. — If (Ei,O x ) ~ (^2, ©2), i/ien (^i,Bi)( r ) ~ (£ , 2,© 2 ) (r) - 

Proof It is easy to reduce the issue to the case that V is smooth. Moreover, we 
have only to consider the case dim X = 1 . Because E[ n E' 2 is also an unramifiedly 
good lattice, we may assume E[ C E' 2 . We have E± C S 2 j an d we have only to 
compare their sections which are invariant with respect to the Galois actions. Then, 
the claim is obvious. □ 
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4-5.1.3. General case. — Let (E, B) be a good lattice of a meromorphic g-flat bundle 
on (X,T>), which is not necessarily unramified. For any P € T>, we can take a small 
neighbourhood Xp and a ramified covering epp : (X P ,Vp) — > (Xp,Vp) such that 
(E, B) is the descent of an unramifiedly good lattice (E' , B') on (X P , V' P ). By applying 
the procedure in the unramified case, we obtain the deformation (jpp(E, B)) on 
(X^,V'p). By taking the descent, we obtain (E, B)^ 1 on (Xp,V° p ). It is well defined 
up to canonical isomorphisms as a germ of good lattice of a meromorphic p-flat bundle 
at P, according to Lemma 4.5.1 and Lemma 4.5.2. By gluing, we can globalize and 
obtain a good lattice (E,D)^ of a meromorphic p-flat bundle on (X°,T>°). 

If we arc given a good filtered p-flat bundle (E on (X,T>), we obtain a good 
filtered p-flat bundle (E^, B^ 7 " 1 ) by applying the above procedure. 

4-5.1.4- Functoriality. — The deformation is compatible with dual, tensor product 
and direct sum, under the appropriate assumption on the irregular values. Namely, 
we have the following natural isomorphisms: 

{E l © E 2 )^ ~ E[ T) © Ei T \ (E 1 ® E 2 )^ ~ i^ r) ® £f\ (^ V ) (T) * (S (T) ) V 

Let (S P ,D P ) G MFL(<Y,X>,X) (p = 1, 2) with a morphism / : (JSi,Di) — ► (£2, ©2). 
Then, we have the induced morphism /( r ) : (^ r) ,B^ r) ) — ► (^ T) , D^ T) ). 

4-5.1.5. Let Ai be a complex manifold with a normal crossing hypcrsurface D\. Let 
F : X\ — > X be & morphism such that (i) P _1 (I?) C T>\. (ii) the induced morphism 
X\ — > K, is a smooth fibration, (iii) any intersection of some irreducible components 
of T>\ is smooth over K.. Let £ be a good lattice of (£,B) on (X,T>). We obtain a 
good lattice Ei := F*E of (£i,Bi) := F*(£ ,B) ® Gx^Vj. 

Lemma 4-5.3. — Let Fq be the induced morphism X° — > X° . We have natural 
isomorphisms 

E[ T) ~ F^E^ T \ {E u O) {T) ~ F£(£ ,B) (T) ® 0*o(*2?J) 

Proof We have only to consider the unramified case, in which the claim follows 
from Theorem 4.4.1. □ 

4.5.2. Deformation E^ T \ — Let T be a nowhere vanishing holomorphic function 
on JC such that | arg(T)| < x/2. For a given good lattice (E,U)) on (X,D), we shall 
construct a good lattice (i5^ T \B^ T ^) on (X, T>). We take a compact region C C C 
which contains and 1, and take a nowhere vanishing holomorphic function T : 
JCxC^C such that (i) 7| Kx{0} = 1, (ii) T llCx{1} = T, (iii) | arg(T)| < tt/2. Then, 
we obtain the deformation (iA^BC 7 "') on (X ,V°). By taking the specialization at 
c = 1, we obtain the desired (E^ T \ B< T )). 

Lemma 4-5.4- — (E^ , B^ 7 "-*) is independent of the choice of(C,T) up to canonical 
isomorphisms. 
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Proof Wc have only to consider the local and unramificd case. Let % (i = 0, 1) 
be functions as above. We take a small neighbourhood C 2 of {0 < c 2 < 1} in C. 
We consider a holomorphic function T2 ■= (1 — c 2 ) % + c 2 71 on K x C x C2. Wc 
obtain (E, B)^ on (A", V) x (C x C 2 ). The specializations at (c, c 2 ) = (1, i) {i = 0, 1) 
correspond to (E,'D) t - 7 ~ i \ Let p : X x C 2 — >• X be the projection. By Theorem 4.4.1, 
we have a natural isomorphism (E, D)[ #,){i}xe a - p*(-E,H>) (To) - Hence, (£,ID))( r ') 
(i = 0, 1) arc naturally isomorphic. □ 

Let X be a good system of irregular values on (X,T>). For each P £ T>, we put 
Xp := {T a\a £ Ip}, and wc obtain a good system of irregular values X^ T \ The 
above construction gives MFL(X ,D,X) — > MFL(X,T>,X <,T ^), in the unramified case. 

Lemma 4-5.5. — Let Tj (i = 1,2) be holomorphic functions on JC such that 

|arg(Tj) < ir/2 and |arg(TiT2)| < ir/2. We have a canonical isomorphism 
E(TiT 2 ) _ ( E {Ti)yT 2 ) ^ 

Proof We have only to check the claim in the local and unramified case. We take a 
small neighbourhood C, of {0 < c, < 1} in C. Let us consider the function T(ci, c 2 ) = 
(1 - a + a Ti)(l - c 2 + c 2 T 2 ) on K x Ci x C 2 . We have the deformation (£,B)( r ) 
on X x C\ x C 2 . We can easily show that both (E,B) ( - TlT ^ and ((E, D)( Tl )) (T2) are 
naturally isomorphic to the specialization of (E,Op' ' at (1, 1). □ 

Lemma 4-5.6. - Under the appropriate assumptions on the irregular values, the 
following holds: 

— The deformation is compatible with dual, tensor product, and direct sum. 

— Let (Ei, Hi) — > (£' 2 ,D 2 ) be aflat morphism. Then, we have an induced flat 
morphism (e[ T) , } ) — ► (E ( 2 T) , B ( p ) . □ 

Let Xi be a complex manifold with a normal crossing hypcrsurfacc "D\. Let F : 
Xi — > A" be a morphism such that (i) F -1 (2?) C T>i, (ii) the induced morphism 
Xi — > K, is a smooth fibration, (iii) any intersection of some irreducible components 
of T>i is smooth over JC. Let E be a good lattice of (£,U>) on (X,T>). We obtain a 
good lattice Ei := of (£i,Bi) := F*(£, D). We obtain the following lemma from 
Lemma 4.5.3. 

Lemma 4-5.7. — We have a natural isomorphism e[ T ^ ~ F* E^ T \ □ 

4.5.3. Deformation in the case that |arg(T)| is small. — We give a charac- 
terization of holomorphic sections of (£^ T ), 0( T )) when | arg(T)| is sufficiently small. 
We explain it in the case that [E,W) is unramified. We put X = A" x tC and 
V = {J i=1 {z% = 0}. Let X be a good system of irregular values on (X,T>). 
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Let P £ T>£. We take a covering {{/, | i e L} of 7r which is good for 2p. (See 

Definition 4.1.6.) We take neighbourhoods Ui of Ui in X(D). Assume the following 
for T: 

- {Ui\ is good for l [ p c) for < c < 1, where T c := 1 + c(T - 1). 
This is satisfied if arg(T) is sufficiently small for fixed {Ui}. 

Let v = (v a ) be a frame of Gr" F (i?) compatible with the grading. Let Ui := f] ieI lti 
for some I C T. As in Subsection 4.2.3.1, we take a splitting 

(66) E\ Ul =($Eu ua . 

We have the induced frame vj of E\Uj ■ We put 

v?} := » IlB cxp((T - l^a), v ( P := {vf}). 

Lemma 4-5.8. — Let w be a frame of E^ T '. Let Gi be determined by 

W\Ui\*-i(p) ~ v i\ Ul \ir-HV) G/ - 
Then, the entries of Gi and GJ 1 are holomorphic onUi. 

The splitting E^^-i^p) = © •^/j,o|W/W- 1 (i>) <?*wes a splitting of the full Stokes 
filtration of E^ . 

Proof Let C be a small neighbourhood of {0 < c < 1} C C. We consider the 
function T = 1 + c(T — 1). We have an unramifiedly good lattice (E, over 
C x (A", 2?). By the assumption on arg(T), the natural map I p — > Ip induces 
isomorphisms of the ordered sets: 



(4 r) .<cx W/ ) — > (lp,< Wl ) 

By using the flat ^-connection, we obtain a filtration J^ CxU ' of E^^ U[ from J 7 ^ 
of -E^. We also obtain a splitting of J^ CxU ' from the splitting (66) of T Ul . We 
remark that, for any (c, Q) E C x Uj the nitrations .F W/ and J 7 ^^ arc compatible 
over (Zp^, <cx« f ) — ^ (-^p j — (c.q))j which follows from the characterization of the 
full Stokes filtration in Theorem 3.2.1. In particular, the restriction of the splitting 
to {1} x (Ui \ n~ l (p)) gives a splitting of the filtration f Ul of £ ,(T) . Note that v { P 

naturally gives a frame of Gr* \E) <g> £((T - l)o), where £((T - l)o) denotes 0* e 
with a flat ^-connection Be = e (T — l)<ia. Then, we obtain the first claim of the 
lemma from Lemma 3.7.21. The second claim follows from the first one. □ 



Let / be a holomorphic section of E\x-v- We have the corresponding decom- 
position f\ Ul = J2faJ- We have the expression f aJ = V fj,' , r We put 

fa. I : = (fa,U,j)- 

Corollary 4-5.9. — / gives a section of E^ if and only if f^j is bounded for any 
a and I. □ 



CHAPTER 5 

L 2 -COHOMOLOGY OF FILTERED A-FLAT BUNDLE ON 

CURVES 



We would like to compare various cohomology groups associated to a filtered A-flat 
bundle with harmonic metric on a curve, which will be achieved in Section 18.2. This 
chapter is a preparation for local comparisons. In Sections 5.1-5.2, we consider the 
case in which A is fixed. In Sections 5.3-5.4, we study the family version. We separate 
them although they are essentially the same. The statements are given in Sections 
5.1 and 5.3, respectively. 

5.1. Local quasi isomorphisms for fixed A 

We put X := A z . For any subset Y C X, we put Y* := Y \ {O}. Let (K,B A ) be 
a good filtered A-flat bundle on (X 7 O). 

5.1.1. Sheaves of L 2 -sections and holomorphic L 2 -sections. — 

5.1.1.1. Preliminary for metric. — Let v be a frame of °V compatible with the 
parabolic filtration F and the weight filtration W on Gr F . We put a(vi) := deg F (w 2 ) 
and k(vi) := deg w (v{). Note —1 < a(vi) < and k(vi) £ Z. Let h be the hermitian 
metric given as follows: 

h(Vi,vj) :=5 tJ \z\- 2a ^(-\og\z\) k ^ 

If a metric h! comes from another choice of a frame v' compatible with F and W , the 
metrics h and h! are mutually bounded. Let g p denote the Poincare metric of X* . 

We recall basic property of the metric h as above. Let f = ^2 fj v j a holomorphic 
section of V\x»- It is L 2 with respect to h and g p , if and only if the following holds 
for each 

— fi is holomorphic, if (i) — 1 < a{vj) < 0, or (ii) a(vi) = and k(vi) < 0. 

— fi is holomorphic and fi(0) = 0, if a{vi) = and k(Vi) > 0. 

Let uj = ^2 oji Vi dz be a holomorphic section of V (g> on X* . It is L 2 with respect 
to h and g p if and only if the following holds: 
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— fi is holomorphic, if (i) —1 < a(vi) < 0, or (ii) a(u,) = and k(vi) < —2. 

— fi is holomorphic and fi(0) = 0, if a(vi) = and fe(«i) > —2. 

We can check these claims by direct computations. 

5.1.1.2. Sheaf of I? -sections. — Note that the A-connection D A of V and the deriva- 
tion Xdx + dx induce a derivation of V <S) Q' x ' ', which is also denoted by ID) A . For an 
open subset U C X, let £ P (V« , B A )(C/) be the space of sections r of V ® 0^- on £/* 
with the following property: 

— r and B A r are L 2 locally on £/, with respect to h and g p . 

Let £ p poly (V«,B x )(U) be the space of C°°-sections r of V®Cl x onU* with the following 
property: 

— r and D A r are L 2 and of polynomial order in locally on U with respect to 
h and <? p . 

Remark 5.1.1. — In the following, we say just "polynomial order" instead of "poly- 
nomial order in \z~ l \". □ 

Thus, we obtain complexes of sheaves £*(K,B A ) and £' ly (V*, LD A ). Let 
££ ol (K, E )A ) (p = 0, 1) be the subsheaves £ p (V r *,D A ), which consists of holomorphic 
p-forms. By a general theory of holomorphic functions, we have C^ ol (V*,B> x ) C 

We shall prove the following proposition in Sections 5.2.1-5.2.5. The arguments 
are minor modification of those in [104] and [131]. 

Proposition 5.1.2. — The naturally defined morphisms 

£ hol (v;,B A ) £; oly (v;,© A ) £-(v;,id) a ) 

are <?uasi isomorphisms. 

5.1.1.3. Algebraically determined sheaf. — Let X' = A 2 /, and let ip n denote the 
ramified covering X' — > X given by <p n (z') = z' n . Recall that we have the induced 
good filtered A-flat bundle on (X\ O') as in Section 2.5.3.3, which is denoted by 
(V/,B' A ). If we choose n appropriately, (V^,',D' A ) is unramified, and we have the 
irregular decomposition: 

(67) (K',D' A )|o<= 

a6lrr(0'*) 

Since Vq* and © a ^ ^a* are Gal(X'/X)-equivariant, we have the descent to O which 
are denoted by V reg * and Vi„ * , respectively. 

Let a £ R and a € Irr(D' A ). We have the weight filtration W of the nilpotent 
part of the residue Grf Res(D' A ) on Grf (y£). Let W k (aK) denote the pull back of 
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Wk Gr^ (V„) via the natural projection a V' a — > Gr„ (V '). For each a 7^ 0, we put 
5(K. ® := W- 2 ( ord(a) K): SCC ® := W_ a (*K) =r- 

We have the descent of © a ^ < ^(^a* ® ^x°)> which is denoted by iS(y rr * (X) 0^ ). 
We have the generalized cigen decomposition with respect to the residue 

Gi{W=®Eo Gr£(y ), 

where the restriction of Res(ID> A ) to E^Gr^Vo) has the unique eigenvalue a. We 
have the weight filtration W of the nilpotent part of the residue Res(ID> A ) on 
each E Q Gr^(Vo) and Gr^(Vb). Let 6>(Vb* <E> ^x) denote the inverse image of 
© a#0 W_ 2 E a Gt$(*%) 8 WoE Gi{(°V ) via the projection °V — > Gt%(V ). 
Let 5(Vq* <8> denote the inverse image of W^Gr^fVo) via the projection 

°V dz/z — > G?n (V ). Thus, we obtain a lattice 

S(V, <8> := 5(\> * (8 n&°) 8 <S(y rr * ® 

of (y <g> n^°(*0)).g. They induce lattices 5(K ® fi^ ) 01 ^ ® ^°(*0). The A- 
connection D A on y and the differential Xdx on induce ED A : <S(y ® — ^ 
5(y ® ft^ ). Thus, we obtain a complex of sheaves S(V, ® ^> S(y <g) ft 1 - ). 

Lemma 5.1.3. — We Ziawe a natural inclusion S(y ®fi*'°) — > £* ol (y , ED A ), w/w'c/i 
is an isomorphism. 

Proof We have only to compare the germs at O. By the condition in Section 
5.1.1.1, it is easy to check that sections of S(V* <8>f2 p '°) are L 2 . It also implies that B/ 
isL 2 for a section/ of S(y). Hence, we obtain S(V* ®Q P '°) C ££ ol (y,B A ) naturally. 
In the case p = 1, it is clearly an isomorphism. Let / G £^ ol (y,,D A ). Because / is 
L 2 , each /j is holomorphic. Then, we obtain / G 5(y) from D A / G 5(y ® ft 1 ' ). 

□ 

5.I.I.4. Remark. — This kind of theorems, such as Proposition 5.1.2 and Lemma 
5.1.3, was first proved by S. Zucker [131] in his study on singular variation of Hodge 
structure. Namely, he used the quasi isomorphism to obtain a Hodge structure on the 
intersection cohomology of a variation of polarized pure Hodge structure. If h comes 
from a variation of polarized pure Hodge structure, it is easy to see that S(V* ® fi # '°) 
with A = 1 is naturally quasi isomorphic to the de Rham complex of the minimal 
extension of V\x* on X. The quasi isomorphism with A = 1 plays the role connecting 
the intersection cohomology and the L 2 -cohomology. Moreover, he obtained a Hodge 
structure on L 2 -cohomology by using the quasi isomorphism with A = with some 
global harmonic analysis. 
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For regular filtered A-flat bundles, it was proved in [104] and [93] for the study on 
tame harmonic bundles on curves. In [93], we used Zucker's method in a straightfor- 
ward way. Sabbah [104] introduced an improvement to argue it in a unified way for 
various A. He also studied the irregular singular case in [102]. We will use a different 
argument to deal with Stokes structure. 

5.1.2. Variants in the case A ^ 0. — We shall introduce complexes of sheaves 
£ poly (V*, B A ) and £ poly (V*,B A ) on X, whose restrictions to X* are the same as 
£p oly (K t ,ID) A )|j ( :«. Let S be a small sector in X* , and let S denote its closure in 
the real blow up X(0). We can take a lift of S in the real blow up X'(0') via 
the covering map X'(0') — > X(0), which is denoted by the same notation S. If 
A ^ 0, we have the full Stokes filtration of V'-^. We can take a flat splitting 
a ^'\s = ©a aV'a.s- We can naturally identify V' s and V\g. Each section / ofV(£)fl x 
on S has the corresponding decomposition / = fa,s- 

5.1.2.1. Variant 1. — For an open U C X with O € U, let ££ ol (V*, B A )(£7) be the 
space of C°°-sections r of V <E)fl x on U* , such that the following estimate holds with 
respect to h and g p on each small sector S: 

(al) : t 0i s and B a t 0j s (a ^ 0) are of polynomial order. 

(a2) : 70,5 and D A ro i s ar e L 2 and of polynomial order. 
The conditions are independent of the choice of a flat splitting and a lift of sector to 
X'(0'). Then, we obtain the complex of sheaves £* oly , D A ). We will prove the 
following proposition in Section 5.2.6. 

Proposition 5.1.4- — The naturally defined morphisms 

s(v*®n' x °) £ poly (v;,D A ) £ poly (K,o A ) 

are quasi isomorphisms. 

5.1.2.2. Variant 2. — For an open U C X with O G U, let £^ oly (K , B A )(C/) be the 
space of C°°-sections r of Q^- on {/*, such that the following estimate holds with 
respect to h and g p on each small sector S: 

(bl) : t 0i s and B A r a! 5 (a 7^ 0) are OO^I^) for any TV > with respect to h and 
9 P - 

(b2) : t ,s and B a t 0i s satisfy (a2). 

Then, we obtain the complex of sheaves £ poly (I4, D A ). We will prove the following 
proposition in Section 5.2.7. 

Proposition 5.1.5. — The naturally defined morphisms 

Z Poly (K,© A ) £ poly (K,ID> A ) £ poly (K,ID) A ) 

are guasi isomorphisms. 
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5.1.3. Deformation of the Stokes structure (A ^ 0). — Let T > 0. We have 
the deformation (Vj T) ,ID> A ) as in Section 4.5.2. To compare £* oly (vj T \ E> A ) and 
Z^ oly (l4,ID )A ), we shall introduce a complex of sheaves Z^ oly (V, h, h^). 



5.1.3.1. Preliminary for metrics. — On each small sector S in X* , we take a flat 



splitting = (J) V a .s as in Section 5.1.2. Let G s be the endomorphism given 



by © o exp((l — T) A 1 a) idy a s . Let h s ' be the hermitian metric of V\ s given by 
h^f\u,v) := h(G^\u)^G^\v)) . If we construct h' s from other hi and G'^, h'g T ^ 

(T) (T) 

and h s are mutually bounded. By varying S and gluing /i^ in C°° , we obtain a 
C°°-metric h£f2 . 

We can construct a metric M T ) for V* as in Section 5.1.1.2, by taking a frame 
V ( T ) f °y( T ) compatible with the parabolic filtration F and the weight filtration W 
on Gr . 



Lemma 5.1.6. — The metrics and are mutually bounded. 

Proof We may assume that V* is unramified. Let w = (w a ) be a frame of Vjg, 
such that (i) it is compatible with the irregular decomposition and the parabolic 
filtration, (ii) the induced frame of Gv F (°V) is compatible with the weight filtration 
W. We put a(wi) := deg F (wi) and k(wi) := deg w (wi). We take a lift ws = (w ai s) of 
w to °V|^, compatible with a B A -flat splitting of the full Stokes filtration. Let hs be 

the hermitian metric of Vjs determined by hs(wi, Wj) := 6ij \z\~ 2a ( w *) (— log j^H^ . 
Then, it is mutually bounded with hig. 

We have the frame of °V^q \ which is obtained from w by the natural (non- 
flat) isomorphism V^q ~ ^ jg " W «S := cx p((-^~ ^) ^ 1 a ) an< ^ 10 : ~ 

(w' T ]). Then to'?' is a lift of ■u) ( ' T '' to compatible with a D A -flat splitting of 

' I s 

the full Stokes filtration. Let h s be the metric of Vjg given by h s (w\ ,w)j ) = 

Sij l^l- 20 ^) (-log\z\) k{WiT \ Then, h {F) and (h (T) )| S are mutually bounded. 

By the construction, we have h^^u^v) — hs{Gg (u),Gg(v)). Then, the claim 
of the lemma follows. □ 

5.1.3.2. A complex of sheaves. - We shall introduce the complex of sheaves 
f poly (V, h, h { cl ) on X. We set C P poly (V, h, h%L ) {x ,= T poly (V, , B A ) |x » . For an open 

set U C X with O s U , let £p oly (V, /i, hc<L)(U) be the space of C°°-scctions r of 
V (8) f2 p on f7* such that the following estimate holds on each small sector S: 

(cl) : r a .s and O a t .s (a ^ 0) arc O ( | z ] ^ ) for any N with respect to both (h 7 g p ) 
and (h> c i,g v ). 
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(c2) : tq^s and B A To,s are L 2 and of polynomial order with respect to (h,g p ). In 
other words, they satisfy the condition (a2). Note that the restrictions of h and 

(T) 

h c <L to Vo,s are mutually bounded. 



5.1.3.3. Statement. — By construction of the complexes and Lemma 5.1.6, we have 
the following natural morphisms: 



We will prove the following proposition in Section 5.2.8. 

Proposition 5.1.7. — The morphisms in (68) are quasi isomorphisms. 

5. 1.3. 4- Remark. — We give a consequence of Proposition 5.1.7 for holonomic D- 
modules on projective curves. Let C be a smooth projective curve. Let V be a 
mcromorphic flat bundle on C. For a given Tj > (i = 1,2), we have the de- 
formation V^ Ti ' . Let M( T; ) be the minimal extensions of V and V^ Ti \ respec- 
tively. We can deduce a natural isomorphism of the cohomology of .D-modulcs 

using the above quasi isomorphisms. Actually, 
let V* be the Deligne-Malgrange filtered bundle associated to V^ Ti \ (See Section 
2.7.) It is standard that S(V* T ^ ®^*'°) is naturally quasi isomorphic to the de Rham 
complex of M^ Ti \ Hence, the quasi isomorphisms in Propositions 5.1.4, 5.1.5 and 
5.1.7 induce the desired isomorphism H* (C, M^) ~ H* (C, M^). 

We can also obtain such an isomorphism directly from the construction of M^ Ti > . 
Recall that it is obtained as the specialization of a meromorphic fiat bundle 
on C x C for some appropriate complex manifold C with a function T . By taking 
push- forward to C, we obtain a flat bundle whose fiber over c £ C is naturally quasi 
isomorphic to H*({cj x C, M^°^). Hence, the parallel transport induces the desired 
isomorphism. It seems to be able to check that two isomorphisms are the same by us- 
ing the family version of the quasi-isomorphisms, which might simplify our argument. 
We would like to give more details somewhere. 

5.2. Proof for fixed A 

5.2.1. An estimate in [131]. — We recall a result due to Zucker [131]. We use 

the Poincare metric g p and the associated volume form dvol 9p of X* around O. We 



— 1 < a < 1/2 and k € Z. Let ||w||^ iS denote the L 2 -norm of a section u> of C <£> ft p 
with respect to h and g p . 



Thus, we obtain the complex of sheaves £ poly (V, h, /i^2). 



(68) 
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Let < R < 1/2. We put X(R) := {z e C \z\ < R} and X*(R) = X(R) \ 
{O}. Let to = g<rdz/~z be a C°°-scction of C (£> ft ^ 1 on with compact sup- 

port. We have the Fourier expansion g = X^mez 9™,{ r ) e^~^ me . We put grW := 
E m /o5 m ( r ) e v/ ^ Tme , and thus we have the decompositions g = go + g^ and to = 
u>o + lo^ 1 '. In the cases (n < 0) or (n = 0, a = 0, k > 1), we put 

(69) u n :=2r n / p-^ 1 g n (p) dp. 

Jo 

In the cases (n > 0), (n = 0, — 1 < a < 0) or (n = 0, a = 0, k < 1), we put 

,-n-i 



(70) u n :=-2r n p~ n ~ L g n (p) dp. 

J r 

We will not consider the cases (n = 0, a > 0) and (n = 0, a = 0, k = 1). Then, we set 



(71) $ (1) H := £ M «( 



When a < and (a, fc) 7^ (0, 1) are satisfied, we also put 
(72) ^{uj):=Y,^n{r)e^ lne . 

nGZ 

The following proposition is proved in the proof of Proposition 6.4 and Proposition 
11.5 of [131]. 

Proposition 5.2.1. — Assume R> is sufficiently small. Let to be as above. 

— We have d&^^tu) = cjD . There exists a positive constant C\, such that 
||$^(w)||/i,g p < C\ \ur^>\h,g v ■ If we fix a compact subset K\ of { — 1 < t < 
1/2} X Z, the constant C\ can be taken independently from (a, k) £ K%. (But it 
may depend on K\ .) 

— Assume a < and (a,k) ^ (0,1). We have d$(to) = to. We also have a 
constant C2 such that ||$(w)IU,s P < C2 . // we fix a compact subset 
K2 of { — 1 < t < 0} x Z, the constant Ci can be taken independently from 
(a,k)€K 2 . □ 

Let L 2 (X*(R),C) (resp. L 2 (X*(R),C® ft ' 1 )) denote the space of L 2 -sections of 
C (resp. C C§> ft 0,1 ) on X*(R), which are L 2 with respect to h and g p . We obtain the 
following corollary. 

Corollary 5.2.2. - 

— $W induces a bounded linear map L 2 (X* (R), C^n ' 1 ) — > L 2 (X*(R), C) . The 
range of^ 1 ^ is contained in the domain ofd, and do^ 1 ^ (to) = to^ holds for any 
to e L 2 (X*(R),C<E>n ^). If we fix a compact subset K x of {-1 < t < 1/2} x Z, 
the norm of 5> W j s uniformly bounded for (a, k) G K\ . 
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— If a < and (a,k) ^ (0,1), $ induces a bounded linear map L 2 (X*(R),C® 
QOiiJ — y L 2 (X* (R) , £/) . The range of $ is contained in the domain of d, and 
d o $ is the identity of L 2 (X*(i?), C ® f2 0,1 ) . // we fix a compact subset K% of 
{— 1 < t < 0} X Z, t/ie norm of $ is uniformly bounded for (a, fc) £ i^2- D 

5.2.2. An estimate in [114]. — Let f(z)dz be a (0, l)-form on A* such that 
\f( z )\ < M a ( — l°g \ z \) k an d that the support of / is compact in A. We often need 
a solution g of the equation dg = f dz satisfying some growth estimate around the 
origin. For that purpose, we put 

H{f){z):= f I^l^ldwdW 
J z — w 2tt 

Lemma 5.2.3. — 

- In the case -2 < a < -I, we have \H(f)\ = 0(|z| a+1 (- log \z\) k ) . 

— In the case (a = —2, k < —1) or (a = —1, k > —1), we have \H(f)\ = 
0(\z\ a+1 (-log\z\) k+1 ). 

- In the case a = -1 and k = -1, \H(f)\ = 0(|z| Q+1 (- log \z\) k+1 log(- log |z|)) . 

Proof See Page 759-760 of [114]. □ 

5.2.3. Preliminary. — Let us start the proof of the propositions in Section 5.1. 
By an easy argument to use the decent, we can reduce the problem to the unramificd 
case. Therefore, we may and will assume that (V* , B A ) is unramified. We use the polar 
coordinate z = re^ 9 . We may assume the following for the frame v, moreover: 

1. v is compatible with the irregular decomposition in A^-th order for some large 
N, i.e., V:Q m is compatible with the decomposition of V^q (n) induced by (67), 

where denotes the iV-th infinitesimal neighbourhood of O. 

2. v\q is compatible with the generalized eigen decomposition of Rcs(B A ). 

3. Let N atCtia denote the nilpotent part of the endomorphisms on Grf E a (V a |o) 
induced by Res(D A ). Then, N a , a ^ a are represented by Jordan matrices with 
respect to the induced frames. 

We have the irregular value Cl(uj), and the eigenvalue a(vi) of Res(D A ) corresponding 
to Vi- We also put a(u,) := Aeg F {vi) and k(vi) := deg w \vi). We define 

B{k) := {vi | a(vi) = a(vi) = a{vi) = 0, k(vi) = k} 

U { Vi | a(vi) = 0, (a(vi),a(vi)) ^ (0, 0)} 

Let A be determined by H) x v = v A. Let F be the diagonal matrix whose 
entries are a(vi) dzj z + da(vi). We put An := A — F. We use the symbol Fa to denote 
the section of End(y) <g> f2 1,0 determined by Fa(v) — v A. We use the symbol Fa 
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in a similar meaning. Then, Fa is bounded with respect to h and g p . We have the 
following decomposition: 



^0 — fn Ja.a,a 1~ 



Here A' is holomorphic and Fa' \o strictly decreases the parabolic filtration. And 
J a, a. a are constant Jordan matrices and represent N aaia with respect to the induced 
frames of Grf E a (V a \o)- 

The (1, 0)-operator d is defined by d{J2fi v i) = J2®fi ' Then, we have D A = 
d+Xd + F A . 

Let dvol gp denote the volume form of the Poincare metric. Recall that a section 
^2 fi Vi is L 2 if and only if the following holds: 

E / m 2 \z\- 2aM h\o g \z\ 2 ) k ^dvoi gp <™ 

A section ^ fiVidz/z + 9j v j d~z/~z is L 2 if and only if the following holds: 
£ / l/d 2 kr 2aK) (-logk| 2 )^ )+2 dvol ffp <oo 

E / l%| 2 kr 2afe) (-logk| 2 )^ )+2 dvol ffp <oo 
A section fi Vi dz dz/\z\ 2 is L 2 , if and only if the following holds: 
E / l/il'W-^C-Iogkl'J^^dvo^ <oo 

5.2.4. Vanishing of U 2 of £*(K,ID> A ) and £* oly (K , O a ). — Let us consider 
Proposition 5.1.2. Let w be an L 2 -section of V <8 fi 2 . We have the expression: 

w = / TzF f = ^ ftVi 

Each /i has the Fourier expansion /j = X)mez /i,m( r ) e v/ ~ Tr " e . We set 

^ (0) (/):= E AoW«i, -4 (1) (/):=/-^ (0) (/)- 
«<eB(-i) 

We have the decomposition / = A^{f) + A^'(f). We have the corresponding 
decomposition w = A^(oj) + A^{ui). Recall we have the following equalities: 

/7Q ^ alt f W 1 d h-0 dz alt t \\ 1 d * 

(73) fl(/,, (r)) = -r— — , fl(/, i0 (r)) = -r— - 

We show the following lemma based on Sabbah's idea contained in [104]. 

Lemma 5.2-4- — 

- We have an L 2 -section of V <E) SI 1 ' such that dr^ = A w (w). 

— We have an L 2 -section of V <8> Q 1 such that (i) H> a t(°) is also L 2 , (ii) 
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— In particular, we can take an L 2 -section r of V (g) fl 1 such that E)) a t = uj. 
If u> is C°° and of polynomial order, [i = 0, 1) , 3 x t^ and r are also C°° and of 
polynomial order. 

Proof The first claim follows from Corollary 5.2.2. Let us show the second claim. 
We give the proof which also works in the family case. We give preliminary arguments. 

5.2.4-1. (A). — In the case a(vi) = 0, 0(1;,) = and a(vi) 7^ 0, we put 

fnA\ 1 dz dz 

(74) n := f i v t — + A/i Vi — . 

z z 

Due to (73), we have O a ti = FA(fi,o Vi). Hence, we have the following: 

dz dz , , , , dz dz , „ , , , dz 

(75) f it0 Vi -y^- - a(« i )- 1 D A n = fi,ov iTW - a{v i )- 1 F A {f ifi v i ) — 

\z\ \z\ z 

= a{vi)- 1 F Ao (f i!0 Vi)Y =-Y2 B i v 3-J^T 

Because /^o Vi (dz/z) (dz/z) is L 2 , the sections 

FA{fifiVi)dz/z, fi fi Vidz/z, fifiVidz/z 

are also L 2 . In particular, t\ and O a ti are I? . Because Fa is bounded, the right hand 
side of (75) are also L 2 . Let us look at Bj more closely. Because Aq is holomorphic, 
we have Bj = J2 m >o Bj,m( r ) e^~^- m9 . If a(vj) = 0, we have Bj$(r) = unless 
(a(vj),a(vj)) = (a(vi), a(vi)) and N a ^ a Vi\ = Vj\ . Note deg w (vj) < dcg w (vi) for 
such Vj. 

5.2.4-2. (B). — Let us consider the case a(vi) = and a(vi) 7^ 0. Let k be determined 
by a(vi) = Ylj=i dj(vi)z~^ and ak(vi) ^ 0. Recall we have the following: 

(76) 0(* fc /<,o«i =z k d(hov i )^+kz k f ifi v i ^, 



z / z 

d(z k fo, i vA)=z k d(f i , v i )^- 
We consider the following: 

(77) n := z k f i Vi $ + A z k f i Vi — 

z z 

It is L 2 , and we have the following: 

dz\ . , i. „ dzdz 



(78) B x (T 1 ) = F A (z k f lfi v l ^+\kz k f l , v l 

I da(vi) , . , ,\ ■ „ dzdz u „ , „ \ 

Hence, B a (ti) is also I? . Let be determined by the following: 

1 A s-^ dzdz 
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We have Bj = J2 m >o B j, m {r) e^~^ mB . It means 

V \z\ z -kak(Vi) I 

5.2.4-3- (C). — Let us consider the case a{vi) = 0, a(vi) = 0, a(vi) = and k(vi) 
— 1. Let be determined by iVo,o,o^i(i)|o = u i|o m 

Gr£ E (V olo ). We put 

(79) n := fiflVim = + A/i,o«»(i) — • 

y ' z z 

It is L 2 , and we have the following: 

® X (T 1 )=f l . V t ^+F A ,(T 1 ) 

Hence, B*(ti) is also L 2 . Let Bj be determined by the following: 

dzdz m , . , x ^ rfz til 







If a(vj) = 0, we have Bj — J2 7n >o ^j m(r) lm6 . In particular, we have the follow- 
ing: 

dz dz 

w 

5.2.4-4- Let us show the second claim of Lemma 5.2.4. We have 

vieB(-i) 1 1 

Applying the procedure in (B) and (C), we may and will assume that /;,o = unless 
a(vi) = 0, a(vi) = and a(vi) ^ 0. Let ko be determined by max{fc(^) | a(vi) = 
0, a(vi) = 0, a(vi) 0}. Applying the procedure in (A), we can kill the coefficients in 
A^°\oj), of Vi with a(vi) = 0, a(vi) — and k{vi) = ko- By using an easy descending 
induction, we can kill .4(°) (w). Thus, we obtain the second claim of Lemma 5.2.4. 

Let us finish the proof of Lemma 5.2.4. Assume that u is C°° and of polynomial 
order. By construction, r' ' is C°° and of polynomial order by construction. We can 
check that B A r(°) is also C°° and of polynomial order from its explicit description. 
Because ui is C°° and of polynomial order by construction, A^'iui) is C°° and of 
polynomial order. Let Aj(ui) and rj 1 ^ denote the coefficients of Vj in .A^ 1 ) and 
respectively. We obtain that rj 1 ' is C°° on X* by the equation 9t- = Ap(uS) and 
the elliptic regularity of d. If M is sufficiently large, we have (i) rj 1 ' is L 2 on X, 
(ii) z M Af\u) is L°° on X, (iii) d{z M rf ] ) = z M Af\u) as a distribution on X. By 
Sobolcv's embedding, wc obtain that z M rj 1) is L p for some p > 2. Then, by using 
Sobolev's embedding again, we obtain that z m t^ is L°° on X. Namely Tj is of 
polynomial order. Thus, the proof of Lemma 5.2.4 is finished. □ 
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5.2.5. W(i[>i o ip ) and W (ipo) for j = 0,1. — Let us prove Proposition 5.1.2. 
Let lj be an L 2 -section of V <£> fi 1 such that D a cj = 0. We have the expression 
uj = f 1 ' dz/z + f' 1 dz/z. We set 

^ 0) (/°' 1 )= E /S^K ^ 1) (/ 04 ):=/°' 1 --A (0) (/°- 1 ) 

We have the decomposition J 0,1 = A^ (f ' 1 ) + A^ (f ' 1 ) . We have the corresponding 
decomposition lu ' 1 = A^ (uj ' 1 ) + A™ (w * 1 ). 

Lemma 5.2.5. — 

— We have an L 2 -section of V such that dr^ — A^ (u) ' 1 ). 

— We have an L 2 -section t 1 - * 1 of V such that (i) dr^ is also L 2 , (ii) A^(u) 0,1 — 

ZM°>) = o. 

As a result, we can take an L 2 -section rofV such that dr = cj ' 1 . If w ' 1 is C°° and 
of polynomial order, t' 1 ' (i = 0, 1), dr^ and r are also C°° and of polynomial order. 

Proof The first claim follows from Corollary 5.2.2. Let Cj be the functions de- 
termined by the following: 

dz dz 



(80) F Ao (f^dz/z) =E 



Cj Vj 



From D w = 0, we obtain the following relation by considering the Wi-component 
dz ,01/',, i \dz\ dz -tt„io dz dz dz 



(81) Ad/?' 1 v£ + f?' 1 (da(v z ) + a( Wj )-) «, % + *fl° + d < 
z V z ) z z 







We use the Fourier expansion Cj = Gj,m e ■ Wc give some preliminary argu- 

ments. 

(A) Let us consider the case a(vi) = and a(vj) ^ 0. Let k be determined by 
a ( v i) = X)j=i ^(^i) 2 ^ w hh cifc(vi) 7^ 0. Let us look at the e~ v/ ^ Tfee -component of 

(81) . Multiplying it by r k , we obtain the following, where we omit to write dz dz/\z\ 2 : 

(82) -kffiakW- J2 fiX^M^ +^ a MfZ-k + \r£(^ %-k) 

0<m<fc 
rn+j—k 

1 \ j-0,1 k 1 ® I k #1,0 \ , fe ^ — f n 

We consider the following: 



(83) p :=\ J2 tmi ^ + ^' - k\) fl\ + r k C^ k 



0<m<k 
rn+j—k 



dz 
Vi — 

Z 
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Then, we have / |/?| 2 r 2c dvol 9p < oo for some e > 0. By Corollary 5.2.2, we can take 
pi such that J |pi|^ r~ 2t dvol 9p < oo and dpi = p. Note that we have the following: 

(84) ^{i^^fi'-k _ rk fi,-k) V i) = \ r ^{ rk ^fl-k ~ rk fi,-k) V i ? 

Hence, we have an L 2 -section T2 such that fi^Vi dz/z = 8t2- 

(B) Let us consider the case a(vi) = 0, a(vi) = and a(vi) ^ 0. Let us look at the 
eV-io^-component of (81). We have the following: 

A dfi'o dzdz 01 dzctz 1 dflo dzdz dzdz 



—r- 



+ a(vi) f, o -T-tr - n r ^r~ -TjT + C ^ 



2 dr \z\ 2 x l/Jl ' u \z\ 2 2 dr 
Hence, we have the following: 

2 r ar l A 4o hfi ) + <*(v t ) h, -\ R otherwise 

Here, J \Rvi\ 2 l r~ e dvol 9p < oo. Then, by using an easy inductive argument, we can 
show that there exists T2 such that 8t2 = dz/~z. 

(C) Let us consider the case a(vi) = 0, a(vi) = 0, a(vi) — and k{vj) = 1. Let i(— 1) 
be determined by Nv^q = w i(-i)|o- Let us look at the e v/ ~ Toe -component of (81) for 
v i(-i)- We have the following: 

n ,0,1 

r a h(-i),a dzdz r a 10 dzdz 01 dzdz , 01 ,dzdz_ 
Hence, we have the following: 

2' dr 



,0,1 _ 1 ® { \ J-0,1 1 ,1,0 \ , r? 



Here, J" |i?«i| 2 \z\ e dvol ffp < 00 for some e > 0. We also have the following: 



1*0,1 1 2 i,o,l 7— /—1 2 

|/ i( -i),o w 4 ~ |/ i (-i),o^(-i) c ^/ z L 



Hence, we obtain that f^_u o Vi * s ^' Similarly, /j/_x) u * * s a ^ so Thus, there 
exists an L 2 -section ti such that ch~2 = /^q 1 Vi dz/~z. 

The second claim of Lemma 5.2.5 follows from the above considerations (A), (B), 
(C). Assume that w is C°° and of polynomial order. By the argument in the proof 
of Lemma 5.2.4, we can show that t^ 1 ' is C°° and of polynomial order. In (A), if ui 
is C°° and of polynomial order, p, f;'_ k , fj'_u arc C°° and of polynomial order, and 
we can show that p\ is C°° and of polynomial order by the argument in the proof of 
Lemma 5.2.4. Hence, T2 in (A) is C°° and of polynomial order. We can show that T2 
in (B), (C) are C°° and of polynomial order. Then, and dr^ in Lemma 5.2.5 
are C°° and of polynomial order. □ 
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We put p := oj — ES a t which is a holomorphic section of V <g> tt 1 ' on X* . We have 
the decomposition p = ^2pi, where each pi is the product of «, and a holomorphic 
(1, 0)-form on X* . 

Lemma 5.2.6. — Let l(vi) € Z>o be determined as follows: 

— We put l(vi) := — ord(a(ui)) + 1 in the case a(i>i) 7^ 0. 

— We put l(vi) := 1 in the case a(vi) = and a(vi) + Xa(vi) 7^ 0. 

— We put l(vi) := otherwise. 

Then, z" Vi ' pi is 1? with respect to h and g p . In the second case, (— log is 
L 2 , more strongly. 

In particular, p is C°° and of polynomial order. 

Proof Let 5' denote the (1, 0) -operator determined by h and d. Let B be deter- 
mined by 6'v = vB. Then, B is diagonal, and the (i, i)-entries are as follows: 

, . dz k(vj) dz 

-a(vi)—+ 91 V I ■ — 
z — 2 log I ^ I z 

The curvature R(h) of d + 5' is bounded with respect to h and g p . Hence, S't is also 
L 2 . (See the argument in the proof of Lemma 7.4.11, for example.) 

Let D A (^°) denote the (l,0)-part of LD A . We put G := O^ 1 ' ) - X6', which is a 
section of End(y) ® fi 1,0 . Let A\ be determined by Gv = v A±. Then, we have the 
decomposition A\ = V + C, where Fc is bounded with respect to h and g p , and V 
is the diagonal matrix whose (i, i)-entry is as follows: 

dz 

da(vi) + (a(vi) + Ao(wj)) — 

We have the decomposition p = cj 1 - - XS't- XF c (t)- \F r >(r). Note uj lfi -X5'T- 
XFc(t) is I? . Then, the claim of the lemma follows. □ 

Let A and L be as in Section 5.2.3. We put B A := D A - F r . We have B^v = v A . 
Recall Fa is bounded with respect to h and g p . 

— In the case o(u,) 7^ 0, we have the L 2 -holomorphic section m such that pi = 
(da(vi) + a(vi) dz/z) m. Note Bo( K «) i s a ^ so L 2 ■ 

— In the case a{vi) = and a(u,) < 0, we have (— log pi is L 2 . Then, we 
obtain the I/ 2 -property of pi. See Section 5.1.1.1. 

— In the case a(vi) = 0, a(vi) = and a{vi) ^ 0, we have z pi is I? . Hence, we 
have the L 2 -holomorphic section Ki such that a(vi)Kidz/z — pi. Note Pq(«;j) 
is also I? . 

— In the case a(vi) = 0, a{vi) = and a(vi) = 0, we have pi is L 2 . 
Hence, we obtain the following lemma. 
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Lemma 5.2.7. — There exists an L? -section v of V such that (i) B A i/ is also L 2 , 
(ii) oj — B'V is a holomorphic (1,0) -form. If oj ' 1 is C°° and of polynomial order, v 
is also C°° and of polynomial order. □ 

Let us finish the proof of Proposition 5.1.2. Lemma 5.2.5 and Lemma 5.2.7 imply 
that ipi o ipo is a quasi isomorphism. 

Let oj G £* oly (K,B A ). We take v as in Lemma 5.2.7. Because oj — B'V is C°° and 
of polynomial order, we obtain that H> x v is also C°° and of polynomial order. Hence, 
v G £p oly (K,ID )A ). It implies that ^(fo) is surjective. The injectivity of ^(ipo) 
follows from the injectivity of ^(ipi o ip ). It is easy to see H°(tpo) is an isomorphism 
by Lemma 5.1.3. Thus Proposition 5.1.2 is proved. □ 

5.2.6. Proof of Proposition 5.1.4. — By using an easy argument to use the 
descent with respect to the ramified covering X' — 5- X, we may and will assume 
that (K,B A ) is unramified. We have the full reduction (Grf (°V), B A ) for each a G 
Irr(B A ). (See Section 3.2.4.) Let v a be a holomorphic frame of Grf (Y) such that (i) 
compatible with the induced parabolic structure, the generalized eigen decomposition 
of Rcs(lD) A ), (ii) the induced frame of Gv F Gt^ (°V) is compatible with the weight 
filtration of the nilpotent part of Rcs(ID) A ). Let R a be determined by D A U a = v a (da + 

R a )- 

Let X* = \Jf =1 Sj be a covering by small sectors. We have the full Stokes filtration 
F S] and a flat splitting V^. = ® a V 0) s 3 -. We take the lift of v a to V a ,S r By gluing 
them as in Section 3.6.8.2, we obtain a C°°-frame t>c=° = (v a ,c°°)- Let V a ,c°° denote 
the subbundle generated by f a! c°°- We obtain a decomposition V\ x * = ©K,c°°- 
Let r be a local C°°-section of V (8) fi p , which has the corresponding decomposition 
t = Y^ T a- Then, r is a section of £* ol (V*, B )A ), if and only if the following estimate 
holds for h and g p : 

— t and D A r are of polynomial order. 

- t ,c°° and (O a t) ,c°° are I? . 

Let C be determined by the following: 

B x v c ~ = v c - (0(do + Ra) + C) 

Then, we have C = 0(\z\ N ) for any N > 0. Let 1D) A ' be the flat A-connection 
determined by the following: 

B A V- =v c °° (0(do + i?„)) 

The (0, l)-part of D A ' is denoted by d' . We put F := B A - B A ', and then we have 
\F\ h = 0(\z\ N ) for any N > 0. We obtain a complex £* oly (K, © A/ ) from B A ' as in 
Section 5.1.1. As a sheaf, we have ££ oly (V*,B A/ ) = £~£ oly (K, B A ) for p = 0, 1, 2. 
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Lemma 5.2.8. — For any uj g C 2 poly (V^D X/ ) = Cl oly (V x ,D x ), we can take r g 
£i Qly (K,B A ) such that B A 'r = uj. Note that C p poly (V*, B A ') = £^ oly (K,B A ) as re- 
marked above. 

Proof We have only to consider the case where B A has a unique irregular value 
o. (Note that D A/ has the same irregular value.) In the case o = 0, we may apply 
the results in Section 5.2.4. In the case a 7^ 0, we have only to use Lemma 5.2.3, for 
example. □ 

Lemma 5.2.9. — For any to € £p oly (K,B A ), we can take f <G £ poly (K,B A ) such 
that P a t = lo. 

In particular, we obtain the vanishing ofH 2 of the complex of sheaves £* oly (V*, D A ) 
at O. 

Proof Take r as in Lemma 5.2.8. We have uj - D A r = 0(1^) for any N. Take 
some large M. According to Lemma 5.2.3, we can take a section k of V <£> fi '° 
such that (i) ~8k = uj - D A r, (ii) \k\ = 0{\z\ M ). We have « G £ poly (V* , B A ), and 
P a (t + k) = u>. Thus, we obtain Lemma 5.2.9 □ 

Let uj g £^ oly (K,B A ) such that E> A w = 0. We have B A 'u; = -Fui = 0(^1^) for 
any AT. Hence, we can take a large M > and a C°°-section k of V ® fi 1,0 such that 
d'n = B a 'cj and |k| = 0{\z\ M ). We put w' := u - K, and then B a 'cj' = 0. Note that 
the (0, l)-part of uj' and ui are equal. 

Lemma 5.2.10. — There exists a local section t g £°(V*,B A ) around O such that 

~5't=0J > 1 . 

Proof We may assume that B A (and hence B A/ ) has a unique irregular value a. 
In the case a = 0, we can apply the result in Section 5.2.5. In the case a ^ 0, we 
can take r such that (i) d r = uj ' 1 , (ii) |t| = 0(|z|~ M ) for some large M. Let us 
show that B A 'r is of polynomial order. Let h' be the C°°-hermitian metric of V\x-o 
such that h' (vc°°,i,vc°°j) = 6ij. Note that h! and h are mutually bounded up to 
polynomial order. Let S[ be the (1, 0)-operator determined by d and h' . Note that 
z AJl uj - 1 and z Mi t are bounded for some large Mi, and that d (z Mi t) = z Ml ui 0,1 . 
Then, it can be shown that S' 1 (z Mi t) is I? . (See the argument in the proof of Lemma 
7.4.11, for example.) Thus, we obtain that z Ml 5[t is L 2 . Taking large M2, we obtain 
z Ah (S'jT-u 1 ' ) is also L 2 . 

Since a; 1 ' — S[t is holomorphic with respect to d , we obtain 5[t — lj 1,0 = 0(\z\~ M3 ) 
for some large M3. Then, we obtain the desired estimate for S[t. □ 

Lemma 5.2.11. — We can take a section r g £°(K*,B A ) such that dr = uj 0,1 . 

Proof Let r be as in Lemma 5.2.10. We have B a t - B A 'r = Ft = 0(\z\ N ) for 
any N > 0. According to Lemma 5.2.3, we can take a section v of V such that (i) 



5.2. PROOF FOR FIXED A 



159 



H = 0(\z\ M ) for some large M > 0, (ii) dv = F°' 1 t. Let 5' be the (1, 0)-operator 
determined by h and d. Then, 5'v is L 2 . If M is sufficiently large, (D A ( 1 ^°) — \8')v 
is 0(|z| M/2 ). We put p = Pa := w - k - © A r + D"V Then, p is a holomorphic 
section of V ® O 1 ' , 2 L /O a is £ 2 for some L for any a, and po is £ 2 - Hence, we obtain 
t := t + v e £° oly (K, E> A ). Thus, Lemma 5.2.11 is proved. □ 

Let <S(V* ® Sl p, °) be the sheaf of meromorphic sections r of V (8 ^ p '° with the 
following property: 

— Let t,q = TV-eg + ^irr be the decomposition corresponding to the irregular decom- 
position. Then, r reg is contained in S(V leg * <E> £l p '°). 

By using Lemma 5.2.9 and Lemma 5.2.11, it is easy to show that the natural 
inclusion S(V* <& fi*'°) — > £* ol (K,D A ) is a quasi isomorphism. It is also standard 
and easy to show that the natural inclusion S(V* ® Q'>°) — > S(V* <8> is a quasi 
isomorphism. Hence, we obtain that ^2 fa is a quasi isomorphism. Thus, the proof 
of Proposition 5.1.4 is finished. □ 

5.2.7. Proof of Proposition 5.1.5. — Let it : X(0) — > X denote the projection. 
For an open subset U of X(0), let £p oly (Vi , ® A ) x(o) (^0 ^ e s P ace °f C , °°-sections 
r of y<g>f2^- on i/\7r _1 (0), such that Tif/ns an d B^i'ifynS' satisfy the conditions (al) 
and (a2) with respect to /i and g p on each small sector SOU. By taking shcafification, 
we obtain a complex of sheaves <C po i y (Vi> B A ) w G ) on X(O). Similarly, we obtain a 
complex of sheaves £* oly (Vi,B A )^,~ on X(O) from (bl) and (b2). 

Lemma 5.2.12. — The natural inclusion (ip% o <pi)xr \ ■ ^polyC^*!^ 



>X{0) ■ ^-polyV*!^ >X(0) 7 

^*oiy(^* ' ® A )x(0) * s a Quasi-isomorphism. 

Proof By choosing a flat splitting, we may assume that (V*,]D A ) has a unique 
irregular value a. In the case a = 0, the claim is trivial. By using the results 
in Section 20.2.2, we can show the vanishing of the higher cohomology sheaves of 
both £ poly (V*, h) and £ poly (14, h) on X(0). The comparison of the 0-th cohomology 
sheaves is easy. □ 

Note that £* oly (V*,0 A )jf( O ) and £* i y (V* , B A ) ^ ^ are c-soft in the sense of Def- 
inition 2.5.5 of [68], and that Z* oly (y*, B> A ) and £ poly (K<,B A ) are obtained as their 
push-forward. Hence, we obtain Proposition 5.1.5 from Lemma 5.2.12. □ 

5.2.8. Proof of Proposition 5.1.7. — We have only to consider the first mor- 
phism. We use the notation in Section 5.2.7. We obtain a complex of sheaves 
£poiy(^*i ^) h )x(0) on ^(^) lrom the conditions (cl) and (c2). 

Lemma 5.2.13. — The inclusion u : £^ oly (F*, h, ^^)_y(o) — > £poi y (^*> ® A )x(o) 
is a quasi isomorphism. 
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Proof We may assume that (14, D A ) has the unique irregular value o. In the case 
a = 0, the claim is trivial. By using Lemmas 20.2.2 and 20.2.3, we can show the van- 
ishing of the higher cohomology sheaves £ poly (K, h) on X(0). By the same argument 
as that in the proof of Lemmas 20.2.2 and 20.2.3, we can also show the vanishing of 
the higher cohomology sheaves £ po i y (K , h, h^ T ') on X(0). The comparison of the 
0-th cohomology sheaves is easy. Thus, we obtain Lemma 5.2.13. □ 

Because £* oly (T4, h, ^ T ^)x( ) and £ po i y (V*, D A )jf( ) are c-soft, we obtain Propo- 
sition 5.1.7 as the push-forward of Lemma 5.2.13. □ 

5.3. Local quasi isomorphisms in family 

Let Ao G C\. Let JC be a neighbourhood of Ao in C\, which will be shrinked if it 
is necessary. We put X :— JC x X and T> := JC x D. Let p\ denote the projection 
forgetting the /C-component. For any subset U of X, we use the symbol U* to denote 
U\V. Let (V*,B) be a good family of filtered A-flat bundles on (X,T>) with KMS- 
structure at Ao indexed by T. We shall consider the family versions of the complexes 
in Section 5.1.1. 

We have the induced endomorphism Grf ° Res(D) on Grf ° (V). We assume 
that the conjugacy classes of the nilpotent part of Gr F o) Res(D) are independent of 
\€fC. 

5.3.1. Preliminary for metrics. — We have the filtration F^ ^ and the decom- 
position E( A °) of °V as in Section 2.8.2. Let v be a frame of °V compatible with F^ x °\ 
E( Ao > and the weight filtration W on Gr F<Ao) ' E<Ao) We have ufa) eRxC such 

that t(Xo,u(vi)) = deg F< ° >:E( 0> (wi)- We put k(vi) := deg w (vi). Let h be the hermi- 
tian metric given as follows: 

Note —1 < p(\ ,u(vi)) < for each i. Recall p(A, it(u,)) = a(u,) +Rc(Xa(vi)), where 
u(vi) = (a(vi), a{vi)) € RxC. Hence, if p(Ao, u(vi)) < 0, we may and will assume that 
p(A, u(vi)) < on JC. If p(A , u(v 2 )) = and u(vi) ^ (0, 0), we have p(A, u(u.;)) > on 
an open subset whose closure contains Ao- If u(vi) = (0,0), p(X,u(vi)) is constantly 
0. 

Note if h' comes from another choice of v', the metrics h and h' are mutually 
bounded. In the following, we will use the metric g p := g p + dXdX and the induced 
volume form dvolg for the base space X \T>. 

5.3.1.1. Condition for a holomorphic section to be L 2 . — Let / = ^2fiVi be a 
holomorphic section on an open subset U of JC x X*. Let us describe the condition 
for / to be L 2 on a neighbourhood of (A, O) <G T>. By the orthogonality, we have only 
to consider each /j Vi . 
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p(X,u(vi)) < : fi is holomorphic at (A, O). 

u(vi) = (0,0), k(vi) < : fi is holomorphic at (A, O). 

u(vi) = (0,0), k{vi) > : fi is holomorphic at (A, O) and fi(X,0) = 0. 

p(X 7 u(vi)) = 0, u(vi) 7^ (0,0) : fi is holomorphic at (A, O), and /i(A, 0) = 0. 

p(X,u(vi)) > : /j is holomorphic at (A, O), and /i(A,0) = 0. 

We have similar conditions for a holomorphic section fiVidz/z of V <E> f2 1,0 to be L 2 
with respect to {h,g p ). 

p(X,u(vi)) < : is holomorphic at (A, O). 

u(vi) = (0,0), k(vi) < —2 : fi is holomorphic at (A, O). 

u(vi) = (0,0), k(v.i) > —2 : fi is holomorphic at (A, O) and fi(X,0) = 0. 

p(X,u(vi)) = 0, u(vi) 7^ (0,0) : fi is holomorphic at (A, O), and /i(A, 0) = 0. 

p(X,u(vi)) > : /j is holomorphic at (A, O), and fi(X,0) = 0. 

5.5.1.2. Remark. — Let E7 be a subset of /C x X* . Let / be a C°° -section of V^p^pP 
on {/. We say that / is A-holomorphic, if d\f = 0. Assume U — K, x X*(l?), for 
simplicity. Assume that / is A-holomorphic. We have the expression f — ^2 fiVi- We 
have —d\d\\og\fiVi\\~^ = 0. Hence, l/l 2 ^ is subharmonic with respect to A. It 
implies the following, for any A-holomorphic C^-section / which is L 2 with respect 
to h and g p : 

1. The restrictions f\{\} x x*(R) are a l so L 2 . Moreover, when we fix a compact 
subset K-i of the interior of /C, there exists a constant C\ > such that 
ll/|{A}xx*(fl)lkffp < Ci ll/IU.ffp for an Y ^ £ The constant Ci is independent 
of R. 

2. For any e > 0, we take a small 1?' such that ||/|jc x jf*(,R') \\ h ~ < e - Then, for 
any A G JCi, we obtain \\f\{\}xx*(R')\\h,g p < Ci e. Hence, for the expression 
/ = ^2 fiVi, we can show the continuity of the function from IC to the space of 
L 2 -forms on X*(R) given by A i — > fi\{x}xx*(H) \ u i\h, for example. (The claim 
2 follows from 1.) 

Note if a hermitian metric h! is mutually bounded with h, then the claims 1 and 2 
above also hold for h', although |/| 2 , ~ is not necessarily subharmonic with respect 
to A. 

5.3.2. Sheaves of L 2 -sections. — 

5.3.2.1. X-holomorphic L 2 -sections and holomorphic L 2 -sections. — The family of 
A-connections D of V and the differential Xdx + dx of tt x induce the differential of 
the A-holomorphic C°°-sections of V & p* x fl x on open subsets of X* , which is also 
denoted by KS. We shall introduce a complex of sheaves £" oly (14,B)(W) on X, which 
is an extension of the sheaf of A-holomorphic C°°-sections of V £g> f2V 

For any open subset U of K,, let £p oly (Vi, D)(ZY) be the space of A-holomorphic 
C°°-sections r of V (8) fi p on open subsets with the following property: 
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— t and Dt are L 2 and of polynomial order locally on U with respect to h and g p . 

Thus, we obtain a complex of sheaves £* ol (V* , 1D>) on X^ x °\ 

Let £^ ol (K,D) (p = 1,2) be the subsheaf of C^ ol (V*, ©), which consists of holo- 
morphic (p, 0)-forms. We will show the following proposition in Section 5.4.2-5.4.5. 

Proposition 5.3.1. — The natural inclusion ipo : C^ ol (V* ,H>) — > £p oly (V*,D) is a 
quasi isomorphism. 

5.3.2.2. Algebraically determined sheaf. — We shall give a rather algebraic descrip- 
tion of the complexes up to quasi isomorphisms. Let X' and ip n be as in Section 5.1.1. 
We put D' := {O'} and X' := K x X' and V := K X D' . Recall that we have the 
induced good family of filtered A-flat bundles on (X',T>') as in Section 2.5.3.3, which 
is denoted by (V^',0'). It is easy to see that (V£,W) also has the KMS-structure at 
Ao if we shrink K. appropriately. If we choose n appropriately, we have the irregular 
decomposition: 

oGlrr(D') 

Since Vq„ and (B n ^ are Gal(X'/X)-equivariant, we have the descent to V which 
are denoted by V log and Vj rr , respectively. 

Let a G R and a G Irr(D'). We use the notation in Section 2.8.2. We have the 
generalized eigen decomposition 

Grr 0, (K')= E c(A , u) Grr o) (K), 

u£LK{a) 

where the restriction of Res(D) — e(A, u) to E e o u ) Grf ' 0> (VJ) are nilpotent. We have 
the weight filtration W of the nilpotent part of Grf 0> Res(D') on E c (> u ) Grf ° (V£) 

andGrr 0> (K)- 

For any a ^ 0, let S(V^ ® ft ^?) denote the pull back of W_ 2 E_ ord (a)A Grf^ 
via the projection or d(a)^a' — ^ ^ r ard(°o) (^o) • Let *^(^o* ® ^X') denote the pull back 
of Fy_ 2 E Grf Ao) (V" ') via the projection ^dz'/z' — > Gr^ (A °' (t>). The descent of 
©„ # o <5(C ® fi x°) is denoted by S(V> ir „ <g> ft^ ). 

Let 5(Vo* ® denote the inverse image of WoEo Gr^' o) (Vo) via the projection 
Vo — > Gr^ <Ao> (Vo). Let S(V 0t ® £l x °) denote the inverse image of W- 2 ^o Gr^ ' V 
via the projection °Vbrfz/z — !• Gtq ( 0> Vb- 

Thus, we obtain lattices S(V* ® fJ^°) = <S(Vo* ® © S(Vi rr * ® ft^ ) of (V <g> 
5^0%° (*£>)) ~. They induce lattices S(V* <g> ft^ ) of V" ® p A 0^° (*£>). The family of 
A-connections D on V* and the differential Xdx on Q'^f induce D : S(V* (g) r^ ) — ^ 
5(K ® n]f). Thus, we obtain a complex of sheaves iS(V* ® Q°x°) — * ^(^* ® ^x°)- 
We will show the following lemma in Section 5.4.3. 
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Lemma 5.3.2. — We have a natural inclusion S(V* <E> — ^ £*oi(^*'®)- ^ * ,s 
a gwas? isomorphism. If Xq is generic, moreover, it is an isomorphism. 

5.3.3. Variants in the case Ao 7^ 0. — We shall introduce complexes of sheaves 
£p oly (K , B) and Z^ oly (K , D) on X, which are extensions of the sheaf of A-holomorphic 
C°°-sections of V <8> f2* on X*. Although they can be given as in Section 5.1.2, we 
define them in a slightly different but equivalent way. We assume Ao 7^ 0. 

5.3.3.1. Decomposition. — We have the full reduction Gi^( V) for o € Irr(D). We 
take a frame v a of Gt^^V) compatible with the induced decomposition E^ A °\ the in- 
duced filtration F( x °\ and the weight filtration W on Gr E<A °^ FUo) (*V). For each g e 
GaX(X' /X), we have a naturally induced isomorphism g : Gr^^V') — > Gr^^V). 
We assume g*v a = v g * a for any g <G Gal(X' /X). 

Let S be a small sector in X' \ V , and let S denote its closure in the real blow 
up X'(D'). When S is small, we have the full Stokes filtration F s of VL, and we 
can take a B-flat splitting V.^ = (J) a V a ' s . We have the holomorphic lift v at g of 17 a to 

Vis- 

By shrinking /C, we take a covering X' \ V = Uj=i Sj ^y small sectors with the 
following property: 

— Each Sj is the product of a small sector of X*(R) and K. 

— We have the full Stokes nitrations T Si , flat splittings Vj— = (£) V a s , and lifts 

\bj ■ 1 

Va.Sj Of V a to Va.Sj • 

— We may assume that g~ 1 (Sj) is the same as some for any 5 S Gal(X'/X ) 
and j, and g* = w ff *a,S j(g , J) ■ 

By gluing them as in Section 3.6.8.2, we obtain a C^-frame vq°=> — (v a ,c°°) of °V 
on A". We may assume the following: 

— 9*' u a.c= o = %o,c™ f° r 5 € G&\(X/X). In particular, ■Uo,c° o is Gdl{X/X)- 
equivariant, which induces a tuple of sections of V on X \ V. It is also denoted 
by v . c ™. 

~ Va.c^ are A-holomorphic. 

Let V{ IlCoa be the C°°-subbundle of V^,^, generated by tyc^ (a 7^ 0), and 
let VJ.' cg c «, be the C^-subbundlc of V^' x ,^ v , generated by t>o,c=° ■ Since they are 
Gal(X'/X)-equivariant, they induce a decomposition V\x\v = ^reg,c°° © Mr^C 00 - 
The decomposition is A-holomorphic. Note that it is not canonical. 

Lemma 5.3.3. — Let S be any small sector of X' \ T>' such that we have the full 
Stokes filtration T s of V^. Let Z := S C\ 7r _1 (2?), where n denotes the projection of 

X'(T>') to X' . Let V' = Q) a V a ^s be any splitting of T s . Let v a ^s be any holomorphic 
lift ofv a to V a . s , and let v s = (u„,s). 
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Let C be determined by v$ = vc<*> (I + C). Corresponding to the decomposition of 
the frames, we have the decomposition C = {C a ^) ■ Then, the following holds: 

C aM 2 = 0- 

— C a ,b = unless a <s b. 

- C a .b exp(A _1 (a — b)) is 0(jz\~ N ) for some N in the case a <s fa- 
Proof It can be shown using the same argument as that in the proof of Lemma 

3.6.26. □ 

For any local C°°-section r of V <£> £l p , we have the corresponding decompositions 

t = TVeg.C 00 + Tirr,c°° and Br = (Br) re g i0 <x> + (BT)i rri C~ • 

5.3.3.2. Complexes. — For any open U C X, let £p 0l (V* , H))(U) denote the space of 
A-holomorphic C°°-sections r of V (g> H, p on U* such that the following estimates hold 
for 5 P and h: 

(al) : Ti rl ^c°° and (Bx)i ir> c» are of polynomial order locally onW. 

(a2) : T leSi c°° and (BT) r eg,c°° are L 2 and of polynomial order locally on U. 
Let £p oly (\4,D)(W) denote the space of A-holomorphic C°°-sections r of V ® il p on 
£Y* such that the following estimates hold for h and g p : 

(bl) : T irrj c7oo and (H>T)i TIt c°° are 0(|z| w ) for any N locally onW. 

(b2) : Treg^oo and (Dr) regi c°° are L 2 and of polynomial order locally on U. 

Thus, we obtain the complexes of sheaves C' ly (V, , B) and £p i y (K , B). The following 
lemma is clear from Lemma 5.3.3. 



Lemma 5.3.4- — On the germ of neighbourhoods o/(Ao,0) in X, the complexes of 
sheaves £* oly (V4,B) and £ poly (V r *,B) are well defined, i.e., they are independent of 
the choices of covering X \ K. = (J Si, flat splittings on Si of J- Si and C°° -gluings of 
them. □ 

We will show the following proposition in Sections 5.4.6 and 5.4.7. 

Proposition 5.3.5. — The natural morphisms 

z; o1v (k,b) ^ £; oly (K,B) ^ r; oly (K,B) 

are quasi isomorphisms. 

5.3.4. Deformation of the Stokes structure. — Assume Ao ^ 0. We consider 
family versions of the complexes in Section 5.1.3. 

5.3.4-1- Construction of a metric. — Let us take a finite covering X\T> = [JjLi Sj as 
in Section 5.3.3. Let T = T(A) := 1 + |A| 2 , and F s f> := a cxp((l - T)A- 1 a) idy a>s • 
We consider the metric hg'(u,v) := h(F s T ' (u), F s T \v)) . By gluing kg) in C°°, we 
obtain a C°°-metric ft/ T ' of V^ x ,^ v ,. We may assume that it is Gal(X'/X)-equivariant. 
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The induced metric of Vj^\p is also denoted by h^ T \ Note that the restrictions of 
the metrics h^ T > and h to K-cg.C 00 ar e mutually bounded. 

Remark 5.3.6. — is not obtained as a metric for a good family of filtered X-flat 
bundles as in Section 5.3.1. The specialization of to {A} x X is obtained as a 
metric for the good filtered X-flat bundle (V A , B A )< T ( A » . (See Section 5.3.5.2 for V*.) 

□ 

5.3.4-2. Complexes. — For any open U C X, let £ poly (V, h^){JA) be the space of 
A-holomorphic C°°-sections t of V <S> £l p on U* with the following growth estimate 
with respect to and g p locally on U: 

(cl) : Tir^c*. and (Dr)i 1T! c=c are Odz^) for any N > 0. 

(c2) : r rC g.(7oo and (DT) regj c , oo are i 2 and of polynomial order. (Equivalcntly, they 
are L 2 and of polynomial order with respect to h and g p .) 

Let £p i y (F, h, h,W)(U) be the space of A-holomorphic C°°-sections t of V ® Q p with 
the following property: 

(dl) : Ti rr .c°° and (Br)i rr .c'°° are Odzj^) for any N > locally on with respect 
to both (h,g p ) and (h^ T \g p ). 

(d2) : Trcg c^ and (Dr) rogi c°° satisfy the conditions (c2). 
Thus, we obtain complexes of sheaves £ poly (V, h^) and £ poly (V, h, /i^) . The fol- 
lowing lemma is clear from Lemma 5.3.3. 

Lemma 5.3.7. — T poly (V, h^) and Z poly (V, h, h^) are well defined for (14, B) 
on i/ie germ of neighbourhoods of (Ao,0) m <Y. □ 

5.3.4-3. Statement. — We will prove the following lemma in Section 5.4.7. 

Proposition 5.3.8. — The naturally defined morphisms 

z; oly (K,o) < — r poly (v,h,h^) — > c' poly {vM T) ) 

are quasi isomorphisms. 

5.3.5. Complement for varying A. — Assume Ao ^ 0. Let Ai € K,. We take a 
small neighbourhood K,\ of Ai in K., and we put A^ Al ' := JC± x X . We have the good 
family of filtered A-flat bundles 14^ obtained from 14, as explained in Section 2.8.2. 
If we construct hi for 14 ^ as above, hi and /ii^ao are mutually bounded. 

5.3.5.1. By the previous procedures, we obtain complexes of sheaves on X^ 1 ': 
S(K (Al W<°), £ poly (K (Al) ,B), £ poly (K (Al) ,B), £ poly (V4 (Al) ,B) 

By construction, £ poly (V; (Al) , B), £* oly (V; (Al) ,B) and Z* oly (V; (Al) , B) arc the same as 
the restrictions of £ poly (14,B), £ poly (14,B) and £ poly (V»,B) to <Y( Al \ respectively. 

The sheaves for (V^ A , B) as in Section 5.3.4 are also the same as the restriction of 
the sheaves for (14, B). 
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We have the following commutative diagram: 

-I -I 

5(v; (Al) ® ► £; oly (K (Al) ,B) 

It is easy to see that p\ is a quasi isomorphism. (See the proof of Lemma 5.3.2.2.) 

5.3.5.2. Let X Xl := {X±} x X. By considering the specialization at X Xl , i.e., taking 
the cokernel of the multiplication of A — Ai, wc obtain a good filtered A i -flat bundle 
(V Xl ,B> Xl ) := (V*\l$)\x*i- We obtain the complex of sheaves, as in Section 5.1: 

s(v^®n-> ), £; oly (K Al ,B Al ), z; oly (K Al ,iD Al ) 

The restriction of h to X Xl is denoted by h\ x . We also obtain the following complexes 
of sheaves: 

T (V Xl h^ h (T( - Xl)) ) T* (V Xl h( T ( Xl ») 

i -polyl ,/ ! "Ail '% C°° h l ~vo\y\ v >" , \ 1 ,C<*>) 

By taking the specialization at Ai, we obtain the following commutative diagrams, 
which will be used in Section 18.2. 

^ 1 1 1 

S(V x i®Q-<°) > C' poly (V x \D) < £' poly (V x ^B) 

^ 1 1 _ 



5.4. Proof in the family case 

Because we will use the almost same arguments as those in Section 5.2, we will 
omit some details. 

5.4.1. Variant of an estimate in [131]. — Let u = (a, a) such that —1 < 
p(Ao, u) < 0, and let k G Z. Let £ be a holomorphic line bundle on JC x X* with the 
holomorphic frame a and the metric h such that h(a,a) = \z\^ 2p( - X ' u ^ |log|z|| fe . Let 
u! = g a dz/~z be a A-holomorphic C°°-section of £<&p* x fl on/Cx X*(R), which is L 2 
and of polynomial order with respect to h and 7j p . Wc have the Fourier decomposi- 
tion g = J2 9n(r, A) e^ n6 '. As in Section 5.2.1, wc put gW := £ m/0 9m(r) e^ m \ 
and thus we have the decompositions g = go + g^ 1 ' and uj = ujq + uj^\ Let d z and 
d\ denote the natural (0, l)-operator along X-direction and /C-direction, respectively. 
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We have a direct consequence of the estimate in [131], which we formulate for the 
reference in the subsequent argument. 

Lemma 5. 4-1- — We have a X-holomorphic C°° -section t, which is L 2 and of poly- 
nomial order with respect to h and g p , with the following property: 

— We have d z r = uj in the case that one of (p(Ao,tt) < 0) or (u = (0,0), k =/= 1) 
holds. 

— We have d z r = a/ 1 -* otherwise. 

Proof Note a remark in Section 5.3.1.2. Let u\ denote the restriction of u to 
{A} x X*(R). Let us consider the case in which one of (p(Ao, it) < 0) or (u = 
(0,0), k 1) holds. Applying i> to each u>\, we obtain the i 2 -section $(w) of C. 
By construction, it satisfies d z $>(u>) = to and d\$(u) = as a distribution. Then, 
it follows that $(w) is C°° and A-holomorphic due to standard ellipticity. By using 
Sobolev embedding, we obtain $(w) is of polynomial order. (See the last part of the 
proof of Lemma 5.2.4.) 

If neither (p(Ao,u) < 0) or [u = (0,0), k ^ 1) arc satisfied, we obtain the desired 
section by applying (I^ 1 ). □ 

5.4.2. Preliminary. — Let us start the proof of the propositions in Section 5.3. 
By an easy argument to use a decent, we can reduce the problem to the unramified 
case. Therefore, we may and will assume that (14, 0) is unramified. We use the polar 
coordinate z = r e^~^ e . We may assume the following for the frame v: 

1. v is compatible with the irregular decomposition in iV-th order for some large 
N. (See Section 5.2.3.) 

2. Let N a!0lta be the nilpotent part of the endomorphisms on Gr^ c E^ -* (Va|i?) 
induced by Res(D). Then, N atCCta are represented by Jordan matrices with 
respect to the induced frames. 

We have the irregular value a(vi). We also put a(vi) :— deg f< 0> (wj), oe(vi) := 
deg E< 0> (vi) and k(vi) := deg w (vt). Let u(vi) G fix C be determined by t(Ao, u(vi)) = 
(a(vi) , a(vi)) . We define 

B(k) := {v t | o(«i) - 0, u(vi) = (0, 0), k{vi) = k}u 

{vi\a(vi) = 0, (a(vi),a(vi)) ^(0,0)}. 

Let A be determined by = v A. Let T be the diagonal matrix whose (i, i)-entries 
are 

e(A, u(vi)j dz/z + da(vi). 

We put A := A - V. We use the symbol Fa to denote the section of End(y) ® CI 1 ' 
determined by Fa{v) — v A. We use the symbol Fa in a similar meaning. Then, 
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Fa is bounded with respect to h and g p . We have the following decomposition: 

A-0 = Ja,a,a I" ^0 

a, a, a 

Here A' is holomorphic and Fa' \t> strictly decreases the filtration f ( A °). And J a ,a,a 
are constant Jordan matrices and represent N a ,a,a with respect to the induced frames 
ofGr 0)Q (K|x>)- 

The (1, 0)-operator 9 is defined by d{J2fi v i) = ^9xh v i- Then, we have D = 
d+ Xd + F A . 

5.4.3. Proof of Lemma 5.3.2.2. — Let f = h v % dz/z be a section of S(V* £S> 
fi 1 ' ) on an open subset U of A". Let us show that it is L 2 around (A, O) G U n V. 
By construction, fa is holomorphic. If p(A, u(vi)) > 0, we have p(Xo, u(vi)) = and 
u{ Vi ) ^ (0,0). Hence, we have fi(X,0) = 0. If p(X,u{ Vi )) = and ^ (0,0), 

we have p(Ao,it(ui)) = 0, and fi(X,0) = by construction of S(V* Cg> fi 1 ' ). If 
u(vi) = (0,0) and > —2, we have fi(X,0) = by construction. Hence, / is 

L 2 by the condition described in Section 5.3.1.1, i.e., S(V* <g) fi 1 ' ) C ££ ol 04,D). 
Similarly and more easily, we can check that a section of S(V*) is L 2 . Because 
D/ G ® fi 1 ' ) c ££ ol (V;,B), we obtain / G £g ol (V„B). Hence, we obtain a 
natural inclusion <S(V* <g> fi*'°) — > £* ol (K , B A ). 

Assume Ao satisfies the following condition for the index set T of the KMS- 
structure: 

(A) : If u G T satisfies p(A , u) = 0, then u = (0, 0). 
If K, is small, we have p(A, u(vi)) < for any A G IC, and p(X,u(vi)) = •<=>■ 
p(A ,u(«i)) = <=> n(ui) = (0,0). Hence, we obtain that S^igifi 1 ' ) C ££ ol (V„B) 
is an isomorphism. Let / G £^ ol (V*,D). We have a description / =Y1 fi v i- Because 
it is L 2 , each fi are holomorphic. Then, we can deduce / G S(V*) from D/ G 
£^ ol (K,©) = 5(K ® fi 1 ' ). Even if A docs not satisfy (A), we obtain that the 
inclusion of the germs at (Ao, O) is an isomorphism by the same argument. 

Let us show that the inclusion of the germs S(V* <£>fi* ,0 )(Ai.o) — > £*oi(^* > BVaj.o) 
is a quasi isomorphism at each (Ai, O) £T> \ {(Ao, O)}. We may assume that (Ai, O) 
satisfies (A). 

Let K,i C K. be a small neighbourhood of Ai. We put := K\ x X. We have the 

good family of filtered A-flat bundles V^ Al ^ obtained from V*, as explained in Section 
2.8.2. Then, we obtain complexes of sheaves S(vj Xl) (g) fi*'°) and £h ol (K (Al) , B) on 
X( Xl \ and the following morphisms: 

By the previous consideration, we have already known that (b) is an isomorphism. It 
is easy to show a is a quasi isomorphism by a direct computation. Thus, the proof of 
Lemma 5.3.2.2 is finished. □ 
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5.4.4. Vanishing of H 2 (£ poly {V*,lB>)) . — Let us show U 2 (£* oly (V„ , ©)) =0. We 
have only to show such a claim for the germ at (Ao , O) . (See a remark in Section 
5.3.5.1. We will omit similar remarks in the following.) Let w be a A-holomorphic 
C°°-section of V <£> f2 2 , which is L 2 with respect to h and g p . We have the expression: 

dz dz tt-^ 

U = f — j /=>^/i«i 

z z ' 

Each fi has the Fourier expansion fa = J^mez fi,m{ T ) e*~^ me . We set 

-4 (0) (/):= E ho(r)vi, A^(f):=f-A^(f). 

«<eB(-i) 

We have the decomposition / = ./4A )(/) +^4^'(/). We have the corresponding 
decomposition oj = A^°'(u) + A^'(u}). We show the following lemma based on an 
idea of Sabbah contained in [104]. 

Lemma 5-4-2. — 

- We have a section of £ poly (K , B) s«c/i ttai Bt^ = 

- We have a section of £ poly (V; , B) such that A {0) (w - Br' )) = 0. 

- In particular, we can take a section r o/£ poly (l/*,B) smc/i £/iai Br = w. 

Proof The argument is almost the same as the proof of Lemma 5.2.4. Briefly, 
we have only to replace a(vi) with e(A, u(vi)). We give only an indication. The first 
claim follows from Lemma 5.4.1. Let us show the second claim. We give preliminary 
arguments. 

(A) If a(vi) = 0, a(vi) = and a(vi) ^ hold, let n be given by (74). We have 
Brx = Fji(f i a Vi) d~z/~z. We obtain that n and Bri are L 2 and of polynomial order, 
by using the estimate for /^q Vi (dz dz/\z\ 2 ). Moreover, we have the following formula: 

,n^\ i dzdz , w-l m j- dzdz , , r i„ /_, ,dz 

(87) fifiVi ■ -p-Tg- - e(A, u(v l )) Btx = fi^Vi-—^- ~ e(\,u(vi)) F A (f ii0 Vi) — 
\z\ \z\ z 

= e(A, 1 F Ao (/ i)0 «i) y =: E B j w i 

Because is bounded, the right hand side of (87) is also L 2 and of polynomial 
order. Let us see Bj more closely. If a(vj) = 0, we have the Fourier expansion Bj = 
Y Jm >o B ],rn{r,X)e^ lm6 , and B jfi {r,X) = unless (a(vj), a(vj)) = (a(Ui), a(u<)) and 
^Vo,a,o«i|c = «j|x>- Note deg w/ (w J ) < deg w/ (w i ) for such v . 

(B) Let us consider the case in which a(vi) = and a(vi) ^ hold. Let k be 
determined by a(vi) = ^j=i a i(' u i) 2: ~' : ' an d a fc( u i) ^ 0. Let T\ be given as in (77), 
which is L 2 and of polynomial order with respect to h and g p . And. we have the 



170 CHAPTER 5. L 2 -COHOMOLOGY OF FILTERED A-FLAT BUNDLE ON CURVES 



Kn) = F A (z fc f ifi Vi y ) + A k z k f t , Vi 



following equality, as in the proof of Lemma 5.2.4: 

dz\ . . u . dzdz 
~z 

= (z^- + e(A, u(«,)) + fc A) , fe /,,„ v^ + z k F Ao (/,, Wi ) ^ 

Hence, ©(ti) is also L 2 and of polynomial order. Let Bj be determined by the 
following: 

If a( Vj ) = 0, we have B j = £ m>0 B,-, m (r) e^ 1 ™*. 

(C) Let us consider the case in which a(vi) — 0, a(uj) = 0, a(^j) = and fc(«i) = —1 
hold. Let i(i) be determined by No.o,o v i(i)\v = v i\v m Gr^ Q ^ ' (V). Let n be 
given by (79). Then, it is L 2 and of polynomial order, and we have the following: 

D(ti) = fifiVi^ + F A , o ( Tl ) 

Hence, D(n) is also L 2 and of polynomial order. Let Bj be determined by the 
following: 

dzdz \ - dz<£z 

/f.o -07- ~ D ( T i) = 2^ b j v i i^r 

If a( Vj ) = 0, we have B 3 = £„ l>0 ^, m (r) e^ m *. 

By using the above preliminary arguments (A), (B) and (C) with an easy induction, 
we can show the second claim of Lemma 5.4.2. □ 

5.4.5. Morphisms W (tpo) for j = 0, 1. — Let us show that W (ipo) (j = 0, 1) are 
quasi-isomorphisms. Let u be a section of £^ ol (V*,IS>) such that Ekj = 0. We have 
the expression lu = f ' dz/z + J 0,1 dz/~z. We set 

^(0)^0,1) = £ f^\r)v h ^ 1 )(/ . 1 ) :=/ o,i_^(o) (/ o,i ) . 
i><eB(i) 

We have the decomposition J ' 1 = A 1 * ) (f ' 1 ) + A 1 - 1 ) (f ' 1 ) . We have the corresponding 
decomposition lu ' 1 = A {a) (lu ' 1 ) + A [1) (lu ' 1 ). 

Lemma 5-4-3. — 

— There exists a \-holomorphic C°° -section t^' of V such that (i) L 2 and of 
polynomial order, (ii) cM 1 -* = A^ (lu ' 1 ). 

— We have a X-holomorphic C 00 -section of V such that (i) L 2 and of polyno- 
mial order, (ii) A^^lu ' 1 - dr^) = 0. 

As a result, we can take a X-holomorphic G 00 -section rofV such that (i) L 2 and of 
polynomial order, (ii) dr — lu ' 1 . 
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Proof The argument is almost the same as the proof of Lemma 5.2.5. We have 
only to replace a(vi) with c(X,u(vi)). The first claim follows from Lemma 5.4.1. Let 
Cj be the functions determined by the following: 

From Huj — 0, wc obtain the following relation by taking the Wi-componcnt: 

(89) Xdf?>\^ + frHdaivi) + e(A,u(«i))-)*? + dfl>\- + C t v t ^ = 

We use the Fourier expansion Cj = Cj,m e ^~^ me . We give some preliminary argu- 
ments. 

(A) Let us consider the case that a(u,) = and a(vi) ^ hold. Let k be determined 
by a(vi) = Ylj=i a j( y i) an d &k{vi) ^ 0. By looking at the e~ v/ ~ Tfce -component of 
(89), wc obtain (82), with e(A, u(Vi)) instead of a(vi), as in the proof of Lemma 5.2.5. 
Let p be given by (83). If JC is sufficiently small, we have J \p\ 2 r~ 2e dvobj p < oo for 
some e > 0. By Lemma 5.4.1, we can take a A-holomorphic C°°-section p\ such that 
(i) pi \z\~ e is L 2 and of polynomial order, (ii) dpi = p. Note (84). Hence, we have 
a A-holomorphic C°°-section T2 such that (i) T2 is L 2 and of polynomial order with 
respect to h and g p , (ii) J^qVi dz/~z = &T2- 

(B) We can argue the case in which a(vi) = 0, a(vi) = and a(vi) 7^ hold, by using 
the method in the part (B) of the proof of Lemma 5.2.5. We have only to replace 
a(vi) with z(X,u(vi)). 

(C) Wc can argue the case in which a{vi) = 0, ct(ui) = 0, a(i'i) ~ and k{vi) = 1 
hold, by using the method in the proof of Lemma 5.2.5. 

It is easy to obtain Lemma 5.4.3 by using the above considerations. □ 

We put p \= lj — Dr on X \ V, which gives a holomorphic section of V fi 1 ' on 
X\T>. We have the decomposition p = ^2 Pi 1 where each pi is the product of v, and 
a holomorphic (1, 0)-form on X \ T>. 

Lemma 5. 4-4- — Let l{Vi) G Z>o be determined as follows: 

— We put l(vi) := — ord(a(vi)) + 1 in the case a(vi) ^ 0. 

— We put l(vi) := 1 in the case that a(v{) = and u(vi) ^ (0, 0) hold. 

— We put l(vi) := otherwise. 

Then, z l ^ Vi > pi is L 2 with respect to h and g p . In the second case, (— log |z|) _1 pi is 
L 2 , more strongly. 
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Proof Wc consider differentials only along the direction of X in the following 
argument. Let 6' denote the (1, 0)-operator determined by h and d. Let B be deter- 
mined by S'v = vB. Then, B is diagonal, and the (i, i)-entries are as follows: 

. , ,sdz k(vA dz 
-p(\,u(v i )—+ l \ — 
z — 2 log | z | z 

The curvature R(h) of d + 5' is expressed by the diagonal matrix with respect to the 
frame v, whose (i, i)-entries are — k(vi) \z\~ 2 (— log |2| 2 ) _2 <iz dz. Hence, S't is also C°° 
and of polynomial order. (See the argument in the proof of Lemma 7.4.11.) 

Let ©( x '°) denote the (l,0)-part of B. Wc put G := B^ 1 ' ' - XS' , which is a 
section of End(T^) <£> f2 1,0 . Let A\ be determined by Gv — v A\. Then, we have the 
decomposition A\ = T' + C, where Fc is bounded with respect to h and g p , and V 
is the diagonal matrix whose (i, i)-entries are as follows: 

da(vi)+ (t(\,u(yi)) + \p(\,u(vi))J — 

We have the decomposition p = lu 1,0 — X5't — XFc(t) — XFt'(t). Note that w 1,0 — 
XS't — XFc(t) is L 2 and of polynomial order with respect to h and g p . Then, the 
claim of Lemma 5.4.4 follows. □ 

Let T and A Q be as in Section 5.4.2. We put D := K> - F r . We have B v = vA a . 
Recall Fa is bounded with respect to h and g p . 

— In the case a(vi) ^ 0, we have a holomorphic section m such that (i) L 2 and of 
polynomial order with respect to h and g p , (ii) pi = [da(vi) + e(X,u(vi))dz/z^Ki. 
Note that Do( K i) is also L 2 and of polynomial order with respect to h and g p . 

— If a(vi) = and a(uj) < hold, we have (— log | ^ | 2 ) 1 pi is L 2 . Then, we obtain 
that pi is a section of S(V* £g> f2 1,0 ,D) from the holomorphic property. 

— If a(vi) = 0, a(yi) = and a(vi) =^ hold, we have z pi is L 2 . Hence, we have 
the i 2 -holomorphic section m such that e(A, u(vi))Kidz/z = pi. Note BoC^i) is 
also L 2 . 

— If a(vi) = 0, a(vi) = and a(vi) = hold, we have pi is contained in S(V t ® 

Hence, we obtain the following lemma. 

Lemma 5.4-5. — There exists a section v of £p 0l (V*,B) such that lu — Ov is a 
holomorphic (l,0)-form. □ 

From Lemma 5.4.5, it is easy to obtain that - H 1 (</5o) is an isomorphism. It is easy to 
show that H°((po) is an isomorphism. Thus the proof of Proposition 5.3.1 is finished. 

□ 

5.4.6. The morphism tpi. — Let us show that (pi in Proposition 5.3.5 is a quasi 
isomorphism. We have only to show that the induced morphism <8> fi*' ) — > 
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£ po i y (V^,B) is a quasi-isomorphism. We have only to show it for the germ at (\q,0). 
By an easy argument to use a descent with respect to the ramified covering X' — > X , 
we may and will assume that (V*, D) is unramificd. Let v a and v a ,c°° be as in Section 
5.3.3. Let R a be determined by Dv a = v a (da + R a ). Let C be determined by the 
following: 

Bv c °° = v c ~ (0(da + R a ) + C) 

Then, C is A-holomorphic, and it satisfies C = 0(\z\ N ) for any N > 0. Let B' be the 
family of flat A-connections determined by the following: 

(0(da + i? o 

The (0, l)-part of B' is denoted by a'. We put F := B - D', and then we have 
= 0(1^1^) for any N > 0. We obtain a complex of sheaves £ poly (V*,B') from D' 
as in Section 5.3.3. As sheaves, we have £ pol (K, B') = £ po i y (V*,B) forp = 0,l,2. 

Lemma 5.4-6. — For anytii <G £ pol (K, B), we can tofce r g £ pol (14,D) smc/i fftaf 
D'r = uj. 

Proof We have only to consider the case in which B has a unique irregular value 
a. In the case o = 0, we may apply the results in Section 5.4.4. In the case a ^ 0, we 
have only to use Lemma 5.2.3, for example. □ 

Lemma 5-4-7. — For any uj € £p 0l (V*,©), we can take r G £ pol (14,B) such that 
Br = w. 

In particular, we obtain the vanishing ofH 2 o/£* ol (V*,B). 

Proof Take r as in Lemma 5.4.6. We have uj — Br = 0(\z\ ) for any TV. Take 
some large M. According to Lemma 5.2.3, we can take a section k of V <£> O 1 ' such 
that (i) dn = uj-Bt, (ii) \k\ = 0{\z\ M ). We have K £ £^ oly (K,B), andB(r + K ) = uj. 
Thus, we obtain Lemma 5.4.7 □ 

Let uj G £ poly (K,B) such that Buj = 0. We have B'cj = -Fuj = 0{\z\ N ) for any 
TV. Hence, we can take a large M > and a A-holomorphic C°°-section k of V <E> fi 1 ' 
such that 9'k = B'w and |k| = 0(|z| M ). We put to' := (J - n, and then Wuj' = 0. 
Note that the (0, l)-parts of w and uj' are equal. 

Lemma 5-4-8. — There exists a local section r G £°(V*,B) around (Xq,0) such 
that d'r = uj ' 1 . 

Proof We may assume that B has a unique irregular value a. In the case o = 0, 
we can apply the result in Section 5.4.5. Let us consider the case o ^ 0. We can take 
r such that (i) d r = uj ' 1 , (ii) |r| = 0(|z| _M ) for some large M. Let us show B'r 
is of polynomial order. Let h! be the C°°-hermitian metric of Vi X (\ )\pi\ ) such that 
h'(yc°°,i,vc°° i j) = 5i_j. Note that h' and h are mutually bounded up to polynomial 
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order. Let S[ be the (1, 0)-operator determined by d' and h! . We consider differentials 
only along the direction of X. Note that z Ml w ' 1 and z 1 r arc bounded for sonic 
large Mi. We also have d (z Ml r) = z Ml u 0,1 . Since the curvature of R(h,d ) is 0, it 
can be shown that 5i(z Ml r) is L 2 uniformly for A. (See the proof of Lemma 7.4.11, 
for example.) Thus, we obtain that z Ml 5[t is L 2 uniformly for A. Taking large M2, 
we obtain z M2 [S'^t — ui 1 ' ) is also L 2 uniformly for A. 

Since a; 1-0 — S[t is holomorphic with respect to d , we obtain <5Jr — w 1,0 = 0(|z| _M3 ) 
for some large M3. Then, we obtain the desired estimate for S[t. □ 

Lemma 5-4-9. — We can take a section r £ £p oly (14,D) such that dr = u; 0-1 

Proof Let r be as in Lemma 5.4.8. We have Dt - D'r = Ft = 0(\z\ N ) for 
any N > 0. Because of Lemma 5.2.3, we can take a section v of V such that (i) 
H = 0(|z| M ) for some large M > 0, (ii) dv = F°' 1 t. Let 5' be the (1, 0)-operator 
determined by h and d. We consider the differentials only in the direction of X. Since 
the curvature R(h, d) is uniformly bounded with respect to h and g p , it can be shown 
that 8'v is L 2 uniformly for A. If M is sufficiently large, (IQ) (1 - ) - X8')v is 0{\z\ M ' 2 ). 
Wc put p — Pa := t-u — k — Dt + Bja Then, we obtain that (i) p is a holomorphic 
section of V <£> f2 1,0 , (ii) z Ml p a (a £ Irr(D)) are L 2 for some large Mi with respect 
to <7 P and h uniformly for A, (iii) po is L 2 with respect to h and g p uniformly for A. 
Hence, we obtain v £ Cp oly (V*, D). Thus, Lemma 5.4.9 is proved. □ 

Let iS(y* (g) fi p, °) be the sheaf of meromorphic sections r of V <8> rj p '° with the 
following property: 

- Let r,~ — Trcg + T irr be the decomposition corresponding to the irregular decom- 
position. Then, r rog is contained in iS(Vr eg * ® f2 p '°). 

By using Lemma 5.4.7 and Lemma 5.4.9, it is easy to show that the natural in- 
clusion S(y* <8> — > £ P oiy(K,D) is a quasi isomorphism. It is also standard 
and easy to show that the natural inclusion S(V* (g fi"'°) — s- <S(Vi ® f2"'°) is a quasi 
isomorphism. Hence, we obtain that tpi is a quasi isomorphism. Thus, a half of 
Proposition 5.3.5 is finished. 

5.4.7. Proof of Propositions 5.3.5 and 5.3.8. — Let tt : X(D) — > X denote 
the projection. For any open subset U of X(V), let £ poly (K f ,D)^ I) j(W), denote 
the space of A- holomorphic C°°-sections t oi V ® il p on U \ 7r _1 (2?) such that the 
conditions (al) and (a2) are satisfied. By taking sheafification, we obtain a complex 
of sheaves £* oly (Kj ^>)x(v) 011 Similarly, we obtain a complex of sheaves 

~C*po\y{ V *^)x{Vy £po\y( V , h{T) )x(V) and £ poly(^> h > h(T) )x(D) 011 tllC rCal bl ° W U P 

X (D), corresponding to the sheaves £* oly (K, ID), £ poly (V r , h^) and £* oly (V, h, h^). 

Let S be a small sector in X\D such that we have the full Stokes filtration JF S of Vjg. 
Let 5 denote the closure of S in X(T>). We can take a flat splitting Vig = (J) V a .s. For 
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a A-holomorphic C°°-section r of V <E) Q p on S, we have the decomposition r = T a.s 
corresponding to Vig = V ,s- 

Lemma 5.4-10. - 

r is a section of C^ oly (Vi, D)^;^ on S, if and only if the following estimate holds 
locally on S with respect to h andg p : 

(al') : T aj s and EDr 0) s are of polynomial order for a =/= 0. 

(a2') : t^s and OrOjS are ^ 2 ^d of polynomial order. 
t is a section of Z^ oly (K, D)^^ on 5*, i/ and on/?/ i/ £/ie following estimate holds 
locally on S with respect to h and g p : 

(bV) : t ,s and Bt 0i s are 0{\z\ N ) for any N > 0. 

(a2') : tq^s andJir^.s are L 2 and of polynomial order. 
t is a section of £p oly (V, h^) x(T))> */ an ^ on h) if the following holds locally on S: 

(cl') : T a .s an d ©Tn-S are 0{\z\ N ) for any N > wit/i respect to and g p . 

(a2') : TQ t s andJ^TQ^s are L 2 and of polynomial order with respect to h andg p . 
t is a section o/£^ oly (V, h, h^) x(p)> */ an d only if the following holds locally on S: 

(dl') : T a .5 and Br aj 5 are 0(\z\ N ) for any N > with respect to both (h^ T \'g p ) 
and (h, g p ). 

(a2') : To, 5 and Htq.s are L 2 and of polynomial order with respect to (h,g p ). 
Proof It follows from Lemma 5.3.3. □ 
Lemma 5.4.11. — The following natural morphisms are quasi isomorphisms. 

^poly(^) ^; ^ ^)x(D) ^ ^"poly tyi ^ )x(D) 

Proof We have only to consider the case that D has a unique irregular value a. 
If a = 0, the sheaves are the same. Let us consider the case a ^ 0. Let v a be as in 
Section 5.3.3. We have the lift v ai s oiv a to V 0i s. We may take a D-flat frame it 0j s 
of V at s- Let G a be determined by u a _s = v a _sG a - Then, G a and G" 1 are bounded 
up to polynomial order, uniformly for A (See Lemma 20.3.3, for example.) Then, we 
can show that the vanishing of the higher cohomology sheaves of £p oly (K, , B)^^, 

and Z£ oly (V, h, /i (T) )^ (X)) , by using the results in 
Section 20.2.2. The comparison of the 0-th cohomology sheaves are easy. Thus, we 
obtain Lemma 5.4.11. □ 



By applying the push-forward to the quasi isomorphisms in Lemma 5.4.11, we 
obtain the rest of Proposition 5.3.5 and Proposition 5.3.8. □ 



CHAPTER 6 



MEROMORPHIC VARIATION OF TWISTOR 
STRUCTURE 



One of the main results in this monograph is the reduction from unramificdly good 
wild harmonic bundle to tame harmonic bundle (Theorem 11.2.2). It is convenient 
to prepare the procedure for reduction with respect to Stokes filtrations in a more 
general situation. That is the main purpose in Section 6.2. We introduce the notion 
of meromorphic prolongment of a variation of twistor structure with a symmetric 
pairing (Definition 6.2.6), and we explain the procedure to take Gr with respect to 
Stokes structure in Section 6.2.5. 

In Section 6.1, we give a review on the notion of variation of polarized pure twistor 
structure due to Simpson [117] (see also [104], [91] and [93]). 



6.1. Variation of polarized pure twistor structure 

We recall the notion of twistor structure introduced by Simpson in [117], in our 
convenient way. See also [49], [104], [91] and [93]. 

6.1.1. Some sheaves and differential operators on P 1 x X. — Let P 1 denote a 
one dimensional complex projective space. We regard it as the gluing of two complex 
lines C x and C p by A = fj,' 1 . We set C\ := C x - {0}. 

Let X be a complex manifold. We set X := C\ x X and X° := {0} x X. Let S7^° 
be the C°° -bundle associated to Q^°(log X°) ® O x (X°). We put Q°/ := and 
we define 

The associated sheaves of C°°-sections are denoted by the same symbols. Let B^- : 
£l' x — > denote the differential operator induced by the exterior differential d of 
X. 

Let X^ denote the conjugate of X. We set X^ := C ^ x X^ . By the same procedure, 
we obtain the C°°-bundlcs with the differential operator ©5/. 
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Their restrictions to C* x x X = C* x are naturally isomorphic: 

By gluing them, we obtain a graded C°°-bundle ft* lxX with a differential operator 
5£. 

Remark 6.1.1. — W x andW x are denoted also by d, if there is no risk of confusion. 

□ 

We have the decomposition f2 plxX = £,£l x ® ^pi m t° the X-direction and the P 1 - 
direction. The restriction of D x to the X-direction is denoted by V> x . The restriction 
to the P^dircction is denoted by dpi . We have the decomposition 

nji = 7r*ri p i°(2 • {o, oo}) © 7r*o p i , 

into the (1, 0)-part and the (0, l)-part, where tt denotes the projection P 1 x A — > P 1 . 
We have the corresponding decomposition dpi = dpi + dpi . 

Let a : P 1 — > P 1 be the anti-holomorphic involution given by a([zo : Zi]) = \—~Zi ■ 
zq). The induced diffcomorphism P 1 x X — > P 1 x X is also denoted by a. The 
multiplication on cr*f2*i xX is twisted as g ■ a* (ui) = a* (a* (g) ■ w) for a function g and 
a section u of Qp lxX . Then, we have the C°°-isomorphism : a*Q, plxX ~ Q'i x x 
given by the complex conjugate and the ordinary pull back 



It is easy to check that o a* (B x ) = H x o ^ a . Similar relations hold for H x and dpi . 
If we are given an additional bundle the induced isomorphism J~ o~* (^*i x ^) — 
T ® Q*i x x 1S a l so denoted by 

6.1.2. Definitions. — 

6.1.2.1. Variation of twistor structure (variation of P 1 -holomorphic bundle). — Let 
V be a C°°-vector bundle on P 1 x X. We use the same symbol to denote the associated 
sheaf of C°°-sections. A P 1 -holomorphic structure of V is defined to be a differential 
operator 

dpi iV : V — > V^ir*^ 1 
satisfying (i) dpi v (f ■ s) — f ■ dp\ v (s) + dpi (/) • s for a C°°-function / and a section s 
of V, (ii) dpi v o dpi v — 0. Such a tuple (V, dpi y) is called a P^holomorphic vector 
bundle. 

A TT-structure of (V, dpi v ) is a differential operator 

By : V — ► V ® £,n x 

such that (i) By (/ ■ s) = f ■ D^(s) + Bjf (/) • s for a C°°-function / and a section s 
of V, (ii) (d^ y + By) 2 = 0. Such a tuple (V, dpi v ,By) is called a TT-structure in 



6.1. VARIATION OF POLARIZED PURE TWISTOR STRUCTURE 



179 



[49], or a variation of F 1 -holomorphic vector bundle in [93]. In this section, we prefer 
to call it variation of twistor structure. We will not distinguish them. 
If X is a point, it is just a holomorphic vector bundle on P 1 . 

Remark 6.1.2. — We will often omit to specify dpi y when we consider P 1 - 
holomorphic bundles or variations of twistor structure (variations of P 1 -holomorphic 
bundle). □ 

A morphism of variation of twistor structure 

F : a4,4' ljVi ,B£) — ► (V2,<i )Vi X) 

is defined to be a morphism of the associated sheaves of C°°-sections, compatible with 
the differential operators. If X is a point, it is equivalent to an Opi -morphism. 

6.1.2.2. Some functor iality. — Let (V,By) be a variation of twistor structure. Let 
/ : Y — > X be a holomorphic map of complex manifolds. Then, we have the 
naturally induced variation of twistor structure f*(V,H v ) as in the case of ordinary 
connections. 

Let a : P 1 — > P 1 be as above. Then, a*V is naturally equipped with a P 1 - 
holomorphic structure and a TT-structure B^.y given as follows: 

(B£ y + #.y) (*«>**)) = +4) S )) 

Here, s denotes a section of V <E) Thus, we obtain the pull back of variation of 

twistor structure by a. 

Direct sum, tensor product, and dual for variation of twistor structure are defined 
in obvious manners. 

6.1.2.3. Variation of pure twistor structure. — Let (V,dpi v ) be a P^holomorphic 
vector bundle on P 1 x X. It is called pure of weight w if the restrictions Vp := 
(V, d^ y)|pi x {p} are pure twistor structure of weight w for any P £ X, i.e., Vp are 
isomorphic to direct sums of Opi (w) . A variation of twistor structure is called pure 
of weight w, if the underlying P^holomorphic vector bundle is pure of weight w. 

6.1.2.4- Example (Tate objects). — Let T(w) be a Tate object in the theory of twistor 
structure. (See [117] and Section 3.3.1 of [93].) It is isomorphic to Opi(—2w), and 
equipped with the distinguished frames 

The transformation is given by 

In particular, (y/^lX)- 2w t ( Q w) = t { ™ } ■ 

We may identify T(w) with Opi (—w -0 — w- oo) by the correspondence < — > 1, 
up to constant multiplication. In particular, we will implicitly use the identification 
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of T(0) with Opi by t{ < — > 1. Wc will also implicitly use the identification T(m) (g> 
T(n) ~ T(m + n) given by ii m) ® ti n) <— > ^ m+ri) . 

6.1.2.5. Example. — In Section 3.3.2 of [93], wc considered a line bundle 0(p,q) 
on P 1 with a natural C* , which is isomorphic to O-pi {p + q) and equipped with the 
distinguished frames: 

0(p,q) lCx =0 C ,f^ q) , 0(p,q) lc ^ = C jt q) , 0{p,q) ]cl =O cl f[ P ' q) . 
The transformation is given by 

ti p ' q) = (V=TA)-* /<*«>, = (-v^Tm)" 9 A (m) - 

In particular, (V^T\) p+q f^ p ' q) = f£' q) . 

We may identify 0(p, q) with Opi (p-O + q- oo) by the correspondence fi < — >■ 1, 
up to constant multiplication. We will implicitly use the identification 0(p,q) <g> 
0{p',q') ~ 0{p + p',q + q') given by f^ q) <g> fi P W) <— > /Cp+p'.«+«'). Wc wi H a l so 
implicitly identify T(w) with 0(—w, —w) by = w ' for a = 0, 1, oo. 

If we forget the natural C*-actions, 0(p,q) and 0(p + r 7 q — r) are identified by 
fi P ' q) <— > /£' +r ' , - r) for K = 0,oo. In that case, fi P ' q) are denoted by f (p+q) . 

Let X be a complex manifold. We have the pull back of T(w) and 0(p, q) via the 
map from X to a point. They are denoted by T(w)x and 0(p, q)x, respectively. We 
will often omit the subscript X, if there is no risk of confusion. For a variation of 
twistor structure (V,B A ), the tensor product (V, B A ) ® T(w) is called the w;-th Tate 
twist of (V,B A ). 

6.1.2.6. Polarization. — Recall that we have the isomorphism ([93]) 

L<t( w ) : a*T(w) ~ T(tu), 

given by the natural identification a*0(~w ■ — w ■ oo) ~ 0(—w ■ — w ■ oo) via 
a*(l) « — ^ 1, or equivalently, 

aH M <_> tW, <_> (_i)« (<«), ^tH «_> (_i)« t£>). 

For a variation of twistor structure (V,B A ) on P 1 x X, a morphism 

5 : (V, By) <£) <7*(V,B A ) — ► T(-w) x 

is called a pairing of weight iy, if it is (— 1)™ -symmetric in the following sense: 

lt(- w ) o <j*S — (— 1) W S o exchange : ct*F (8 V — > T(—w)x 

Here, exchange denotes the natural morphism a* V <£> V — > V ® a*V induced by the 
exchange of the components. It is also called (— l) tu -symmetric pairing, if wc would 
like to emphasize (— 1 ^-symmetric property. 

Let (V, By) be a variation of pure twistor structure of weight w on P 1 x X. Let 
S : (Vi By) (g) o~*(V, By) — > T(—w)x be a pairing of weight w. We say that S is a 
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polarization of (V,O y ), if Sp := 5|pi x {p} is a polarization of Vp := (V, dZi )|pi x {p} 
for each P £ X. Namely, the following holds: 

— If w = 0, the induced Hcrmitian pairing H°(Sp) of H°(¥ 1 ,Vp) is positive 
definite. 

— In the general case, the induced pairing Sp <g> So,- w of Vp ® O(0, —w) is a 
polarization of the pure twistor structure. (See Example 2 below for Sq.— w .) 

When S is a polarization of a pure twistor structure V with weight n, the induced 
pairing a(S) : o*(V)®V — > T(-n) and S" v : V v ® a*{V v ) — > T(n) are also 
polarizations. (See Lemma 3.38 of [93].) 

6.1.2.7. Example 1. — The identification It(kj) induces a flat morphism Sx( w ) '■ 
T(w) <8) a*T(w) — > T(2w). It is a polarization of T(w) of weight — 2w. 

6.1.2.8. Example 2. — The flat isomorphism i( p(? ) : a*0(p,q) ~ 0(q,p) in [93] 
is given by a* f^ q) —> (v^T)^ 9 /^, ^/J?'* 5 — ► (~/=I)'*«/o C<M '\ and 
cr*/i (p,<?) 1 — ► (v / ^T) 9 " p /i 9,p) - Hence, we obtain the morphism 

S M : 0(p, q) <g> <r*0(p, g) — ► T(-p - g). 

it is a polarization of weight p + q. 

Remark 6.1.3. — It is essential to fix an isomorphism i : <r*Opi(l) ~ C P i(l) such 
that a* l o l = — 1 . It is unique up to isomorphism. There could be a choice of a frame 
to reduce signatures. □ 

6.1.2.9. Relation with harmonic bundles. — Simpson observed the equivalence be- 
tween the notions of variation of polarized pure twistor structure and harmonic bun- 
dles. (See [117]. See also [93] and [104].) Let p : P 1 x X — > X be the pro- 
jection. Let (E,8e,0, h) be a harmonic bundle on X. We set £ A := p*E, which 
is naturally a P 1 -holomorphic bundle. It is equipped with the differential operator 
D A := 8e + A#t + &e + \~ 1 0, and {£ A ,D A ) is a variation of pure twistor structure 
of weight 0. The polarization S is given by S(u <g> a*v) := p*{h){u, a*v). 

6.1.3. Gluing construction. — Recall the gluing construction of variation of pure 
twistor structure in [117]. See also [93]. We have the decomposition = £$l x \x ® 
f2p into the X-direction and the C;\-direction. Let dx denote the restriction of 
the exterior differential to the X-direction. Similarly, we have the decomposition 
fi^ t = £,^ x \x^ © ^cv anc ^ ^ e reliction of Ot/ to the X-direction is denoted by 
d x t ■ The notions of C,\-holomorphic bundles or C M -holomorphic bundles are defined 
as in the case of P 1 -holomorphic bundles. 

Let (Vb,d'c A v ) ^ e a C^-holomorphic bundle on X. A T-structure [49] of Vo is a 
differential operator 
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satisfying (i) By (/ ■ s) = dxf • s + f ■ By (s) for a function / and a section s of V, 

(ii) (d'h x , Vo +H o ) 2 = 0. 

Let (Vootd'c v ) be a C^-holomorphic vector bundle on ^f*. A T-structure [49] 
is defined to be a differential operator 

D y £ : Voo — > V x ® t&xw 

satisfying conditions similar to (i) and (ii) above. 
Assume that we are given an isomorphism <f>: 

(90) $ : (V ,d^ xMo ,B f Vo ) ]clxX ~ {V^d'^^v^Vj^xi 

We obtain a C°°-vector bundle V on P 1 x X by gluing Vo and VJ» via <£>. By the 
condition (90), d'^ x Vg and d'^ v give P 1 -holomorphic structure dpi y, and By o and 

B|/ induce the TT-structure By. Thus, we obtain a variation of twistor structure 

Conversely, we naturally obtain such (Vq,<^ a y o ,By o ), (V^o,e^ y^B^/ ) and $ 
from a variation of twistor structure (V, dpi y,By) as the restriction to A" and X\ 
respectively. 

Under the natural isomorphism 

a T-structure By o induces a holomorphic family of flat A-connections By . Similarly, 
a T-structure of V)\/ naturally induces a holomorphic family of flat /i-connections 
By . Hence, a variation of twistor structure is regarded as the gluing of families of 
A-flat bundles and /i-flat bundles. 

6.1.3.1. Let (V, By) be a variation of twistor structure on P 1 x (X — D). Let B^.y^ 
(resp. Bj..y ) denote the associated family of flat A-connections (rcsp. /i-connections) 
on <j*Voo (resp. (t*Vq). The following lemma can be checked by an easy and direct 
calculation. We remark the signature. 

Lemma 6.1.4- — Let f be a local section of Voo, and let Aj and Bi (i = 1, . . . , n) 

be determined by IS)' f = ^ Aj ■ dzi + ^ Bi ■ d~z%, where A% and Bi are local sections of 
Voo ■ Then, we have 

D^v,,. (o-*f) = J2 a *( A i)-^~Yl • dZl - 

Similarly, we have 

B I- vb ( a *a) = -^2o-*{A i )-dz l +^2<T* (Bi) ■ dz t 

for a local section g of Vq with B<? = Y] Aj ■ dzi + ^ T^ • d~z~i. □ 
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6.2. Good meromorphic prolongment of variation of twistor structure 

We shall introduce the notion of unramificdly good meromorphic prolongment for 
variation of twistor structure. We shall also observe that a graded variation of twistor 
structure is obtained as the graduation with respect to Stokes structure. 

6.2.1. Unramifiedly good meromorphic prolongment. — Let X be a complex 
manifold with a normal crossing hypersurface D. We put X := C \ x X and X^ := 
C* x x X. Let p\ be the projection forgetting the A-component. For any subset JC of 
C\, we put Xx. := JC X X. We use the symbols T>, T>\ and X>£ hi similar meanings. 

Definition 6.2.1. — Let (Vo,B) be a family of X-flat bundles on X \ T>. A family 
of meromorphic X-flat bundles (Vo,B) on (Xx:,T>x:) is called an unramifiedly good 
meromorphic prolongment of (Vo,H>), if the following holds: 

- The restriction of (V ,H>) to X K \ T>ic is {Vo,B)\ Xk \v k - 

- (Vb,B) locally has an unramifiedly good lattice, i.e., for each P <G T>tc, there 
exists a small neighbourhood Xp such that (Vo, H>)|;t'p has an unramifiedly good 
lattice. 

- Irr(Vb,B, P) C O x {*D) Px (p)/ O x , Px (p), i-e., the elements of Irr(V , B, P) are 
independent of the variable X. □ 

Under the third condition, we have Irr(Vb, B, P) = Irr(Vo, B, P') for any p\{P) = 
px(P'), if JC is connected. In that case, for R £ D, we take P E T> such that 
P\{P) = R, and put Irr(Vo,B,i?) := Irr(Vo,B,P). They will be denoted also by 
Irr(Vu,i?) or Irr(B,iJ). 

If we are interested only on family of good filtered A-flat bundles, it is too strong to 
impose the independence from A for irregular values. However, it seems appropriate 
to impose it when we consider meromorphic prolongment of a variation of twistor 
structure. 

6.2.2. Meromorphic prolongment of a variation of twistor structure. — 

Let Jft denote the conjugate of X. We put X^ := C ^ x X* and X™ := C* x XL Let 
p^ denote the projection forgetting the ^-component. For any subset % of C M , we 
put Xl := H x X\ We use the symbols D\ T>\ T>^, and VL in similar meanings. 
We use the C°°-identification X^ = X^ given by A = which preserves the 

C^-holomorphic structure. 

Let (V,B A ) be a variation of twistor structure on xP 1 . We have the 

associated family of A-flat bundles (Vb,B) on X \ T>, and the associated family of \x- 
flat bundles (VJx>, B^) on X^\Tft . Let B^ and B''' f denote the associated families of flat 
connections. We have the isomorphism Vq| Ar*\x>t — ^oo|AJt»\x>ttt preserving the families 
of the flat connections and the holomorphic structures along the C^-direction. 

Let fC C C\ and H C C M be connected compact regions such that the union of 
the interior points of JC and "H is P 1 . Assume that we are given the following: 
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— An unramificdly good mcromorphic prolongment (Vq, B) on (X/c,T>ic) of (Vo, B). 

— An unramifiedly good mcromorphic prolongment (V^.B') on (#£,£>],) of 

— For any R g D = D\ the sets Irr( Voo , B+ , P) and Irr(V , B, P) are related as 

Irr(K» , B f , P) = { o | a g Irr (V , B, P) } . 

Let 7T : X*(pt) — > X^ denote the real blow up of X^ along VK We have the 
Oc. -module QJ on X*(V*) associated to (V ,B) 

\xt\vt as m Subsection 4.1.3. For 
any Q G 7r _1 (2?J : ), we have the full Stokes filtration ^F^(^Oo,q) of the stalk of QJo at 
Q for the meromorphic extension Vo. Similarly, let it : X^(T>^) — > X^ denote the 
real blow up of X^ * along Tft and let Q3oo denote the sheaf on X^(Tft ") associated 
to Kxj. For any point Q e 7r _1 (2?^"), we have the full Stokes filtration ^^(QJqo.q)- 

Note the natural identifications ^(P 11 ) = <? ttt (X> ttt ) and 5J = 23oo, and hence 
23o,p = 2?oo,p for any P g 7r _1 (£>/c H X>Jj. We also remark 

Re(/* _1 a) = H" 2 Re(A _1 a) 

for A = Hence, the natural bijection Irr(Vo,P) — > Irr(Voo,P) induces an iso- 

morphism of ordered sets (Irr(Vb, P)> <q) and (Irr(Voo, P), <q) for any Q g 7r _1 (P). 

Definition 6.2.2. 

— We say that the Stokes structure of Vo and Voo are the same, if the filtrations 

{%5o,q) an d (2Joo,q) are the same for any Q £ 7r _1 (2?^ H f-L); under the 
above identification of the index sets. 

— If the Stokes structures ofVo and Voo are the same, (Vo, Voo) is called an unram- 
ifiedly good meromorphic prolongment of variation of twist or structure (V, B A ). 

□ 

6.2.3. Meromorphic prolongment of the conjugate. — Let a : P 1 > P 1 

be the anti-holomorphic involution given by o([zq : Zoo]) = [— ~Zoo : ~zo]- If we regard 
P 1 = C\UC^ by A = zq/zqo and fx — Zoo/zq, we have the induced map a : C\ — > C p 
given by cr(A) = —A. We have the naturally induced maps such as X — > X* and 
X$ — > X^ , which are also denoted by a. 

Let (V,By) be a variation of twistor structure on P 1 x (X \ D). Let Bo-.y^ 
(resp. W a * v ) denote the associated family of flat A-connections (resp. /i-connections) 
on cr*V 00 (resp. ct*Vq). Let (Vx>,B^) be an unramificdly good meromorphic pro- 
longment of (Voo,B^) on O^J^jfLje))- Let cr*Voo be the sheaf on Xjc, given by 
<r*(Voo)(l() := Voo(a(U)) for any open subset U of X/c- We have the natural Ox{*T^ )- 
module structure on cr*(V X) )(W) given by / ■ cr*(s) := a*(a*(f) ■ s). The family of 
A-flat connections B^.y^ naturally gives a family of mcromorphic flat A-conncctions 
on a* Voo. Although the following lemma is clear, we remark the signature (Lemma 
6.1.4). 
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Lemma 6.2.3. - 

— Let (<r* Voo, Uff* ^ ) be as above. Then, it gives an unramifiedly good meromor- 
phic prolongment of (<t*T^ X3 ,D (T »v' oo ). For each R G D, we have 

lTT(a*V oa ,R) = {-a\aehr(V oc ,R)}. 

— Similarly, let (Vb,D) be an unramifiedly good meromorphic prolongment of 
(VojD). Then, (a*Vo, ) on (X^,D^) gives an unramifiedly good meromor- 
phic prolongment of (o~*Vo, D^»y )■ For each R E D, we have 

Itt(<t*Vo,R) = {-a | a g Irr(y 0j -R)}- 

— If (VoiVoo) is an unramifiedly good meromorphic prolongment of (V, P ), t/ien 
(c*Vo, <7* V^) is an unramifiedly good meromorphic prolongment of <J*(V, B A ). 

□ 

6.2.4. Meromorphic prolongment of the pairing. — Let S : (V,B A ) ® 
(7*(V, D A ) — >• T(0) be a pairing of variation of twistor structure of weight 0. It 
consists of morphisms Sq : Vq ® o*V oa — > Ox\t> an d £oo : Vx> ® f *Vb — > C^t\ut 
which are compatible with (i) the families of A-connections or /^-connections, (ii) the 
gluing on X — W = X^ - WL 

Let (Vo,Voo) be an unramifiedly good meromorphic prolongment of (V, D). For 
simplicity, we assume that Vq and Voo arc given on Xfc and xK^-y 

Definition 6.2-4- — A pairing Sq : Vq <E) a*Voo — > C^ K (*D)c) is called a mero- 
morphic prolongment of S if So\X k \t>k = S \x K \p K . Similarly, d pairing Sqq '. 
Voo & (t*Vq — > O x \ (*^l(?n) ^ s ca >tt e d a rneromorphic prolongment of Soo, if 

The following lemma is clear. 

Lemma 6.2.5. — Let S : V ® <j*V — > T(0) be a pairing of weight 0. 

— A meromorphic prolongment of So is unique, if it exists. Similarly, a meromor- 
phic prolongment of S^ is unique, if it exists. 

— Sq has a meromorphic prolongment, if and only if Soo has a meromorphic pro- 
longment. 

— Sq has a meromorphic prolongment, if and only if the induced morphism 
V o\x k \d k - (J * Vr oo|A'] ()C) \pt (jc) is extended to V V ~ a*(V x ). □ 

Definition 6.2.6. - Let (V, B A ) be a variation of twistor structure with a pairing 
S of weight 0. Let (Vo,VJxj) be an unramifiedly good meromorphic prolongment of 
(V, B A ). We say that (VqjVoo) is an unramifiedly good meromorphic prolongment of 
(V, ID> A ,<S) ; if Sq has the meromorphic prolongment. □ 
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6.2.5. Reduction of meromorphic variation of twistor structure. — Let 

(V, D A ) be a variation of twistor structure on P 1 x (X \ D) with a pairing S of weight 
0. Let (Vo,Voo) be an unramifiedly good meromorphic prolongmcnt of (V, B A ,5). 
For simplicity, we assume that Vb and are given on X%. and X^^, respectively. 

6.2.5.1. Full reduction. — Let R £ D. By taking Gr with respect to full Stokes nitra- 
tions on a small ncig hbourhood X R of p^ 1 (R) n V K , we obtain a graded meromorphic 
family of A-flat bundles 

Gr?(V , R ) = Grf (V , R ) 

oeIrr(V ,fl) 

on X R . Similarly, we obtain a graded meromorphic family of ^-flat bundles on a small 
neighbourhood X R of p^ 1 1 {R) fl 

G^(Voo, R ) = Grf (Foo.fi) 

beIrr(Voo,fl) 

We may assume that Afi and X R are of the form JC x X# and a(K-) x xjj. We set 
D R := X^nr). Because of the coincidence of the Stokes nitrations, we have a natural 
isomorphism for each a <E Irr(Vb, R): 

Glf ' (ya)\(Kna"(K))x(X R \D R ) — Grf (Voo)\(Kn<r*(K))x(X R \D R ) 

By gluing, we obtain a variation of twistor structure on P 1 x (X R \ D R ), which is 
denoted by Grf (Vfi,B R ) . It is equipped with an induced unramifiedly good mero- 
morphic prolongment (Grf (V ,r), Grf (T4o.fi))- 

From the isomorphism V$ ~ cr*(V r 00 ) on Xjc induced by 5, we obtain an isomor- 
phism Gr^ a (VQ R ) ~ a* Grf (Voo,r) on X R x.- Namely, we have an induced pairing: 

Grf (5 ,fi) : Grf (Vb.fi) ® a* Grf (V^.r) — > (*X> fl , K ) 
Similarly, we have an induced pairing: 

Grf (5oo.fi) : Grf (!?«,,«) g> a* Grf (F ,r) — > 0*t k (*2>k lJC ) 

It is easy to observe that their restrictions to {K, D cr(/C)) x (Xr \ D R ) are the same. 
Hence, we have an induced symmetric pairing Grf (S R ) of Grf (V R , B^) equipped with 
a meromorphic prolongment. The tuple is denoted by Grf (V,B A ,5). We obtain 

g/(V,B a ,5) := Grf(V,B A ,5). 

oeIrr(V ,fi) 

It is called the full reduction of (V,B A ,5), and it is equipped with an unramifiedly 
good meromorphic prolongment (Gr^Vb.a), Gr^ Voo.fi))- 
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6.2.5.2. Refinement. — Let us consider the case X = A™, D — \J i=1 {zi = 0} and 
R G rii = i{ z i = 0}- We take an auxiliary sequence m(0), . . . ,m{L),m(L + 1) = 
for the good set I := Irr(Vb,-P). As in the case of full reduction, we obtain graded 
variation of twistor structure 

It is naturally equipped with an unramifiedly good mcromorphic prolongmcnt 
(Gr m W(V ,ii) I Gr TO W(^oo,H)). In particular, (Gv m ^\V , R ), Gr m < > (Voo.h)) is called 
the one step reduction. 

Remark 6.2.7. — Let us consider the case X := A' 1 and D := {zi = 0}. As- 
sume that we are given an unramifiedly good meromorphic prolongment (Vo,Kx>) of 
(V, E) A ) on (X, X^). If D is smooth, the reductions Gr^(V, ID A ,iS) are equipped 
with unramifiedly good meromorphic prolongments (Gr^(Vo), Gr^^V^)) given on 
(X',X'^). (Namely, we do not have to consider the restriction to a compact region in 
C\, in this case.) □ 

6.2.5.3. Compatibility. — We give a remark on compatibility. We assume that the 
coordinate system is admissible for a good set I (Remark 2.1.4). Let k be determined 
by m(0) G 1 k <0 x t _ k . 

Take 1 < j < k and R\ G Djf)X Ri which is not a singular point of D(k). Let X Rl 
be a small neighbourhood of i?i in X. We set X R := X Rl \ D. We put 

(Vx.Bf ,5i) := (F,D A ,5) rxXS , (V 2 ,^,S 2 ) := Gr m W(F fl ,D^,«S) rx x 5 

They are equipped with the induced unramifiedly meromorphic prolongments. 

Lemma 6.2.8. — We have a natural isomorphism: 

Gr^(y 1 ,Df ,5i) ~ G/ (F 2 ,B a S 2 ) 

Proof It follows from Corollary 3.7.14. □ 
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CHAPTER 7 



PROLONGMENTS VS X FOR UNRAMIFIEDLY GOOD 
WILD HARMONIC BUNDLES 



We start to study wild harmonic bundle. In Section 7.1, we state the definition of 
wild harmonic bundles and some related conditions for Higgs fields. 

In Section 7.2, we state some estimates related with the Higgs field of an unram- 
ifiedly good wild harmonic bundle (the wild version of Simpson's main estimate), 
which will be proved in Section 7.3. These estimates are the most foundational. 

In Section 7.4, we consider the sheaves of holomorphic sections whose norms are of 
polynomial orders, and we show that they form a good filtered A-flat bundle (Theorem 
7.4.3). We also obtain a characterization of the Stokes filtrations in terms of the 
growth order of the norms of flat sections (Proposition 7.4.4). 

In Section 7.5, we study the comparison of the irregular decompositions for 
(VE ,^ ) and (V£ X ,V> X ). We note that the family version will be studied in Section 
9.4. In the proof, we give an estimate for the connection form of the unitary 
connection associated to (£ x ,h) (Lemma 7.5.5). It will also be useful for other 
purposes. 

We would like to compare the deformations caused by variation of irregular values 
(Section 4.5.2) and by modification of the hcrmitian metrics. It will be achieved in 
Proposition 9.2.1. We make a preparation in Section 7.6. 

In Section 7.7, we give a criterion for a holomorphic section to be bounded with 
respect to h. 



7.1. Definition of wild harmonic bundle 

7.1.1. Local condition for Higgs fields. — Let (E,8e,9) be a Higgs bundle on 
X — D, where X is a complex manifold, and D is a normal crossing divisor of X. We 
would like to state some conditions for the Higgs field 9. First, let us consider the 
case X = A" = {z = (z u . . . , z n ) \ \ Zi \ < l}, A = {z, = 0} and D = ULiA- In 
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that case, we have the expression: 




We have the characteristic polynomials 

det(r-f>(*)) =J2 A iAz)T\ det(T-G J (z))=Y / B J , k (z)T k . 
The coefficients Aj^k and Bj t k are holomorphic on X — D. 

Definition 7.1.1. — We say that 9 is tame, if Aj t k and Bj k are holomorphic on 
X for any k, and moreover, if the restriction of Aj_k to Dj are constant for any 
j = 1, . . . ,£ and any k. □ 

Remark 7.1.2. — If 9 comes from a tame harmonic bundle, 9 is tame in the above 
sense. We do not have to assume that the Aj^jj are constant for the definition of 
tame harmonic bundle. It is automatically satisfied. □ 

Let A be a Q-vector subspace of C. 

Definition 7.1.3. — We say that 9 is A-tame, if 9 is tame and the roots of the 
polynomials det(T — Fj(z))\ Dj are contained in A, for any j. □ 

Definition 7.1.4- - 

— We say that 9 is strongly unramifiedly (A-)good on (X,D), if we have the good 
set of irregular values Irr((9) C M(X,D)/H(X) and the decomposition 

(91) (E,6)= (E a ,9 a ), 

cielrr(0) 

such that 9 a — da ids a are (A-)tame. 

— We say that 9 is strongly (A-)good on (X,D), if <p* e {6) is unramifiedly 
good for some e £ Z>o, where ip e is the covering given by ip e (zx, . . . , z n ) = 
(zf,...,z%,z e+1 ,...,z n ). □ 

The condition is independent of the choice of a coordinate system. The adjective 
"strongly" means the existence of the global decomposition (91). (Compare with 
Definition 7.1.5 below.) But, we will often omit "strongly", if there is no risk of 
confusion. 
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7.1.2. Global condition for Higgs fields. — Definition 7.1.4 can be globalized 
easily. 

Definition 7.1.5. - Let X be a general complex manifold. Let D be a normal 
crossing hyper surface of X , and let (E,6) be a Higgs bundle on X — D. 

— 9 is called (unramifiedly, A-)good at P G D, if it is strongly (unramifiedly, 
A-)good on a coordinate neighbourhood of P. 

— 9 is called (unramifiedly, A-)good on (X,D), if it is (unramifiedly, A-)good at 
any point Pel). □ 

We also introduce the more general condition. 

Definition 7.1.6. — Let X be a complex analytic space, and let Z be a closed ana- 
lytic subset of X such that X — Z is smooth. Let (E, 9) be a Higgs bundle on X — Z . 
The Higgs field 9 is called (A-)wild on (X,Z), if there exists a complex manifold 
X' with a projective birational map ip : X' — > X such that (i) (p~~ 1 (Z) is normal 
crossing, (ii) tp~ 1 9 is (A-)good on (X 1 , ip^ 1 (Z)). □ 

7.1.3. Condition for harmonic bundles. — We introduce the notion of (un- 
ramifiedly) good wild harmonic bundles, which is one of the main subjects in this 
monograph. 

Definition 7.1.7. — Let X be a complex manifold, and let D be a normal crossing 
hypersurface of X . Let (E,dE,9,h) be a harmonic bundle on X — D. 

— It is called A-tame on (X,D), if 9 is A-tame on (X,D). 

— It is called (unramifiedly, A ) good wild harmonic bundle on [X,D), if 9 is (un- 
ramifiedly, A- )good on [X, D) . □ 

In the case X = A™ and D = [_f i=1 {zi = 0}, we will often implicitly assume that 9 is 
strongly (unramifiedly *4-)good. We will often say that (E, &e, 9, h) is a (unramifiedly 
„4-)good wild harmonic bundle onl-D instead of (X,D). In our previous paper 
[93], \J— l_R-tame harmonic bundle is called tame pure imaginary harmonic bundle. 

We introduce a more general notion. 

Definition 7.1.8. — Let Z be a closed analytic subset of X. A harmonic bundle 
(E,d E , 9,h) onX-Z is called (A-)wild on (X, Z). if 9 is (A-)wild on (X, Z) . (We 
will also say that (E,dE,9,h) is (A-)wild on (X, X — Z), instead of (X, Z).) □ 

Analysis will be mainly done for (unramifiedly) good wild harmonic bundles. In 
the curve case, any wild harmonic bundle is good. We remark that even if (E, 8e, 9, h) 
is a wild harmonic bundle on {X, D), where D is normal crossing, it is not necessarily 
good. In Chapter 15, we will study when a harmonic bundle is wild. 
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7.2. Simpson's main estimate and acceptability of the associated bundles 

7.2.1. Setting. — Let X = A". A = {z l = 0} and D = [f i=1 Di. Let (E,d E ,6,h) 
be an unramifiedly good wild harmonic bundle on (X, D). By shrinking X, we assume 
to have the irregular decomposition: 

(92) (E,6)= {EM 

aelrr(e) 

Here, a — da id Ea are tame. We have the expression: 

n 

We put J™ 6 := fj — J2dj an a for j = l,...,n. By the assumption, det(T — Zj/j eg ) ^ 
(J = 1,. ..,£) are polynomials in a formal variable T with constant coefficients. Let 
Sp{d,j) C C denote the set of the solutions of det(T — z jfj° s )\ D . = 0. For each 
j = 1, . . . ,£, we assume to have the decomposition 

(93) (EJP)= (Ej, a ,f%) 

aes P (e,j) 

such that the eigenvalues (3 of (zj fj°a)\Q satisfies |/3 — ct| < Co \zj(Q)\ e ° for some 
C , e > 0. 

We put X(R) := {{z u . . . , z n ) € X \ \ Zi \ < R} for R < 1 and X*(R) := (X-D)n 
X(R). 

7.2.2. Main estimate for the irregular part. — We take an auxiliary sequence 
M := (m(0), m(l), m(2), . . . , m{L)) C Z< — {0^} for the good set of the irregular 
values lrr(0), i.e., (i) m(0) = min{ord(o) | a e lrr(0)}, (ii) we have rj(i) such that 
m(i + 1) = m(i) + 5f,(j) for each i < L — 1 and m(L) + = (iii) T(0) := 
{ord(a - b) | a, b e lrr(0)} C X. 

Let TJm : Irr(#) — >• M(X,D) be given as in (11). Let Irr(6*, m) denote the image 
of lrr(0) via 77 m for m E M. We may and will fix auxiliary total orders < on the 
finite sets Irr(6*) and Irr(#, m) for any m G Ai such that rj m are order preserving. 

For each m £ M. and b € Irr(#, m), we define 

E?:= n m (^):= F™ b (E) := £™ 

W m (n) = b celrr(e,m.) celrr(0,m) 

Let E™' denote the orthogonal complement of F™(E) in F™(E). Let 7r™ denote 
the projection of E onto -E 1 ™ with respect to the decomposition E = ©^elrrfe m) ^fa™- 
Let ir™' denote the orthogonal projection onto E™' . We put W£ := -k™ — n™' . 
We will prove the following theorem in Sections 7.3.1-7.3.4. 
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Theorem 7.2.1. — There exist positive constants R\, t\ and Ai such that the fol- 
lowing holds on X*(Ri) for any b E Irr(#,m): 

\Tir\ h <A 1 exp(- ei |z ro |) 

In particular, the decomposition E = ©t,eTrr(e m) ^fa™ * s ex P( — £ i| zr "1) -asymptotically 
orthogonal, in the sense that there exists A\ > such that the following holds for any 
u i *= E bi \Q with bi ^ b 2 : 

\h{ Ul ,u 2 )\ < A\ \u x \ h \u 2 \ h cxp(- ei |z m (Q)|) 

The constants A\, A\, t\ and R\ may depend only on vawk{E), Cq, cq, Irr((9) and 
Sp{0,j) (J = 1, ...,£) in Section 7.2.1. 

Corollary 7.2.2. — We have the estimate |tt™ - n™*\ h < 2A 1 exp(-ei\z m \) , 
where ir™^ denotes the adjoint of w™ with respect to h. □ 

Remark 7.2.3. — The main part of Theorem 7.2.1 is the claim for m £ T{0), but 
it is convenient to take an auxiliary seguence M. for inductive arguments in both the 
proof and the use. □ 

7.2.3. Main estimate for the regular part. — We take an order < on Sp(8, j) for 
each j. We put Fj^ a (E) := © /3<Q Ej,a- Let E'j a denote the orthogonal complement 
of Fj t<a in Fj >a . Let 7Tj. Q denote the projection of E onto E^ a with respect to the 
decomposition E = ® Ej t0l . Let n'j a denote the orthogonal projection onto E'j a . For 
an y j = 1, we set 

/•ice; \ * ^ / 

a£Sp(e,j) 3 

We put T^Ya : ~ 7Tj,ct — a - We will show the following theorem in Sections 7.3.5-7.3.7. 

Theorem 7.2.4- — We have the following estimates: 

P(reg) : We have \ Zj f™% < A 2 (j = 1, . . . ,£) and \f 1 j cs \ h < A 2 (j = t +1, . . . , n) 
o?i X*(R 2 ). 

Q(rcg) : \qj \ h < A 2 \ Zj | -*(- log \ Zj for j = l,...,£ on X*(R 2 ). 

JJ(reg) : — ^2 \ z j\ t2 071 X*(R 2 ) for j = 1, . . . ,£. In particular, the decom- 

position E = @Ej. a is 0(\zj\ £2 )-asymptotically orthogonal. 
The positive constants A 2 , R 2 and e 2 may depend only on rank(E'), Cq, eo, Itt(O) and 
Sp(8,j) in Section 7.2.1. 

Corollary 7.2.5. — We have the estimate \%j :Ct — a \h — %A 2 \zj\ e2 , where 7rj Q 
denotes the adjoint ofitj^a with respect to h. □ 

For j = 1, ...,£, we consider the following: 

f nil — -reg _ a _ . 

a£Sp(9,j) 3 
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Corollary 7.2.6. — We have \ ff \ < A' 2 \zj\~ 1 (- log \ Zj \) \ □ 
For any cx,[3 e Sp{9) := Sp(8,j), we set Diff(a,/3) := {j | ay 7^ f3j} and 

Q £ (a,/3):= J] l^| £ - 

jeDiS(a.J3) 

We put _E a , Q := E a n Hj=i Ej, aj . We have the following immediate corollary of 
Theorem 7.2.1 and Theorem 7.2.4. 

Corollary 1.2.1. — In the case (0,0;) 7^ (b,f3), the subbundles E a ^ a and E^^ are 
exp(— e \ z oTd(a-b) |j Q € (ql, f3)- asymptotically orthogonal for some e > 0. □ 

7.2.4. Complementary estimates for the Higgs field. — We give some re- 
finements, which immediately follow from the theorems. The proof will be given in 
Section 7.3.8. Any constants and any estimates may depend only on rank(i?), Co, £o, 
Irr(6*) and Sp(9,j) in Section 7.2.1. We have the decomposition: 

(94) End(£)= Hom(B„, a ,£ B>I ) 

a,a'Glrr(e) a,a'eSp(0) 

For a section F of End(£"), we have the corresponding decomposition: 

(95) F= E F (n,«),(a', a ') 

a,a'glrr(0) a,a'eSp{9) 

Let Q e (ot,ot') be as in Section 7.2.3. 

Proposition 1.2.8. — We have the following estimates on X*(R 3 ): 

< A 3 exp(-e 3 |z m ^ | - e 3 \z°^ a -^\) Q e3 (a, a') 

< A 3 \ Zj \** exp(-e 3 N ord{a - a ' ) |) Qe 3 (<*,(x') 

< ^kr^-log^-l)- 1 exp(-e 3 |^ rd ( a " a ')|) Q es (<*,<*') 
For j = £ + 1, . . . , n, 

< A 3 exp(-e 3 |z OTd (°- a '>|) Q C3 (a, a'). 

7.2.5. Estimate of the curvature. — Let g p denote the Poincare metric of X — D. 
For any section F of End(_B) (g) f2 p , we have the decomposition F = F(a,a),(a' .a') 
corresponding to the decomposition (94). We will prove the following proposition in 
Section 7.3.9. 



(a,a),(a / ,Q; / ) 



T i,7 7r ^T r )(ft,o) 1 (a',a / ) 



(/r st ) 



7.3. PROOF OF THE ESTIMATES 



197 



Proposition 7.2.9. — We have the following estimates on X*(Ri) with respect to 
h and g p : 

In particular, | [6, | ft g < As on X* (-R4) . -ffere £/ie constants -R4, A4, As may depend 
only on rank(£ l ), Co, eo ; lrr(0) and Sp(9, j) in Section 7.2.1. 

Let d<( := d s + A6»+. The holomorphic bundle (E,d'l) is denoted by £ A . The 
curvature of the unitary connection associated to h and d'^ is denoted by R(h,d'l). 
Recall the relation R(h, d'V) = — (1 + |A| 2 ) [6, 6']. Hence, we obtain the following direct 
corollary of Proposition 7.2.9. 

Corollary 7.2.10. — We have the following estimates on X*(Ri) with respect to h 
and g p : 

R(h,d'{) (a!aUal>al) < (l + |A| 2 )A 4 cxp(-e 4 | Z OTd ( n - a ')|)Q e4 (a,a') 

In particular, \R(h, d'£) \ h g < (1 + | A| 2 ) onX*{R<±). Therefore, (£ x ,h) is accept- 
able. In particular, (End(£ A ),/i) is also acceptable. □ 



7.3. Proof of the estimates 

7.3.1. Inductive statement for the irregular part. — In the following argu- 
ment, any constants and any estimates may depend only on rank(-E'), Co, eo, Irr((9) 
and Sp(6,j) in Section 7.2.1. Let / and g denote some functions on X* . We say 
/ = 0(g) if \f\ < A ■ \g\ holds on X*(R), and we say / ~ g if A' 1 ■ \g\ < \f\ < A ■ \g\ 
holds on X*(R), for some positive constants A, R > 0. 

For a £ Irr(#), let Cm(i)( a ) be as in (10). It is also well defined for a £ Itt(8, m(i)). 
Note ?7 m (j)(ci) = J2j<i CmW)( a ) f° r a € lrr(0). We define f™ and Hj*' as follows: 

(96) fp (t) :=fj- 9 J 7 ?m(i-i)(fl)- 7r a = /7 l( '" 1) - 9jCm(i-i)(ci)-7r 

oSIrr(0) aGlrr(e) 

£ rrh(i— 1} X ^ a s Ix \ m(i—l) 

= fj ~ djCm(i-i)(b) -n b 

belrr(0,m(i-l)) 

(97) M r W := - E ^C mW (a)V a = JT ^^(b)-^' 

aelrr(e) belrr(6>, rra(i)) 

For the proof of Theorem 7.2.1, we show the following claims inductively on i. 
P(i,irr) : lif^k = o(|z m(i ' )_Sj |) for j = !,...,£ and for any i' < i. 



Q(i, irr) : = o(|z m(i '>|) for any i' < i. 
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R(i,irr) : I^^^L = C>(exp(-e(3, i') ■ \z m ^\)\ for any b G lrr(0, ra(i')) and 
for any i' < i. In particular, the decomposition E = ® bg ijj(g m (i')) ' is 
exp(— e(3,i') • |z m (* ) |) -asymptotically orthogonal for any i' < i. 

Remark 7.3.1. — By considering the pull back of(E,dE,9,h) via a ramified cover- 
ing (p : X — > X given by (f(zi, . . . , z n ) = {zf, . . . , zf, zt+i, ■ ■ ■ , Z n ), and by shrinking 
X , we may and will assume that there exists a constant C\q, which is independent of 
the choice of Q G X — D, such that 



<Cio 



dzj Zj(Q) 

for any eigenvalue /3 of fj^ a , a )\Q, where fj : ( a , a ) denotes the restriction of fj to Ej >a C\ 
E a . ' □ 

Remark 7.3.2. — By tensoring rank one meromorphic connection, we may and will 
assume, for any m G A4 , there exists a G Irr(#) such that a m 7^ 0. □ 

7.3.2. P(i - 1, irr) + Q(i - 1, irr) + R(i - 1, irr) P(i, irr). — Let Aj denote the 
Laplacian with respect to the variable Zj, i.e., Aj := —d 2 jdzjdzj. Because of the 
commutativity [fj, fj ] = 0, we have the following inequality: 



08) A 3 -log|/-W|;<- 

\Jj \h 

(See Page 731 of [114].) Recall f 3 = /™ w + T, d jV m (i-i)(*) ' *o- We have the 
following equality: 

a a i'« i'<ibe5r(8,m(i')) 

For any section F of End(E), we have the decomposition F = C^'\F) + T>^'\F) as 
follows: 

C^'\F)E Hom(£™ (/) ',£™ (l ' ) '), T>^'\F) G End«* (<,)/ ) 

b,b'elrr(e,m(j')) belrr(0,m(i')) 

Then, we have [tt^^,^] = [C^Ttf* *), f™ {i) } + [X>( i ')( 7r ^( i ')t) )C (i')(/J"«)] 
for any i' < i. Both the first and second terms are 0(cxp(— e(4, z')|.z m (' )|)) • |/ J m ^' ) | 
because of R(i — l,irr). Note |o|jCm(i')(k)| = 0(\z m ^ )|) if the j-th component of 
m(i') is 0. Hence, we have the estimates 

|^C m(i0 (b)| •cxp(-e(5, l ')N m(l ' ) |) = o(exp(-e(6,i')\z m ^\)] 
Therefore, we obtain the following estimate: 

mCmd'^-n^y, /f W ]| = o(ex P (-e(7,0 • |*"*'>|)) • |jf «| h 



[/;./r (0 ii' 
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Hence, we obtain the following inequality on X*(R^i) from (98) for some constant 

|r,ro(i)f f m (ih\ 2 
(99) A, log|/f « \l < ^ J '* + C 20 , 

I ■'j I /i 

Any eigenvalues of {zj ■ fj \q f° r Q € A*(i? 5ji ) are dominated by C^i,* • |« m W(Q)|. 
Hence, we can show P(i) by a standard argument. We give only an outline of the 
argument. Let TTj : X — > Dj denote the natural projection. Let P be any point of 
Dj \ Ui<fc<£ k^j Dk- Let H denote the upper half plane. We have the universal cover- 
ing <p : i ^4 7Tj 1 {P)-{P} given by Zj = cxp(^TC)- Let Y(R 54 ) := tp- 1 (X (R 5ii )) . 



j 

We put F := tp~ 1 (zj ■ ). Let denote the Laplacian —d 2 /d(d(^. Because of 



(99), we have the following inequality on Y(R$ : 

[F,Fl] 



2 



A c log\F\i<- ^ |F| 2 lft +g 2 



By using the argument for the proof of Proposition 2.10 in [92] (based on [1] and 
[114]), we obtain that \F\\ is dominated by the sum of the square of the absolute 
values of the eigenvalues of F on Y(R 5:i ), and the estimate may depend only on €22- 
Thus, we obtain P(i,hr). (Actually, we do not use Q(i — l,irr).) 

7.3.3. P(i,irr) + Q(i - l,irr) + R(i - l,irr) =>■ Q(i, irr). - - We put j := t)(i) for 
simplicity of the description. We remark the j'-th component of m(i) is negative, 
which we will use implicitly. For any point Q e X — D, let (Q) := m iP) • l/?| 2 , 

where (3 runs through the eigenvalues of /Jjg , and Xn(j3) denotes the multiplicity of /3. 

We put H™® := \f™£ ] \ 2 - G™ [i) {Q). We have only to show H™® = 0(|z m «| 2 ). 
We consider the following: 

r m(.) ;= J2 d j (a-T} m(i _ 1) (a))-'n' a + J2 J.'^ 

nelrr(S) a£Sp(6j) J 

We have |rj" (i) | h ~ |« m W-^|, and Aj log|T™ (i) \\ is C°°. We set 

(I ,m(i) |2\ / jjm(i) n m(i) I m(i) 1 2 \ 

feA r' og 1+ )■ 

iemma 7.3.3. — \df^ - |rf (i) | 2 | = o{z m ^-s> 

Proof Let fj^ a \ denote the restriction of /J™ to E a n Ej <a , and let /3 be any 
eigenvalue of /J7a a)|Q" ^ e navc the following estimate (see Remark 7.3.1): 



9a a 
77-(Q) + ^7rr 



< Q 



••!() 
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Hence, we have the following: 



2 



da a 



-(Q) 



o( \z m ^~ s i 



dzj Zj{Q) 

Then, the claim of the lemma follows. □ 

By using a standard argument using elementary linear algebra (see Page 729 of 
[114] ) , we can show that there exists a constant C31 > such that | [/J" , f™^] | . > 
C31 -H™^ . Recall (99), where we have used R(i — 1, irr). Hence, we have the following 
estimate on X*(i?3o ) i) for some constants C%: 

/rrm(i)\2 / „m(i) \ 2 

^7 (i) < • y^p^ + c 33 < -<7 M |*"*>-'' I 2 -4™ + c 35 



We have already known H™ = 0\\z m ^ Sj \ J due to P(i,irr). Hence, we have 
the following estimate: 



(i) + G J \h\ 



T- 



Put Z(L) := {Q e X*(R 30 ,i) \ H™ (l) > L ■ \z m ^\ 2 } for some large L > 0. Note 
2m(i) < m(i) — Sj. Hence, H™ is sufficiently larger than ^Gj 1 ^ — [rj 1 | 2 | on 
Z(L), and we obtain the following on Z{L) n X*(i? 3 i ji ): 

TT m (i) Tjrn(i) 

(WD ^7^<C W <C3 6 -^ 

We have 2(m(i) — 5j) + 4m(i) — 4(m(i) — 5j) = 2m(i) + 28 j < 0. Hence, we have 
the following inequality on Z(L) H X*(i?3i ; j): 

(102) Aj-fcf « < -C 37 • \z m ®- s i \ 2 (kf l) f < -C^\ Zj \-\k^) 2 

We would like to compare the functions \zj\ 2 and k™^\ 

Lemma 7.3.4- — Let R%2,i < R-3i,i- We can take C39 with the following property: 

- C 39 -N a >Af (i) ond^-^iZsa,.-}. 

- Ifk™ {l) (Q) > C 39 • MQ)| 2 /or Q G X*(-R 32 ,i) } we Aaue Q e 

Proof Due to (100) and ff™^ = 0(\z m ®- s * | 2 ), we have the boundedness of 
fc" 1 . Hence, the first condition is satisfied for sufficiently large C39. Due to (101), 



the second condition is satisfied for sufficiently large C 3 g. □ 
Take C40 > maxjC^ 1 , C39}. Note the following inequality for any 77 > 0: 
A,(C 40 • |2 3 -| 2 -T7tog|^|) > -C 38 |^r 4 (C 4 o • M 2 -^log|z,|) 2 



7.3. PROOF OF THE ESTIMATES 



201 



Let P be any point of Dj — Ui<fc<£ k^tj Let us consider the following set: 
Z P (C A0 ,v) ■= {Q G «r\p) nX*(R S2 ,i) I fcf W (Q) > C 4 o|^(Q)| 2 -^loglz^Q)! 2 } 

Since k™^ is bounded, the closure of Zp(Cio,r)) in ir~ l {P) — {P} is compact. By 
the choice of C39, the closure of Zp(C4o,r]) has no intersection with {\zj\ = i?32,i}- 
Because Zp(C4o,rj) C Z(L) n X*(i? 3 i ji ), we have the following on Zp(C4o,r?): 

A i - (^0 1 ^ 1 2 -r? log 1) ) <-C 38 h|- 4 ((fc7 l «) 2 -(C' 4 oK| 2 -r ? log| Z ,|) 2 )<0 

Therefore, fc™ 1 ^' — (C4o|%| 2 — 77 log | | ) takes the maximum at the boundary of 
Zp(C4o,r]), which has to be 0. Thus, we have arrived at the contradiction, and 
we can conclude Zp(Cio,f]) = By taking r\ — > 0, we obtain kj 1 ' < Cio\zj\ 2 on 
7rJ 1 (P)nX*(R 32 . l ). Due to (101), wc obtain iJ™ (0 = 0(\z m ^\ 2 ) and thus Q(i,irr). 
(Actually, we do not use Q(i — l,irr).) 

7.3.4. P(i, irr)+Q(i, irr)+i?(i— 1, irr) =>■ i?(i,irr). — Wc continue to put j :— f)(i). 
Because of the commutativity [fj,^^ 1 ] = 0, we have the following inequality: 



(103) A.loglrr^l 2 ^ 
We consider the following function: 



K (€) \l 



C W :=lo g (^ =log f 1+ « 

VK W 'I 2 J V K W 'IL 

Because [/T* w , tt^] = 0, we have the following: 

0= + [/f^.TT^'] 



We have [ftf® , n^'] = , 7r™ (i)/ ] = 0(|z™«|) due to Q(i, irr), and hence 

^m(i) _ O ( I ^ 1 ) . In particular, we have the following estimate: 

(104) ~ i^r (i) ih 

From (103), we have the following: 



3 b - I m(t)|2 

7Tu , 



Note the following: 

/j = E _E ratJ-^+E _E ^c m(i0 (c).^r (i,)t +Mr (i)t 

celrr(e,m(i')) faGlrr(6»,m(i')) 
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Because of Q{i, irr) and R(i — 1, irr), the second and third terms in the right hand side 
are assumed to be much smaller than the first term on X*(i?4o ; i). Let p m ^ denote 
the projection of End(P) onto the direct summand ©&>b' Hom(E™ , ). From 
the equality [ft, 7r" W ] = [/j, K®] + I/j 

,7T™ W '], we have the following inequality 

on X*(R 42 ,i): 

\[fK (l) ]\l > \p m{l) lf},K (l) ]\l > c*i • l* m(i) -^l 2 • \K ( X 

Hence, we obtain the following on X*(Ri2,i)'- 

a,C w < -C42 • \z m ^- s '\ 2 ■ \n™^\ 2 < -C43 • |z m w- a *| 2 • C (0 

We take small e(10,i) > such that the following holds: 

(105) (^Mj . e{ ^if< ClL3 
We have the following inequality for any tj > 0: 

(106) A j (exp(-e(10 > i)|* m W|)-^log|z i |) > 

- (^) 2 ' ^lO,*) 2 • \z m ®- s *\ 2 ■ (exp(-e(10,i)|z m «|) - ^log^f) 
For rj > and P G D - Ui< fc <c. fc ^ D k, we put 

%(P, Zj ) ~exp(e(10,i)l[\z^(P)\ ■ {R^f ~ \z?® |)) - V ■ log|^| 

Because of (106), we obtain the following: 

A,(*, ( p,z,)) > - cM)y e (io,i) 2 ni^ (i) ( p )i • i*r* ( °- a i >< *,(^) 

We have $ V (P> z j) = 1 — ^logP42,j for |zj| = Ra2,%, which is larger than 1/2, if 77 is 
sufficiently small. We have already known that k™ is bounded. Hence, we can take 
a constant C44 such that ^m^-i / P \( z j) < C44 ' *>)(^ z j) on {\ z j\ = P42,i}- L et us 
consider the following set: 

Z(P, V ) := [ Zj G ttT^P) nX*(P 42 ,i) I ^(P)^) > C44 ' *i( p .*j)} 

Since fc™^' is bounded, the closure of Z{P,rj) in {0 < < 1} is compact. By 
our choice of C44, the closure of Z(P,rj) has no intersection with {\zj\ = i?42,i}- On 
Z(P,ij), we have the following inequality by our choice of e(10,i) as in (105): 

^(k^} 1{p) -C 44 .%(P >Zj )) <0 

Hence, the values of k™ _ ± — Ca^b^P, Zj) on Z{P, rj) is not larger than the bound- 
ary values, which is 0. Thus, we have arrived at the contradiction, and we obtain 
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Z(P,i]) = 0. By taking r\ — »• 0, we obtain the following inequality on it 1 (P) n 

X*(R,42,i)'- 



k Zh*> - Cm ' cx p( e(10 ' l) ' IIk mp(4) ( p )l • Kf V] 



Let #43,, := i?42,i/2. Then, the following holds on tt, L (P) n 



43, i J 



Hence, we obtain l^™^ = o(exp(-e(ll,i) • |* m W|)). 

Thus the proof of Theorem 7.2.1 is finished. □ 

7.3.5. P(rcg). — Let us begin the proof of Theorem 7.2.4. We have the following: 

/| = /; cst +E _E 5u«w-C <fl +E _E »jU(i)(b)-(C wt -C (i) ) 

» belrr(0,m(i)) « belrr(0,m(i)) 

We have the estimate 1 7r™ f - tt J* | ft = 0(cxp(-ei|;z m |)) . We note that |cjjCm(»)(&)l = 
case that the j-th component of m(i) is 0. Therefore, we have the 
following inequality on X*(Reo): 



a, log i/f s i 2 < - |[ ;;4 |2 Jlfe < + c 60 



Since the eigenvalues of /j° s (rcsp. Zj • /j cg ) are bounded on X — D in the case 
j > I (resp. j < £), we obtain the desired estimate by using the argument in Section 
7.3.2 and the inequality (107). 

7.3.6. Q(reg). — We put pj := Y^aeSp(j) m i a ) ' \ a \ 2 -, where m(a) denotes the mul- 
tiplicity of a. By considering the tensor products with the rank one Higgs bundle, we 
may assume pj 7^ 0. Similarly, we also put G™ S (Q) := J2 m (P) ' l/^| 2 ; where f3 runs 
through the eigenvalues of /?|. We put Hf s := \f™* \\ - G] cg {Q). By Remark 7.3.1, 
we have \q 3 \ 2 - Hf s = 0(1) and ft|%|" 2 - Gf 6 = Od^T 1 ). We have only to show 
< C(|z 3 -|- 2 (-log|^-|)- 2 ). We put 

Let us consider the set 

Z(L) := {Q e X*(R 6Q ) I H; cs (Q) > L\ Zj (Q)\- 2 (-log MQ)|)- 2 } 
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for some large L > 0. On Z(L), we have /cj eg ~ iJj eg • |zj| 2 . From (107), we have 
the following inequality on Z(L): 



(fT TC SY2 „ / rrreg \ z />reg 



2 



Ajkj < -C 6X ; ,_ 2 + C* 62 < -r— la- „. I-.I-2 + ^64 < -C 65 i |2 + d 



()() 



We have fc™ s > C 70 (— log \zj\) 2 on Z(L). Hence, we have the following on Z(L), if 



k 



i is sufficiently large 



(108) A 3 (fc; og )<-C7 67 



Lemma 7.3.5. — We can take C71 and i?6i wiift the following property: 

A,-(C 71 (-log|^|)- 2 ) >-C 67 -|z J |- 2 (C7i(-log|z,|)- 2 ) 2 . 

- fc; cg < Cn(-log|^|)- 2 on {\ Zj \ = Rei}. 

- Vkp(Q) > C 71 (-log\zj(Q)\)- 2 forQe X*(R 61 ), we have Q e 

Proof The first condition can be checked by a direct calculation as in [114] or 
[93] . Since we have already known that kj es is bounded, the second condition can be 
satisfied. Since we have fc™ s ~ (Hj° e + (G 1 ^ 6 — Pj\ z j\~ 2 )) ■ l z j| 2 j the third condition 
can be satisfied. □ 

Let P be any point of Dj — Ui<fc<^ k^j Dk, and let us consider the following set: 

Z(n) :={Qe nj\P) n X*(R 60 ) \ k™ s (Q) > C 71 (-log|z 3 |)- 2 - n ■ \og\ Zj \) 

Then, we can show Z[r\) = by using a standard argument as in Section 7.3.3, with 
(108) and Lemma 7.3.5. (See [114] or [93].) By taking 77 — > 0, we obtain the estimate 
kf 6 < C 71 (-\og\ Zj \)~ 2 , which implies \Hp\ = 0(|zj|- 2 (-log|.Zj|)- 2 ). Therefore, 
we obtain Q(j, reg). 



7.3.7. i?(reg). - - We have = [jf g , rr,, a ] = [jf g ,7^ g ] + [/f g ,^.J. We also 
have [/j oe ,7Tj>] = O (|Zj|~ 1 (-log|Zj|)~ 1 ) by Q(reg). By using it, we obtain the 
preliminary estimate 7^° g = ^(( — l^il) ' ^ e nave the following: 

(109) /j = E _E «iU W (f)-< (i) + E I -4- 

1 belrr(0,m(i)) aSSp(9,j) 5 

+E _E ^c ra( o(«»)-(C (i,t -C (0 ) + «} 

» belrr(0,m(i)) 
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The last two terms are much smaller than the first two terms on X*(Rso). We have 
the following: 

(110) [/t >7 r,. a ] = [SEfljCmW^)^ -*? ( \<a] + [<?}, <«] 



/9 J i b 



By using an argument in Section 7.3.4, we obtain the following on X*(Rsq) 
(111) 



ft- 



[EE^c(b)(7r 



[EE^<(b)(C (i)t -7rr W ),^ 

>c 80 \ Zj r\n^ a \ h -c 81 



i b 



m(i)t _ _ m M\ / 



i b 



Wc consider the following function: 



k ha := log 



T 'j,a\h i 



= log 1 



Recall that we have already known that kj >a is bounded. Hence, we have the following 
inequality on X*(R$q): 



< 





^reg 

J, a 


2 
// 


l^'l 2 


4a 


2 
/< 



C 8 3 < 



12 ^ 



kj a + Cj 



No 



By using an argument as in Section 7.3.3 (see also [114] or [93]), we obtain kj a = 
0(\zj\< 2 ^), and hence \R-]°l\ h = O(|^| e(20) ). Thus, the proof of Theorem 7.2.4 is 
accomplished. □ 

7.3.8. Proof of Proposition 7.2.8. — 

Lemma 7. 3. 6. — We have the following estimates: 



(112) 



[rrr (p)t ,C (9) ] = O(e X p(-e 10 \z™W\ - e w \z m ®\) 

h V 



(113) [<" (p)t 



(114) 



[C W ,i] =o(exp(-e 10 -|^|)-|^r- 



Proof Due to Corollary 7.2.2, we obtain the following: 



r " 

[7T 



m(p)f 7r m ( 1 ?)] 



r/ " 



'(P)t 



(l>)\ _ m (<?)l _ 



(exp(- Cl |*^|)' 
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Similarly, we obtain [7r™ (p)t , 7r™ (<?) ] = o(exp(-ei|z m («)|)). Then, wc obtain (112). 
The estimates (113) and (114) can be shown using a similar argument together with 
Corollary 7.2.2 and Corollary 7.2.5. □ 

Lemma 7.3. 7. — We have the following estimates for j = 1, . . . ,£: 

(H5) [/f^r^^o^i-u-iogfeD^-^pHii^i))' 
[ffM, a ]=o{\z j \- i (-io g \ Zj \y 1 -\z i r) 

We have the following estimates for j = I + 1, . . . , n: 

(116) [jfVr (p)t ] = 0(exp(- Cl |z"«|)), [f? VL] = O(N-) 
Proof We have the following equalities: 

[ff, ir™ iPn ] = [ff, ^ ~ ^ (P) ] , [ff, = [/f , rrL - 7T i)Q ] 

Then, the estimate (115) follows. The estimate (116) can be shown similarly. □ 

The naturally defined map Irr(6>,m(p)) — > Irr((9,m(p — 1)) is denoted by 
V m (p-i),m( P )- We set 

il(p) := |(c,c') e Ir7(6»,m(p)) 2 c^c', J7 m (p-i), m (p)(c) = ?7 m (p-i), m ( p )(c')}- 

We have the decomposition: 

End(i?)=0 Hom(i?r (p) ,^ (P) )© Vnd(E a ,E a ) 

p (c,c')ell(p) aelrr(0) 

For any section F of End(_E), we have the corresponding decomposition: 

^ = E E C' (p) + E F ° 

P (cc')SU(p) aelrr(6l) 

Lemma 7. 3. 8. — We have the following estimates: 

(117) (7r™ (p)t - ) = o(exp(- Cl0 |* m W| - dol^l) 



(H8) (4a-^>)r ' 9) =o(«p(-eio|* m(a) |) -l^-r). (i = l>---,^) 

(H9) (/f = log^iir 1 • expHxI^I)), (i = l,...,£) 

(120) (/f st )r b (P) = o(exp(- ei |z m ^|)) , (j = £ + 1, . . . , n) 
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Proof We have the following equalities for a 7^ a': 



(121) (7T^ (P)t - 7T™ (P) )™ ( , 9) = 7T^ (9) O (7T^ (p)t - 7T™ (P) ) O 7T™ (9) 



m{q) m(p)f 7Tl ( ( ?) TTl ('?) / m(p)f Tn -(<?) m(p)| 



Then, the estimate (117) follows from (112). The other estimates can be shown 
similarly. □ 

For each j = 1, ...,£, we have the decomposition: 

End(£) = I loini /•;,..,. A,..; 

For a section F of End(_E), we have the corresponding decomposition F = Fj >a ^. 
Lemma 7. 3. 9. — FKe /icwe i/ie following estimates: 

(7 m( P )t _ C (p) ) iia ^ - 0(exp(- eil |^|) ■ N e ") 
For p = 1, . . . ,£ and 7 S £>??(#, 7), 

(< 7 -^,7)^ = o(M eil -N ei1 ) 

For p = 1, . . . ,£, 

(/p nilt ) i ,^ = 0(hf 11 kp|- 1 (-logkp|)- 1 ) 

For p = £ + 1, . . . , n, 

(/p OSt )^ = °(l^| ei1 ) 
Proof We can show them using the argument in the proof of Lemma 7.3.8. □ 

Proposition 7.2.8 follows from Lemma 7.3.8 and Lemma 7.3.9. □ 
7.3.9. Proof of Proposition 7.2.9. — Let us consider the following: 

(122) $ := J2 da-ir a +J2 E a ' "=7 ' 

aSIrr(0) 3=1 aeSp(6,j) J 

Wc have the following: 

(123) 0t_$ = £ J2 dC m{t) (a)-(nT { ^-nT {l) ) 

P aelr?(e,m(i)) 

I In 

+ E E « • f 1 • W« - + E /f ' ■ **i + E /f st ■ 

From Proposition 7.2.8, we obtain the following estimate with respect to h and g p : 

( 124 ) " ^(..a),^) = 0(exp(-eK d (°-*'>|) ■ Qe(a,a')) 



208 



CHAPTER 7. PROLONGMENTS V£ x 



Then, we obtain the following estimate with respect to h and g p : 

( 125 ) [*.^](^ 1 « =[ fl .^-^l(^),(a'.a') 

d («~ <0 + X> - 'V^ + 0(1) j • ~ *)(a, Q ),(a< >a <) 

= O(exp(-e^ ord (°- a ')|) • Q e (a,a') 
Thus, the proof of Proposition 7.2.9 is accomplished. □ 

7.4. The associated good filtered A-flat bundle 

7.4.1. Statements and some notation. — Let X be a complex manifold, and let 
D be a simple normal crossing hypersurfacc of X with the irreducible decomposition 
D = IJ igA Di. Let (E, 8e, 8, h) be a good wild harmonic bundle on X — D. Let £ x 
denote the holomorphic vector bundle (E, 3e + on X — D. 

Notation 7.4-1- — Let a = (eij \ i € A) £ i2 A . Lef [/ be an open subset of X with 
a holomorphic coordinate (zi,...,z n ) such that U PI D — [Jj—i{zj = 0}. For each 
j = 1, . . . ,1, we have some i{j) £ A such that PI U = {zj = 0}. Let bj := a,(j). 
We define 

£ 

(126) V a £\U) :={fe£ x (U\D)\\f\ h = 0(j[\z 3 \- b i- t ), Ve > o}. 

i=i 

Taking the sheafification, we obtain the Ox -module 'P a £ x . We also obtain the 
O x {*D)-module V£ x := \J a V a £ x . The filtered sheaf (V a £ x \ a £ R l ) is denoted by 
V,£ x . □ 



Remark H.2. — In our previous papers (for example [93]/, we used the symbol 
a £ x to denote V a £ ■ Since we will consider several kinds of prolongation in the wild 
case, we prefer the symbol V a £ x for distinction. □ 

Theorem 7.4-3. — V*£ x is a filtered bundle on (X,D). The weak norm estimate 
up to log order holds in the sense of Theorem 21.3.2. 

Proof Due to Corollary 7.2.10, (£ x ,h) is acceptable. Hence, the claim follows 
from Theorem 21.3.1. □ 

We use the symbol l F to denote the induced filtration of V a £ x D . for i £ A. 

We have the induced Higgs field and the induced hermitian metric of End(E) , which 
are denoted by the same symbols 8 and h, respectively. Note that the harmonic bun- 
dle (End(-E), 9End(£)i h, ff) is a wild harmonic bundle on X — D. but not necessarily 
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good. (See an example in Section 2.1.1.4.) We use the symbol (End(£ A ), 1B) A ) to de- 
note the associated A- flat bundle. Although (End(E), dEnd(E), h,8^J is not necessarily 
good, (End(£ A ),/i) is acceptable, as remarked in Corollary 7.2.10. The prolongmcnt 
corresponding to a is denoted by T'aEnd(£ x ). We will implicitly use the follow- 
ing proposition in the argument below, which immediately follows from Proposition 
21.3.3. 

Proposition 7.4-4- — "PoE n d(£ A ) is naturally isomorphic to the sheaf of local en- 
domorphisms f ofP a £ x such that f\r>. preserve the parabolic filtrations l F for i e A. 

□ 

We will prove the following theorem in Section 7.4.3. 

Theorem 7-4-5. 

— H> A is a meromorphic fiat X-connection with respect to V a £ • 

— (T , *£ x , I} A ) is a good filtered \-flat bundle. If 9 is unramifiedly good, ('P, t £ A ,B A ) 
is an unramified good filtered X-fiat bundle. 

— Under the setting in Section 7.2.1, the set of the irregular values is given as 
follows: 

Itt{V£ x ,B x ) = {(! + |A| 2 ) ■ a \ a G lrr(0)} 

The claims are local, and it can be easily reduced to the unramified case. Hence, 
we may and will give the proof under the setting in Section 7.2.1. Then, the claims 
in the case A = is a direct consequence of Simpson's Main estimate: The decompo- 
sition (92) is prolonged to (7> a £°,D°) = ®(V a £°,B° a ) on X due to the asymptotic 
orthogonality in Theorem 7.2.1, and we obtain that D° — da ■ id-p^o are logarithmic 
due to the estimate of the norm of the Higgs field in Theorem 7.2.4. 

7.4-1-1. Characterization of the Stokes filtration. — Before going to the proof for the 
case A 7^ 0, let us state the characterization of the Stokes filtration of the meromorphic 
A-flat bundle (P£ x , B A ) (A 7^ 0) in terms of the growth order of the norms of the flat 
sections with respect to h. Since the property is local, we give the statement under 
the setting in Section 7.2.1. Let S be a small multi-sector in X — D. We have the 

partial Stokes filtration F S ' m ( l ) of V£ % in the level m(i) (Section 3.7.3) indexed by 

1^ 

the ordered set (lrr(#, m(i)), <g). It is flat with respect to D A , and it is characterized 
by the growth order of the flat sections with respect to h. 

Proposition 7-4-6. — Let f be a flat section of £ x s . We have f e j:S.m(i) ^ 
only if the following estimate holds for some C > and M > 0: 

|/- exp((A- 1 + A) • rj m (i)(b))\ h = o(exp(C|^ +1 ) |) • [] \ Zj \- M ) 

k(i+l)<j<£ 

Here, k(i) are determined by m(i) € Z^.q x 0. 
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Proof It follows from Proposition 3.7.23 and the weak norm estimate for the 
acceptable bundles. (See Theorems 7.4.3 and 21.3.2). □ 

7.4.1.2. Example 1. — Let X := A n and D := \jLii z i = °>- Take ( a > a) e R e x C l 
and a € M(X, D). We assume that z~ m a is nowhere vanishing holomorphic function 
on X for some m G Z< x Oi-k- Let L(a, a, o) be the harmonic bundle on X — D 
given as follows: 

L(a, a, a) = O x ~d ■ e, = da + ^cti — -, h(e, e) = TT \zi\ 2a ' 

1 Z i -i 
2=1 z=l 

The associated operators d and 6^ are as follows: 

1 dz- 1 dz 

de = e( — ^^ai — -J, 9^ = da + y^«i — ' 



2-i ' ■ -, *i 

2=1 2=1 



Let C x (a, a, a) be the associated A-flat bundle. We have the holomorphic section u x 
of C x (a, a, a) given as follows: 



u x = cxp^— Aa + Aa — Aa i log \ z i\ 2 

2=1 

We can easily check the following: 

l 1 
\u x \ h = J] \z t \- p{x ^\ D x u x = u x ((1 + |A| 2 ) da + Y, e(A, 04,04) 

2=1 2=1 



See Subsection 2.8.2 for the maps p(A) and e(A). We put p(A, a, a) = (p(A, 014, a,)) € 
We have a natural isomorphism V 9 (\_a,a)C- X { a ^ oc, a) ~ Ox • u A . The residues 
ReSi(D A ) on P p (A,n)£ A ( a , a, a)^ are given by the multiplication of e(A, ai,cti). 
Note that if a 7^ 0, u x depends on A in a non-holomorphic way. 

l.^.l.S. Example 2. — Let X := A and D := {O}. Let V be a finite dimensional 
C-vector space with a nilpotent map N. Recall that we have a tame harmonic bundle 
E(V, N) on X — D with the following property: 

— Let £ X (V, N) be the associated A-flat bundle. The parabolic structure of 
Vq£ (V, N) is trivial, and we have an isomorphism: 

(7>o£ A (^,iV)| ,Res(D A ))~ (V,N) 

For example, it can be constructed as follows. We put y := — log \z\ 2 . Recall that we 
have the harmonic bundle Mod(2) := (E,dE,&,h) given as follows: 



E := Ox-d ei © O x ~d e_ x , ff(fc,e) 



y \ . / \ dz 
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Here, H(h,e) is the matrix whose (i, j)-entries are h(ei,ej). Wc take a frame v x of 
the holomorphic bundle £ A given as follows: 

Then v x gives a frame of Vq£, and the following holds: 

Then, we can construct E(V, N) as a direct sum of some symmetric tensor products 
of Mod(2). 

7.4.2. Construction of a decomposition. — We use the setting in Section 7.2.1. 
Let A 7^ 0. For m(i) = (mi(i), . . . , m^(i)) <G M., we put 

0(i) := {j\ mj (i)^0}. 

Lemma 7.4-7. — Let e be any small positive number, and let N be any large num- 
ber. We can take holomorphic sections p™^ of Vq End(£ A ) for m(i) G M. and 
b € Jiv(9,m(i)), such that the following holds: 

K (i) -< (i) \ h =o( n i%r- n 

(n m ^\ 2 — n m(l) \r, m{ -^ n™^] — fl n m ( i_1 ' - \ " T> m W 

\Pb ) — Pb ' iPbi >Pb 2 J ~~ U ' Pa / j p b 

belrr (9, m(i)) 

%-i,i(6)=« 

Here, rj i _ 1 i : lrr(0, m(i)) — )■ Irr(#,m(i — 1)) denotes the naturally defined map. 

Proof Let ^ := 9 S +A6>t. We have £?>™ (i) = A- [0\ 7r™ W ] = 0(exp(-e|z m «|)) 
with respect to /i and g p , due to Proposition 7.2.8. Let en be sufficiently smaller than 
e, and let iVn and N\2 be sufficiently larger than N. By Lemma 21.2.3, we can take 
sections s™^ of End(-E) on X — D such that the following holds: 

,„ m(i) _ ,„ m(i) 
a X s b — a X n b ' 

ft \ N12 

I k [ x n \ z ^ wNi1 n m £i1 -^> gN dvo1 ^ < 00 

By Lemma 21.9.1, we obtain the following estimate: 

I mil] I 
Si. , = 
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We put p™^ := ir™^ — a™ . If en is sufficiently small, p™^ gives a section of 
Vo End(£ A ). Moreover, we have the following: 

(_m(i— 1) \ ■> _Tn(i)\^-, C A _ n cA 

belrr(0,m(i)) 
»7»-i,i(6)=o 

Here, denote the elements of such that the j-th components <5j- (z) are given by 

l (jes(i)) 
(j?s(i)) 

We would like to modify p™^ inductively on i so that the desired conditions are 
satisfied. Consider the following state P{i): 

P(i) : We have p™ e PoEnd^) for any I < i and for b € Irr(£>, m{l)), such 
that the following holds: 

(p? (1) -p? {l) )V a £ x cV a - 2NllS(l) £ x 

(pT {1) ) 2 =p7 {1 \ K^p?"]^, P ? (l - 1} = JT pT {1) 

6elrr(e,m(i)) 
Wi-i,i(6)=a 

K (i) jf]=0(Ki<i) 
Let us give a procedure from P(i — 1) to P{i). 

First, we give a procedure P(0) =>■ P(l). Take an injection </? : lrr(0, tm(0)) — >• Z. 
We consider the following: 

$o:= JT ^a)-pr (0) 

aelrr(0,m(O)) 

Note that 4>o gives an endomorphism of P a £ x for each a £ R l , which preserves the 
nitrations ?F (j = 1, ...,£). We have the decomposition Vq£ x = mgz V m such 
that (i) $o(V m ) C V m , (ii) the eigenvalues of <£>o on V m are close to to, (iii) it is 
compatible with the filtrations J F (j = 1, ...,£). Let p™^ denote the projection 
onto V v{a y Then, we have (pT^ -pT W ){P a £ X ) C "P a _ 3 jv 11 5(o)^ A - We also have 

(i) k* (0) ,ic (0) ] = o, (fi) (pT {0} ) 2 =pT {0 \ (in) Epr (0) = id. 

For i > and b € Irr(6>, m(i)), we have the decomposition 
We put p^' :=E„(Pr (i) )n,n- 

iemma 7.^.5. - We fcaue (p™ (i) ' - ^ W )(7> £ A ) C 7V 3 at 11<5(4) £ a . 
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Proof Wc put $ := X>(<0Pa • Wc have ($ - ®o)V a £ x C V a - 3NllS(i) £ x . 
For any positive integer M, let Qq 1 denote the M-iteration of 4>o- Then, we have the 
following: 

Then, we can easily derive the claim of Lemma 7.4.8. □ 

We replace J>™ with p™ , and then we arrive at the state P(l). Assume we 
are in the state P(i — 1). Wc apply the above argument for P(0) -P(l) to each 
Imp™ 1 " 1 with the endomorphisms p™ (j > Then, we can arrive at P(i). 
When we arrive at P(L), the proof of Lemma 7.4.7 is finished. □ 



7.4.3. Proof of Theorem 7.4.5. — Let 5'^ be the (1, 0) -operator determined by 
the condition d' x + S' x is unitary, i.e., 8' x = d — X8. Let R(h) denote the curvature of 
d'l + 6' x . We have B x = d E + A0t + \d E + 6 = d E + A0t + \5' x + (1 + |A| 2 )6>. Let p™ {i) 
be as in Lemma 7.4.7. Wc put 



D x :=d E + \d^ +\5' x + (l + \\\ 2 ) 



\ i=i b i 



It gives a holomorphic connection of £ x onX-fl, which is not necessarily flat. We 



have D A = Dg + J2 b d( m(i) (b) ■ p™ {i) . 



Proposition 7-4-9. — Dg is logarithmic with respect to V a £ X ■ 

Proof By considering the tensor product with the rank one harmonic bundle, we 
may and will assume a = (0, . . . , 0). First, we consider the case in which D is smooth, 
say D = D\. Let irj : X — D — > Dj denote the natural projection for j = 1, . . . ,n. 
Let d' X j, 8' x j and Rj(h) denote the restriction of d x , S' x and R(h) to the curves 
n J 1 (Q) (Q £ Dj), respectively. Let / be a holomorphic section of Vq£ x . Because of 
the acceptability of (£ x ,h), we have \f\h < C20 ■ (— log \zi |) N2 ° (Proposition 21.2.8). 
In the following estimate, we do not have to be concerned with the signature. 

Lemma 7-4-10. — Let xi z j) be any test function on {zj £ C| \zj\ < l}. Let 
j =/= 1. For any e > 0, there exists a constant C £ such that the following holds for any 
Q £ Dj\Di: 

(128) / (S' Xd (x-f),S'x, j (x-f)) h <Ge-\zi(Q)\- 2t 

Jit-HQ) 
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Proof The left hand side of (128) can be rewritten as follows: 

± / (x-f, Rj{h)(x ■ f)) h ± / (x • /, ^jdX,i(x • f)) h 

± 



(x • /, H,-W(x • f)) h ± / • /), <.,(x • 

Then, the claim of Lemma 7.4.10 easily follows. □ 

Lemma 7.^.11. — Fix a small e > 0. There exists a constant C such that the 
following holds for any Q G D% : 

Kif, 6' Xil f),.\z^<C 



Proof Let p be a non-negative C°°-function on R such that p(t) = 1 for t < 1/2 
and = for t > 2/3. Wc put xm{z\) := p(—M~ l \og\zi\) for any M > 1. We 
have only to show that there exists a constant C > 0, which is independent of Q £ Di 
and M > 1, such that the following holds: 



(130) / (5' K i(XMf),6' K1 (xMf)) h \zi\ 2e <C 

In the following argument, we will ignore the contribution to the Stokes formula from 
the integral over di:^ 1 {Q), because they arc uniformly dominated. (Recall that D is 
assumed to be smooth.) The left hand side of (130) can be rewritten as follows, up 
to the contribution from 97r-j~ 1 (Q): 
(131) 

± / ( XM f, dl x 6' Xtl {xMf)) h \zx\^± [ (xMf, S' XA ( X Mf)) h e\ Zl \ 2 ^ 

The first term can be rewritten as follows, up to the contribution of 97r 1 " 1 (Q): 
(132) 

± / (xm/, Ri(h)( XM f)) ■ \zi\ 2e ± I (xuf, S'^d'UxMf)) ■ ki| 2e 

= ± 



(xmL Ri(h)( X uf)) ■ W\ 2e ± / «i(xm/), d'i^XMf)) ■ N : 



± / (XM.f,d'UxMf))-e-\ Zl \ 2 ^ 

J-k-^Q) Z! 
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The right hand side of (132) is uniformly dominated. The second term in (131) is as 
follows, up to the contribution of dir^ l (Q): 

± / (xM/,XM/) £ 2 M 2e ^i± / K,i(xi*/),x«/)eM 2e — 

It is bounded uniformly for Q G D\. Then, it is easy to show the existence of a 
constant C, which is independent of N and P such that (130) holds. Thus, the proof 
of Lemma 7.4.11 is finished. □ 

Lemma 7.4-12. — We put ^ := 9 — J2i ^Cm(i) (&) 1 ■ TTien we Ziawe i/ie 
estimates ^(dj) = 0(1) (j ^ 1) and ^f(di) = 0(|2i| _1 ) with respect to h. 

Proof We have the boundedness of dj£ m (b) ■ (w™ — p™) by construction of p™. 
According to Theorem 7.2.1 and Theorem 7.2.4, the dzj-components (j ^ 1) of 9 — 
J2 b dCm(i)(b) ' are 0(1), and the dzi-component is 0( |^i | — 1 ) . Then, the 

claim of Lemma 7.4.12 follows. □ 

Let j ^ 1. According to Lemma 7.4.10 and Lemma 7.4.12, there exists a constant 
C w > such that the following holds for any Q £ Dj\D 1 ; 



S, 



L-\ Q) m(d 3 )f K \ Q) \ ■ \dzi ■ dzj\ < C 10 \zi(Q)\ 

\4\<l/2 

Let v = (v p ) be a frame of Vq£ a compatible with the parabolic structure. We put 
a(v p ) := deg F (v p ). We have the expression: 

®o(9j)f=J2 A i' 



, V P 

p 



Then, A? p are holomorphic functions on X — D. We also have the following: 

\zj\<1/2 

By using Fubini's theorem, we have 

/ 1 i^ k - 1(P) r-kii 2e '- 2aK) - 2 -i^-^ii<cx, 

for almost all P £ Di such that |^-(P)| < 1/2 and for some < e' < e. Hence A J p are 
holomorphic around the origin O, and we obtain Bo(<9j)/ € Vq£ x . 

According to Lemma 7.4.11 and Lemma 7.4.12, there exists a constant C12 > 
such that the following holds for any Q £ D\\ 

[ |d£( 2i c>i)/| 2 • M 2e " 2 • \dzi ■dz 1 \< C12 

We can deduce Oq(zi<9i)/ G Pof^ 1 as in the case j ^ 1. Thus, we obtain that Dq is 
logarithmic, when D is smooth. 
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The general case can easily be reduced to the case in which D is smooth, due to 
the theorem of Hartogs. Thus, the proof of Proposition 7.4.9 is finished. □ 

Now, the first claim of Theorem 7.4.5 immediately follows from Proposition 7.4.9. 
The second and the third claims of Theorem 7.4.5 follows from Proposition 2.3.6 and 
Proposition 7.4.9. □ 



7.5. Comparison of the irregular decompositions in the case m < Of 

7.5.1. Statements. — We use the setting in Section 7.2.1. Let A =^ 0. Assume 
there exists m £ M such that m < Og. We have the irregular decomposition on D 
as in (25): 

(133) P» f |B= Mb 

belrr(0 ,m) 

In the following, N will denote a large integer. Let D^ N > denote the iV-th in- 
finitesimal neighbourhood of D. Let V a £ x = ©i, 6 iJ7(6> m ) ^"^b.iv t> e a decomposition 
whose restriction to D^ N ' is the same as the restriction of (133) to D^ N '. Let q™ N 
be the projection onto V a £^ N with respect to the decomposition. We will prove the 
following proposition in Sections 7.5.2-7.5.4. 

Proposition 7.5.1. — We have the estimate \q™ N — Tt™\ h = 0(lli=i Nl^)- In par- 
ticular, the decomposition V a £ x = Q)'Pa£b n * s Y\t=i \zi\ N -asymptotically orthogonal 
with respect to h. 

Remark 7.5.2. — See Section 7.5.5 for the refinement in the general case. □ 

Before going into the proof, we give some consequences. Let S be a small multi- 
sector in X — D, and let S denote the closure of S in the real blow up X(D). As 
explained in Section 3.7.3, we have the partial Stokes filtration F s - m of V a £^ (A ^ 0) 

in the level m, indexed by the ordered set (lrr(0, m), <g). Because m < 0>, we can 
take a B A -flat splitting: 

(134) V a £\s= V a £l s 

beTrr(6»,m.) 

Let p™ s be the projection onto V a £^ g with respect to the decomposition (134). 

Corollary 7.5.3. — We have \p™ 3 - tt™^ < CjvIIi=i W\ N f or an V N > °- In 

particular, the decomposition (134) is Yii=i \?i\ N -asymptotically orthogonal for any 
N > 0. 

Proof For any N, we take q™ N as above. We have \q™ N — PT,s\h — Ylt=i \ z i\ N ■ 
Hence, the claim follows from Proposition 7.5.1. □ 
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By varying S and gluing p™ s in C°° as in Section 3.6.8.2, we obtain p™ Caa . 

Corollary 7.5-4. ~ We have \p^ Cao - n£ l \ h < C N nLi \ z i\ N f or an V N > °- 
Proof It follows from Corollary 7.5.3. □ 

7.5.2. Estimate of djir™ in the case m < 0(. — Recall £° = E as holomorphic 
bundles. We use the symbol E in this section. For a section / of E with df = 
£?=i Ai ^ z i' we P u * ®jf := A? dzj. We take a holomorphic frame v oi°E compatible 
with the parabolic structure and the decompositions (92) and (93). For j = 1, . . . , n, 
let Fj be the section of End(-E) ® ^x-d determined by i^u = djv. Then, we have 
the following estimate for some M > 0, due to Lemma 21.9.3 below: 



(135) 



We have the decomposition: 

End(£) = V m (End{Ej) ®C m (End(E)) 

V m (End(E)) := End(^) 

belrr(e,m) 

C™(End(£)):= Hom(££\£J?) 

b,b'elrr(6>,m) 
b#b' 

According to Theorem 7.2.1, V m (End(E)) and C m (End(-B)) are exp(-e|z m Q- 
asymptotically orthogonal. For a section g of End(B) <£> f2 1,0 , we have the correspond- 
ing decomposition g = T> m (g) + C m {g). 

Lemma 7.5.5. — Around the origin O £ X, we have the following estimates for 
some e > 0: 

a#7r™ = 0(exp(-e|* TO |)) (a G EF(0,m)), C m {F 3 ) = o(exp(-e|* TO |) 

Proof We have djir™ = [TT™,Fj] e C m (End(£:)) ® ft 1 - . Due to the estimate 
(135), djir™ is bounded up to log order, with respect to h and the Poincare metric. 
Since V m (End(E)) and C m (End(i?)) arc cxp(— e| z m \) -asymptotically orthogonal, we 
obtain the following estimate: 

{■K?AOh = 0{eM-z\z m \)) 

Let Rj(h) denote the dzj dzj -component of R(h). We have djdjTr™ = [n™, Rj(h)] = 
0(exp{-e\z m \)) due to Corollary 7.2.10. Hence, we obtain the following: 
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Let 7Tj denote the projection X — D — > Dj. Let us consider the case j < £. We put 
Sj := {1, ...,£} — {j}. Let P be any point of D°. Note the following equality on 
irj(P), for any rj > 0: 



(136) {d^,d 3 n^) h cxp[ V \z 3 r- n^( P )i m< 



dj I (tC, W)„ exp(r?|^r^ \{ |z,(P)|' 
+ (tC^tC), ,,„(, : ; ™ |^(P)|-) 2^1"*^ 



Hence, we obtain the following finiteness for some rj > which is sufficiently smaller 
than e: 

/ {8^,8^) h expf^r II l^( p )| mi ) < C 

Let : H — > nJ 1 (P) be the covering given by £ i — ► exp(27rv / — 10- We put 

K n ■= 6 H| - 1 < £< l,n- 1 < r) <n + l}. 

We have e 27rm ^ • e~ 2 ^ n < \Zj\ m i < e - 2mn i ■ e ~^ m ^ n (Note m 3 < 0.) Hence 
we have the following: 

(137) f {dj^dj^H < C cxp(- ?? e 2 — e 2 ™>" \{ |*(P)r) 

Since (E,dE,h) is acceptable, there exists an hq such that we can apply Uhlenbcck's 
theorem [126] to the pull back <pp (E,dE,h)\K n for any n > n and any P 6 Dj. 
Hence, we can take an orthonormal frame e of ipp 1 End(-E) on K n (n > no) such 
that A is small, where A is determined by (dj + 8j)e = eA. We have the expression 
djir™ = J2iPi e idzj. We put p := (pi). The inequality (137) gives the estimate of 
the L 2 -norm of p. From the estimate of djdjir™, we obtain the following: 

(138) \8 jP + A°' 1 p\ < C 2 cxp(-r /2 e 2 ™"^ [] \zi(P)\ m *) 

By using a standard argument, we obtain the estimate of the sup norm of p on K n 

from (138) and (137). Then we obtain the following estimate on K n : 

(139) 

\d j Tr™\ h <C 3 exp(-r )3 e 2 ™ m * \zi(P)\ mi ) <<7 4 exp(-»MN m ' [] \zi(P)\ mi ) 
Thus, we are done in the case j < I. 
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Let us consider the case j > I. We have the following: 




Thus, we obtain ||6^7rJ*||ia < Cexp(— ejlp =1 \z p {Q)\ mv ^j . We can obtain the estimate 
for the sup norm of djir™ from the L 2 -estimate of djir m and the estimate for the sup 
norm of djdjTT™. (See the argument to obtain (139) above.) Thus, the proof of 
Lemma 7.5.5 is finished. □ 

7.5.3. Estimate of B x p™ N in the case m < e . — Let p™ N (b G lrr(0,ra)) be 
as in Lemma 7.4.7. We have the decomposition: 

(140) V a £ x = Imp% N 

Lemma 7.5.6. — B x (p™ N ) = o(jf j=1 \zj\ N ^. 

Proof We have Oek™ = 0^cxp(— e| 2: rrl |) ^ due to Lemma 7.5.5. We also have 
[6, tt™] = and [e\-K^\ = C>(cxp(-e|;2 m |)). Hence, D a tt™ = ofexp(-e|* m |)Y 
We put s™ :=tt^-p™. We have \s?\ h = 0(lf j=1 \zj\ 2N )- We have the following: 

»V = dffrr + M' X 8? + {l + \\\ a )98? 

We have d'^iT™ = o(exp(-e|z m |) Y We have 8s™ = 0(]li=i \ Z *\ 3N/2 )- Let us look 
at S' x s m . Let ttj denote the projection X — D — > Dj. 

Lemma 7. 5. 7. - We have the following estimates independently from j = 1, . . . , n 
and Q g nJ 1 (D). 

- IIN'^X^-^L < CUiesMQ)\ N for 3 = h-A ^ere S j := 
{l,...,£}-{3}- ' 

IK^-^L < C UU l^(Q)r for j = £ + !,. ..,n. 

Proof Let us consider the case j < I. We put L := 3N/2, for simplicity of the 
notation. Let pi be a non-negative C°°-function on R such that pi(t) = 1 for t < 1/2 
and pi(t) = for t > 2/3. Let k be a non-negative C°°-function on A such that k(z) = 
1 for \z\ < 1/2 and n(z) = for \z\ > 2/3. We put xat(zj) := pi(-M _1 log|z,-|) k(z,-). 
In the following estimate, we do not have to be careful on the signature. We have the 
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following: 



(141) / {^AXMsT),5' x , 3 ( X MsT)) h \z \ 



-2L 



± / (XMsr,dl j S' Xd (xMsT)) h \^\- 2L 

± / (xMsT,AMM s T)) h L\zi\- 2L ^- 

The first term of the right hand side is as follows: 

± / ( xs r,i2(M'D(xC))j^r 2i ± / (xCAA-(xC)) h N- 2L 

= ±[ ( X sT,R(h,d'{)(xsT)) h \^\- 2L ± I K j ( X s?),dl j ( X sF))\z j \- 2L 



± [(xsT^ixsT))^- 2 "? 1 

J Zj 



(M is omitted.) The second term is as follows: 

JnJ {Q) z 3 



m\ r 2i \-2L^Zj dZj 



± / { X msT,XmsT)L 2 \z \ 

J^Hq) \ z 3\ 



2 



Then, the claim in the case j < I follows from the estimate for \s™\h and \d x s™\h in 
the limit M — >• oo. 

Let us consider the case j > I. We have the following: 

7 (5) 

±/ (d'i^KS^d'^ (K8?)) ± / ( KS r ; ^(0)^D 

Hence, the claim in the case j > t also follows from the estimate of \s™\h and \d x s™\h- 
Thus, the proof of Lemma 7.5.7 is finished. □ 

Let us finish the proof of Lemma 7.5.6. From the estimate of lS) X Tr™ and B A s~"', 
we obtain the following: 

PfrZmvrHQ) II*" ^ cf[\ Zl (Q)\ 4N/3 , (j=e + l,...,n) 
3 i=i 
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Then, by the holomorphic property, we obtain B A p™ w = 0(n^=i l^jl^)- Thus the 
proof of Lemma 7.5.6 is accomplished. □ 

7.5.4. End of Proof of Proposition 7.5.1. — 

Lemma 7.5.8. — The restrictions of the decompositions (133) and (140) to D^ N ^ 
are the same. 

Proof Let v n = (■u a ,jv) and wn = (i"a,jv) be frames of T D a £ x whose restrictions to 
D^ N ' are compatible with the decompositions (133) and (140), respectively. Namely, 

v a t N\DW and w *,n\dW> g ivc lramcs 01 ^a^BfN) and ( Im P™Jv) \Bm ' respectively. 
Let A and B be determined by the following: 

z- m(0) D A t?jv = v N A, z- m{0) ^ x w N =w N B 

We have the decompositions A = (^4 a ,b) and B = (£? 0i (,), corresponding to the de- 
compositions of the frames. By our choice, we have A a:b = B a ^ = for a ^ b modulo 
z -m(o) Zj 1 . Let C be determined by v = wC, which has the decomposition 

C = (C 0)b ). We obtain the following modulo z ~ m ^ ]\ l j=1 zf: 

(142) B a , a C a , b - C a , b A b , b + z- m ^C aAl = 

Assume C a .b ^ modulo rij = i z f ■ We have the expansion C a .b — X^-n^z^ Ca^n-^™* 
We set S := (1, . . . , 1). Let no ^ N S be a, minimal among n such that C 0i (, ;rl 7^ 0. 
Then, we obtain (0— b) O rd( -b) Ca,b;n = from (142). Note — ra(0)+ord(a— b)+n ^ 
— m(0) + N S. Hence, we obtain C a ^-, na = which contradicts with our choice of no- 
Hence, we obtain C a ^ = modulo z f ■ ^ implies the claim of Lemma 7.5.8. 

□ 

Since we have q™ N — p™ N = modulo fj i=1 the claim of Proposition 7.5.1 is 
obtained. □ 

7.5.5. Complement. — We use the setting in Section 7.2.1. Moreover, we assume 
that the coordinate system is admissible for the good set Irr(^), for simplicity. Let k be 
the integer determined by m(0) € Z< Q x Oi-k- Let m G Ai such that m € Z< x Of-^. 
We put D(< k) := \J* =1 Dj. We have the irregular decomposition as in (25): 

belrr(6»,m) 

The projection onto (P a £ x )™ is denoted by pjj"'. 

By Lemma 3.6.30, we can take endomorphisms p£"Xr € 7 , oEnd(£ A ) such that (i) 

^|B(«)(< fc ) - *?|W*)' ^ fc,zv Rcs *(D A )] = for i = * + 1 /- Ac- 

cording to the norm estimate of tame harmonic bundles [93], jp^VL 1S bounded on 
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IlLii 1 / 2 ^ N ^ 2 /3} x (A*) £ ~ fc x A' l ~ £ . (Otherwise, we can use Lemma 7.7.1 
below.) 

Recall that we have the projection it™ in the Higgs side, as given in Section 7.2.2. 
Lemma 7.5.9. - p% N - rr™ = 0(11*=! N")- 

Proof Let q : X — D — > (A*) £ ~ fc x A n ~ e be given by q(z 1 ,...,z n ) = 
(z/c+i, . . . , z n ). Let d'l := 8e + A0t. The restriction to q~ 1 (Q) is also denoted 
by the same notation, where Q € (A*) £ ~ fc x A™ . By using Proposition 7.2.8, we 
obtain the following estimate on q~ 1 (Q), which is uniform for Q £ (A*) e ~ k x A n_f : 

d'L{pT,N\ r ^Q) - «™ q -HQ)) = -%{«V\ q -HQ)) = 0(exp(-e\z m \)) 

The restrictions ^)i 9 -i(q) are acceptable, and the curvatures are uniformly 
bounded for Q S (A*) £_fc x A n ~ £ . By using Lemma 21.2.3 and Lemma 21.9.1, we can 
take a section t Q of End(f A ) k -i (Q) such that (i) djfo = d'{(p^ N ^ 1{Q) - 7r^_ 1(Q) ), 

(ii) |£(3|?i < Ci rii=i kil^) where the constant C\ is independent of Q. 
By construction, we have d'l(p^ N ^ 1{Q) ~ ^ q -i {Q) - *q) = and 

I ^ Trt ^rn. « I ^- r~i 

\Pb,N\q-i(Q) - ^b\ q -i(Q) - tQlh ^ °2 

on rii=i{l/2 < < 2/3} independently from Q. From the estimate for tQ and 
Proposition 7.5.1, we have the estimate 

fe 

i=l 

depending on Q. Then, by Proposition 21.2.8, we obtain the estimate 

fc 

\P™N\q-HQ)-*b\q-HQ)- t Q\ h ^ CNY[\z t \ N 

i=l 

independently from Q. Thus, we are done. □ 

7.6. Small deformation of V£ x in the smooth divisor case 

7.6.1. Characterization of the deformation ('P a £ A )' T ' via the metric. — We 

use the setting in Section 7.2.1 with t = 1, i.e., D is the smooth divisor D\. We use a 
slightly different notation. We use the symbol j instead of m(i) to denote an clement 
of M.. Let m(0) denote the minimum of the numbers j such that Irr(#,j) =^ {0}. For 
any fa £ Irr((9, j), we put 

aelrr(9) 
»7j(a)=b 
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Let 7l- denote the projection of E onto E^' . Recall we have the following estimate 
with respect to h for some ei > 0, due to Theorems 7.2.1, 7.2.4 and Lemma 7.5.5: 

(143) B\ ( b 3) =0(exp(-ei|zip)) 
For w £ C, we consider the following: 

g m (w) := ^ ex P(w ■ o) • 7T a 
aeirr(e) 

Let 9irr(w)*h be the metric given by gi TI (w)*h(u,v) — h(g- irr (w)u 1 g- irr (w)v^ . We put 

(144) Tl (w):=l-^^ 

For any j and any a G lrr(6,j — 1), we put '■= 7]~j_ 1 (a). Formally, we put 
2< m (o)) ._ j rr ^ ; m(0)). Let 7r : X(D) — > X denote the real blow up of X along 
D. Fix A ^ 0. We regard X and D as {A} x X and {A} x D. For any j and any 
distinct bi,b 2 £ r/^ 1 _ 1 (a), we put F bl b . 2 :— — \z^ 3 \ Rc(A~ 1 (bi — b 2 )), which are C°°- 
functions on X(D). Let Si,..., Sn be small multi-sectors of X — D, such that (i) 
the union of their interior parts is X — D, (ii) Si G M.S(X — D,Ig') f° r anv j an d 
any o £ lrv(9,j — 1). Let Si denote the closure of Si in X(D), and let denote 
Si n 7r _1 (_D). We may assume the following for each Si, each j, each a € Irr(6*, j — 1) 
and each distinct pair (pi, b 2 ) in xjj. . 

(Al) : If the intersection n {i*bi,ba = 0} is not empty, F\ 3l ^ 2 is monotone with 
respect to arg(zi). 

If we choose sufficiently small < e 2 < ei, either one of the following holds for each 
Si, each j, each a € Ixx(6,j — 1) and each distinct pair (bi, b 2 ) in 

(A2) : If the intersection Zi n {-F&i,&2 = 0} i s em Pty, -^61,62 1 ^ £ 2/2 holds on Zi. 
We will prove the following proposition in Sections 7.6.2-7.6.5. 

Proposition 7.6.1. — Assume the following: 

— \w\ < e 2 /100. 

— |arg(Ti(w))| is small such that the natural bijection 

{(t+ (1 -t)Ti(w)) -a|aGlrr(0)} — ► lrr(0) 

preserves the orders <g. (i = 1, . . . , N) for any < t < 1. 
Then, the following holds: 

— Let f be a holomorphic section of £ x on X — D. It gives a section of the sheaf 
(VaS^)^ 1 ^^, if and only if it satisfies the following growth condition: 

\f\ gi „( w) «h = 0{\zi\- a -*) (Ve>0) 
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7.6.2. Comparison of the irregular decompositions on small multi-sectors. 

— Let 7r : X(D) — > X denote the real blow up of X along D. 

Proposition 7.6.2. — For any point P G n (D), there exist a multi-sector Sp € 
MS{P,X - D) and a D x -flat splitting V a £% p = ae i rr(e J} V a £ ^ Sp of the Stokes 
filtration J- Sp W on Sp in the level j with the following property: 

— Let p£sp denote the projection onto P a £a% P with respect to the decomposition. 
Then, tt^ ] - p^ p = 0(exp(-ei|^'|/ 2 )) with respect to h. 

In particular, the decomposition V a £^ = ®aein(e j)^ a ^a,Sp * s O(oxp( — ei|^;^|/2))- 
asymptotically orthogonal. 

Proof By using Lemma 20.2.1, we can take Q{p s such that D A Q^ = 

and Q[ n s = 0(exp(-e 1 \zi\ j /2)). We put p^ := - Q^ s , which is D A -flat. By 
applying the modification as in the proof of Lemma 7.4.7, we may and will assume 
that [p<fj, pW"] = and pgg o = pgg . 

We put jf ^ := C<H Im p[ 3 ^ . Let us compare the nitrations F s ^ and J" 5 W . 
We take a splitting V a £h, = 'Pa£^ an d let p~*' s denote the projection onto V a £^ s 
with respect to the decomposition. Since we have already known that p~' s — 7To = 
0(\ Zl \ N ) for any N (Corollary 7.5.3), we have p^ -p^ s = 0(\ Zl \ N ) for any TV > 0. 
Hence, both F^M and F^M^ are the same as J 7 ^ . Hence, we obtain JFj ' = 

(Use the uniqueness in Proposition 3.6.1 successively.) In other words, the 
decomposition 01mp£ 7 'g gives a splitting of the filtration F s ^\ Thus, Proposition 
7.6.2 is proved. □ 

We have the following corollaries. 
Corollary 7.6.3. — Let S be a small multi-sector in X — D, and let l D a £^g = 
0ceirr(0 j) "Pa^cS ^ e an V ^ X ~fl a t splitting of the filtration T s ^ . Let pf s denote 
the projection onto V£^ s . Then, we have Wc ~ p\ s = 0(exp(— e / |zi| J ')) for some 
e' > 0. 

Proof Take a finite covering of 5 by multi-sectors Sp as in Proposition 7.6.2, and 
compare p^\, P^g p and nc orL each Sp. □ 

7.6.3. Comparison of the irregular decompositions on Si. — Let T J £^ 5 = 

©oein-(e) Si De a ^-Sat splitting of the full Stokes filtration F Si . For any b £ 
Irr(#, j), we put 

r£^ vsl St . 

aGlrr(0) 
rij(a) = b 
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Let p^p s . denote the projection onto VS^g}. 

Proposition 7.6.4- — We have the following estimate with respect to h: 

^k-4 3) = o(cx P (- e2 |z^i/io; 

Proof For simplicity of the description, we set S := Si, S := Si and Z := Zi. We 
have the decomposition: 

End(^) = Hom(P<«<«) 

(bi,6 2 )elrr(e,i) 2 

For any point P G Z , we take a small multi-sector Sp as in Proposition 7.6.2. Let Sp 
denote the closure of Sp in X(D), and let Zp := Sp n 7r _1 (.D). If Sp is sufficiently 
small, we may assume that one of the following holds on Zp, for each distinct bi, b 2 G 
(a€lvv(e,j)): 

— Fbi,b 2 — ~ £ 2/8. 

- F blM > -e 2 /4. 

We have the decomposition: 

(ci,c 2 )elrr(ej) 2 (ci,c 2 )Glrr(ej) 2 

Cl<S p C2 Cl<s p C2 

Lemma 7.6.5. — In the case j = m(0), we /icwe 



pS: fl ; )W -pffli=o(^H>i^ m(0) i/io) 



with respect to h for any b € Irr(#, m(0)). 

Proof We have only to have estimates of {p^Sp ~ PfcSlSp) Cl C2 Cl <Sp C2 ' 
In the case F CljC2 < —62/8 on Sp, we have the following by flatness: 

(P^T -^Kt)^ = O(exp(- e2 |zr (0) |/10)). 

In the case F Cl ,c 2 > — £2/4 on Sp, (A2) cannot happen for the Ci,C2 and 5 = Si- 
Hence, we can take a sequence Pi = P, P 2 , . . . , Pt <G Z with the following property: 

- z Pi n z Pi+1 ± 0. 

- Zp t intersects with {F Cl ,c 2 > 0}- 

- Fc lt c 2 > —£2/4 on each Zp i . 

By the second condition, we have {PbSp PbSl'sp ) tl t2 = on Sp t . On Sp i n Sp i+1 , 
we have 

(m(0))^ (rn(0))H _ /Jm(0))l; fm(0))\ / (m(0))t] fm(0))\ 



l 140 J Pb,S Pi ~ Pb,Sp i+1 ~ \Pb,S Pz ~ 7T b > ~ \Pb,S 



= o(cxp(- £l |zr (0) |/2) 
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H PbSp^ ~ PbSp 1S no * we nave the following for some B,C,N > 0, because of 
Lemma 20.3.2: 

(P&T -Pg;;) (ll(a exp(( Cl - c 2 )/A)| > B ■ exp(-C|zr ( ° )+1 D ■ W" 
Hence, we obtain the following for some B' > 0: 

(146) \(AX*-*VX,*\ * B ' ■ cx p(-^r (0) i/3) 

From (145) and (146), we obtain the contradiction. Hence, we have (p^s ^ — 

PfeO*,* = ° ° n SP ' Then ' W ° ^ Sh ° W (^"-^° ) \ 1 , t2 = on 

Sp i by using an inductive argument. In particular, we obtain (p^Sp PbS ° ) CJ c 2 = 
on Sp. Thus, we obtain the desired estimate, and the proof of Lemma 7.6.5 is fin- 
ished. □ 

Lemma 7.6.6. — We have p^g p — P(fg|s P = 0^cxp(— e%\z{ |/10)^ with respect to 
h for any j and any b £ Irr(#, j). 

Proof We omit to denote \Sp for simplicity of the description. We use an induc- 
tion on j. In the case j = m(0), we have already done (Lemma 7.6.5). Let us look at 
{Pb,S P ~Pb,s) Cl C2 f° r ( c i' c 2) e Irr(6*, j) 2 . Let us consider the case ord(ci — c 2 ) < j. 
We have the following: 

(147) (pfO J, - p« ) CiiC2 = P ^ s o (pW J, - p« ) o p^ s = p^ s o p^ p o p« s 

Because ord(ci — c 2 ) < j, one of ord(ci — b) or ord(c 2 — b) is strictly smaller than j. 
In the case q := ord(ci — b) < j, we have the following: 

(148) pg fl o pWJ, o p« s = p« s o pg^ o pCjWj Sp o pg ci)>g o p^ s 
By the hypothesis of the induction, we have the following: 

(149) PJU ^ = (P$W "fSW ^U* - O(exp(-e 2 |4|/10)) 

From (147), (148) and (149), we obtain the desired estimate for (p[%\ —Pb s) c c m 
the case ord(ci — b) < j. We can obtain a similar estimate in the case ord(c 2 — b) < j. 

Let us consider the case ord(ci — c 2 ) = j. Note we have r/j_i(ci) = t; :) _i(c 2 ). In 
the case F CliC2 < — e 2 /8 on Sp, we have the following by flatness: 

(Pa-^l) ci , c2 =o(exp(-e 2 |zi|/10)) 

In the case F CliC2 > — e 2 /4 on Sp, we can take a sequence Pi = P,P 2 , . . . 7 Pt £ Z with 
the following property: 

— z Pi n z Pt+1 ^ 0. 

— Zp t intersects with {F CljC2 > 0}. 

— ■Fci,c 2 — ~ £ 2/4 on each Zp^ 
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By the second condition, we have (p^g p ~P < bs\s P ) (lC2 = on Sp t . On Sp i C\Sp i+1 , 
we have 

(150) pg Pj -pg Pi+i = (p&, " ' (P ( &\ +1 - = 0(exp(-e 1 |,i|/2)) 

Epj j — is not 0, we have the following for some B,C,N > 0, due to Lemma 

20.3.2: * 



M?s\ -pfS^Xu* exp ( (ci - C2)/A )l ^ B • cx p(- c I^' +1 I) • N w 

Hence, we obtain the following for some B' > 0: 

From (150) and (151), we obtain the contradiction. Hence, we have (pj g 
P^)^ = on £ Pj n We obtain (pg^ -pg) Ci>C2 = on S Pt by 



an 



' Cl,C 2 

the desired estimate, and the proof of Lemma 7.6.6 is finished. □ 



inductive argument. In particular, (p^g p — P[,s), ? = on Sp. Thus, we obtain 



Proposition 7.6.4 immediately follows from Proposition 7.6.2 and Lemma 7.6.6. 

□ 

7.6.4. Comparison of some metrics. — We consider the following: 

(152) F(w):=ex V (wB), B := ]T a ■ rr a = ]T ]T CM ■ vr^ 

OGlrr(e) m(0)<j<-l b£lir(0,j) 

Let F(w)*h be the metric given by F(w)*h(u,v) = h(F(w)u, F(w)v) . 

Lemma 7.6.7. — F(w)*h and g- m (w)*h are mutually bounded. 

Proof Because gi TT (w)oF(w)~ 1 = exp(2v / — Tlm(w-o)) -n a , we have the bound- 
edness of 5^(10) o .F(ui) _1 L . Similarly, \F (w) o gi TI (w)~ 1 \. is bounded. Then, the 
claim of Lemma 7.6.7 follows. □ 

For each S := Si, we put 

(153) B S :=J2 E OW-pgj, F s (w) := exp(w • B s )- 

j faGlrr(ej) 

Lemma 7.6.8. — For \w\ < 62/100, we have the following estimate: 
\F{w) o Fsiw)- 1 -l\ h = O(exp(-e 2 |z 1 |- 1 /100)) 

\F s {w) o F(w)- 1 -l\ h = O(cxp(- e2 |z 1 |- 1 /100)) 
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Proof Wc have F(w) = l\F^(w) and F s (w) = ~[\ F^ (w) , where F^ and F { s j) 
are given as follows: 

F0')H:=exp( £ «, ■ 0(b) ■ t#>), F«H:=exp( £ ^GW-pgj) 

b6lrr(6»,i) belrr(0,,j) 

We consider <?0') := F^ - F { s 3) . Because tt[P -pfy = 0(exp(-e 2 \zi\ j /10)), we have 
G^ = 0(exp(-e 2 |2ip7l5)). We set 

We have |G^|/t = 0(exp(— 62\zi\° /20)). We have the following equality: 
FoFg 1 = {l + G ( - 1} ) o • • • o (1 + G (m(0)+1) ) o (1 + G (m(0)) ) 
Then, the claim of Lemma 7.6.8 follows. □ 

Let Fs(w)*h be the metric given by Fs(w)* h(u,v) = h(Fs(w)u,Fs(w)v). 

Lemma 7.6.9. — For \w\ < 62/100, the metrics F(w)*h and Fs(w)* h are mutually 
bounded. 

Proof Wc have the following: 

, < |»L , • iFaiw)' 1 o F(w)\ „ , v.. = Iwl „ , v.. • -FYiu) o i-Ww) -1 !. 



V 



Hence, we obtain \v\„, s », < C ■ \v _ , due to Lemma 7.6.8. We obtain 
f >-. / wi < C ■ m „/ ,,, bya similar argument. Thus, the proof of Lemma 7.6.9 is 
finished. □ 

7.6.5. End of proof of Proposition 7.6.1. — According to Corollary 4.5.9, / 
gives a section of {V a £ x ) Tl if and only if \f\ F f w y h is bounded on Si for i = 
1, . . . , N. In Lemma 7.6.9, we have obtained that F(w)*h and Fs^wyh are mutually 
bounded on Si (i = 1, . . . , N). Hence, the claim of Proposition 7.6.1 follows. □ 



7.7. Boundedness of some section 

We use the setting in Section 7.2.1. For simplicity, we assume that the coordinate 
system is admissible for the good set Irr(#). Let k be determined by m(0) € Z< x 
Of_fc. We put D(< k) := U J= i Dj. Let M be a sufficiently large integer, say M > 
100 ■£ ■ |m(0)|, where |ra(0)| = £* =1 \ m (°)il 

Lemma 7.7.1. — Let f be a section of PoEnd(£ x ) with the following property: 

- D A / = on D iM H< k). 

- [Re Si (D A ), f lDi ] = for i = k + 1, . . . , I. 

Then, \f\h is bounded. 
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Proof We use an induction on £. In the case £ = 0, the claim is trivial. In the 
following argument, we will assume that the claim of the lemma holds in the case 
t-1. 

Let us show the following claims for m = 1, . . . , I by a descending induction on m: 

A(m) : Let / be a section of 7 , oEnd(£ A ) with the following property: 

- D A / = on i)( A/ '")(< k), where M m = M - (£ - m) ■ |m(0)|. 

- [Rcs i (D A ),/| A ] =0 for i = m+l,...,£. 

Then, we have the following estimate for some C > and N > 0: 



N 

\Zi' 



|/U<c-(-£>g 

i=l 

The claim A(£) holds due to the general result of the acceptable bundles (Theorem 
21.3.2). Let us show A(m — 1) by assuming A(m). Let / <£ "PoEnd(£ A ) such that 
(i) B A /|Su/ m -i) (<fe) = 0, (ii) [Rcs 4 (lD) A ),/| £ , i ] = for % = m, . . . ,t We would like to 
obtain the estimate: 

/ rn-l \ N 

i/u<c- (-E 1o snJ 

We put g := B x (d rn )f G End(7> £ A ). We have (i) D A 9|5(J/m)( < fe) = 0, (ii) 
[ReSi(B A ), g\Di] = for i = m + 1, . . . , £. Hence, we can apply A(m) to g, and we 
obtain the estimate for some C > and N > 0: 

/ TO \ N 

\g\h<c- -^bgN 



i=l / 



Let 7r m : X — D m denote the projection. We put 7r TO (<9)* := Tr rr ^(Q) — {Q} for 
Q G -D^j. Then, we obtain the following: 

P I m— 1 

/ _ 1 |sW(Q)*lfc • ' dz m \ < C X ■ - ^ 



Let A m denote the Laplacian —d Zm dz m . By Corollary 7.7.5 below, we have the 
following inequality on 7r~ (Q)*: 

We can take GQ(z m ) satisfying the following: 

N 

A m G Q = |5 k - 1(Q) | 2 , su P |G Q | < C" • ( - Y, log l^l(Q) 

3=1 

Note |/i 7r - 1 (Q)|^ — Gq is bounded on 7Tm 1 (Q)* for each Q, which follows from the 
norm estimate in the curve case (Proposition 8.1.1, below). Therefore, we have 
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^ m (l^|7Tm 1 (Q) \h ~ < as distributions on ir m 1 (Q) (Lemma 2.2 of [114]). Hence, 
we obtain the following: 



N 




N 



( 154 ) s Mf\^(Q)\l ^ lz ™ x J f \^(Q)^\l + C '' ( " E log |^| 2 (Q) 

X>gM a (Q)l 
i=i / 

Here, we have used the hypothesis of the induction on I for the estimate of 

l 1 2 

max| z / n | = x/2|/| 7r -i(Q)(^)| h . Thus, we obtain yl(m— 1), and the descending induction 
on m can proceed. The claim A(0) means Lemma 7.7.1. □ 

We can show the following lemma by the same argument. 

Lemma 7.7.2. — Let f be a section ofPo£ x with the following property: 

- B x f = 0on 5( M >(< k). 

- Res;(B A )(/) = 0fori = k + l,...,£. 

Then, \f\h is bounded. □ 

Let (Ei,di,9i,hi) (i = 1,2) be unramificdly good wild harmonic bundles as in 
Section 7.2.1, with the good set of irregular values Irr(6*i). For simplicity, we assume 
that Irr(#i) = Irr(#2), and that the coordinate system is admissible for Irr((9i). Let 

7k 

J <0 ■ 



m(0) be the minimum of Irr(#i), and let k be determined by m(0) £ x 0>_fc. Let 



M be a sufficiently large integer, say M > 100-£-|m(0)|, where |m(0)| = J2i=i l m (0)i|- 
Note that Hom(f 1 A , £^ ) with the naturally induced metric is acceptable. The following 
lemma can be shown by the same argument. 

Lemma 7.7.3. — Let f be a section ofPo Hom(£ A , ) with the following property: 

- B x f = on & M \< k). 

- [Res 4 (D A ),/|^] =0fori = k + l,...,L 

Then, \f\h is bounded. □ 

7.7.1. Weitzenbock formula (Appendix). — Let us recall a variant of 
Weitzenbock formula for harmonic bundles due to Simpson with a slightly re- 
fined form. It will be used in Section 10.4. The original one (Corollary 7.7.5) was 
used in the proof of Lemma 7.7.1. It will be also useful in Sections 9.3 and 10.3. 

Let z be a coordinate of C, and let U be an open subset of C. We use the Euclidean 
metric g = dz ■ dz. Let A" denote the Laplacian —d z c\. 

Let (E,dE,0,h) be a harmonic bundle on U. For any complex number A, let 
d'l := d E + A6>t, S' x := d E - \9, and D A := d'{ + \d E + 0. 
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Lemma 7.7.4- — Let s be a C°° -section of E. We have the following inequality: 
A''\ s \l<\B^\ 2 hg + 2\ s \ h -\S' h d'ls\ hg 

Proof We use the pairing (E ® QP'i) ® (E ® fT< s ) — > fF +s -«+ r induced by h, 
which is denoted by (•, -)h- Let R(h) denote the curvature of the unitary connection 
d' x + 5' x . We have the following equality: 

(155) dd\s\l = {6> x d'ls,s) h {d'is,d'is) h + (d' x s,6' x s) h + (s,d'{6' x s) h 

= {S'xd'{s,s) h - {s,6> x d'{s) h + (s,R(h)s) h - {d'{s,d'{s) h + (S / x s 1 S' x s) h 
We have the following equality: 

(s, R(h)s) h = -(1 + |A| 2 ) .(e-a,e-a) h -(l+ |A| 2 ) • (fit . s , 0t ■ a) h 
Let D x ' := \d E + 0. Then, we have the following: 

(5' xS ,S' x s) h -(l + \X\ 2 )- {9-s,e- s ) h = (1 + |A| 2 )- (d E s,d E s) h - (B x 's,B x 's) h 
Hence, we obtain the following: 

9d\s\ 2 h = {S' x d'is, a) h - {s,S' x d'is) h (1 + |A| 2 ) • (0U,eU) h (d'{s,d'ls) h 

+ (1 + |A| 2 ) • (d E s,d E s) h - (B x 's,D x, s) h 
Then, the claim of the lemma follows. □ 

Corollary 7.7.5 (Lemma 4.18 of [91]). — Let s be a holomorphic section of £ x . 
Then, we have the inequality A"|s| 2 < |B A s|^. (Lemma 4.18 of [91] should be 
corrected.) □ 



CHAPTER 8 
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In this chapter, we study the one dimensional case. In Section 8.1, we show the 
norm estimate for holomorphic sections of V£ x . In Section 8.2, we show the correspon- 
dence between the parabolic weig hts and the residues for (V£°,Jf) and (P£ A ,B A ). 
These are natural generalizations of Simpson's results in the tame case. The argu- 
ments are also essentially the same. In Section 8.3, we give a characterization of the 
lattice V a £ x by the eigenvalues of the residues in the case that A is generic. In Section 
8.4, we argue some basic property of harmonic forms for wild harmonic bundles on 
quasiprojective curves, which will be used in the proof of Hard Lcfschctz Theorem for 
polarized wild pure twistor D-modules. (See Section 18.2.) 

8.1. Norm estimate for holomorphic sections of V c £ x 

8.1.1. Statement. — We put X = A and D = {O}. Let (E, 8e, 0, h) be an unram- 
ificdly good wild harmonic bundle on X — D. We assume to have the decomposition 
on X: 

(156) [E,6)= (£ a> aA,a) 

(a,a)Glrr(0)xSp(e) 

We have the expression 6 = f ■ dz. 

As explained in Chapter 7, we have the prolongmcnt V c £ x for each A € C and 
c e R. Let F denote the parabolic filtration of V c £ x ■ We have the endomorphism 
Res(B A ) of V c £ x , which preserves the parabolic filtration. The induced endomor- 
phism of Gr F (V c £ x ) is also denoted by Res(ID) A ). Let W denote the weight filtration 
of Gt f (V c £ x ) associated to the nilpotent part of Res(lD> A ). 

Let v be a holomorphic frame of V c £ x such that (i) it is compatible with the 
parabolic filtration F, (ii) the induced frame on Gr^ \Vc£ x ) is compatible with the 
weight filtration W. We put a(yi) := dcg F (v{) and k(vi) := deg w (vi). Let ho be the 
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C°°-mctric of E given as follows: 

(157) ho^Vj) := 5 id ■ \z\~ 2a ^ ■ (-log |z| 2 ) fcK) 

Proposition 8.1.1. — The metrics h and ho are mutually bounded. In other words, 
the standard norm estimate holds. 

Since it can be shown by the argument in [114], we give only an indication. 

8.1.2. The case A = 0. — First let us consider the case A = 0. Let n a ^ a be 
the projection onto E a , a in the decomposition (156). According to Theorems 7.2.1 
and 7.2.4, bounded. Hence, we have the following decomposition as the 

prolongment of the decomposition (156): 

(158) (V C £°,B°) = (V c £l a ,K, a ) 

(o,a)eIrr(e)xSp(0) 

The decomposition is compatible with the parabolic filtration and the residue Rcs(#). 
We may assume v is compatible with the decomposition (158). 

For each (a, a, a), we have the endomorphism of V ata . a := Gr^ (V c £ a a) induced by 
Rcs(0). The nilpotent part is denoted by iV 0)Q!ia . We have the model harmonic bundle 
on X — D obtained from (V a ^ a , iV a Q a ) denoted by E(V a ^ a , N ara>a ) . (See Subsection 
7.4.1.3). We have the rank one harmonic bundle L(a,a,a) = (O-e,0% a a ,h^ a ) as 
in Subsection 7.4.1.2. Then, we obtain the wild harmonic bundle (E,d^,h,9) := 
©(a a a) ^ (^o,a,oi ^a,a,a) ® L(a,a,a). According to Theorem 7.4.3, we obtain V c £° 
for each c G R, and the decomposition: 

(159) (V c £°,6) = ®{Ve%, a , ai 0a,a,*) 

{a, a) a, 

We can take a holomorphic isomorphism $ : "P c £° — > V c £® such that (i) it pre- 
serves the decompositions (158) and (159), (ii) it preserves the parabolic filtrations, 
(iii) Gr i? ($|o) is compatible with the residues. It can be checked by a direct calcu- 
lation that $(/i) and ho are mutually bounded. Recall that ho and h are mutually 
bounded up to log order, and hence &(h) and h are mutually bounded up to log order. 
Due to a general result of Simpson (Corollary 4.3 of [114]), we have the following: 

— Let K be a hermitian metric of E = £° with the following property: 

(i) : It is adapted to the filtered bundle V*£° . The induced metric of the 
dual £ ov is also adapted to the induced parabolic filtration of V*£ ov . 

(ii) : Let 9 K denote the adjoint of 9 with respect to K, and let Ok be the 
(1, 0)-operator determined by 8e and K. Let Fr denote the curvature 
of the connection 8e + Qk + B + 9 K . Then, Fk is L p with respect to K 
and the Euclid metric dz ■ dz. 

Then, the metrics K and h are mutually bounded. 
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It is easy to check that the conditions (i) and (ii) hold for Thus, we can conclude 

that h and h$ are mutually bounded in the case A = 0. 

8.1.3. The case A ^ 0. — Let us consider the case A ^ 0. We have the irregular 
decomposition: 

(160) {V c £\B x ) lB = (7> C £ A ,B A ) 

aGlrr(e) 

We have the parabolic filtration F and the endomorphism Res(D A ) of V C £ X \ . They 
are compatible. Let E 0! ('P C £ A | ) denote the generalized eigen space of Res(B A ) corre- 
sponding to the eigenvalue a. We obtain a vector space V a , a .a Grf E a ('P c £ A | ). Let 
N a ,a,a denote the nilpotcnt part of the endomorphism of V^ iQ , i0 induced by Res(D A ). 
We have the model bundle E(y ata , a ,N a , a ^ obtained from {y a ^ a ,N at0l ^, Let 
(b,j3) £ fix C be given by the condition 6(A, b, (3) = (a, a). (See Subsection 2.8.2 for 
{(A).) Let L(b, (3, a) be the harmonic bundle of rank one as in Subsection 7.4.1.2. We 
obtain a wild harmonic bundle 

(E,~8 s ,h,0) ~ E(V a , a , a ,N a!a , a )®L(b,p,a). 

(a, a, a) 

We have the associated meromorphic A-flat bundle ('P C £' A , B A ) which has the decom- 
position: 

(161) V c £ x = (0p c ^ a>a ) 

aGlrr(6>) a,a 

By construction, we have an isomorphism 

$o,a, Q . a : (Grf E Q 7> c £ A Qa ,ResO A ) ~ (Grf E Q 7> C £ A , Res B A ) 

We can take an isomorphism $o.a : © a a^^aa a\o — ^ c ^dO' wmcn preserves the 
parabolic filtration, and induces (J) a a $o.a.a,a- Let denote the iV-th infinitesi- 

mal neighbourhood of D for a large integer N. We can take an isomorphism 

$ 5(«),a 1 0^Q,a,a|B(«) ~ ^° £ a\DW 
a, a 

such that $fj(«) | O = $o,a- By a general theory, we can take a holomorphic decom- 
position of V c £ x whose restriction to D^ N ' is the same as (160): 

(162) V c £ x = V C £ X N 

aelrr(0) 

Let q a .N denote the projection onto V c £ x N . We can take a holomorphic isomorphism 
©a a^c^a.a.o — "Pc^a,N wnose restriction to L)( N > is equal to a - In particular, 

we obtain $ : V c £ x — > V c £ x such that (i) it preserves the decompositions (161) and 
(162), (ii) $|q preserves the parabolic nitrations, (iii) the induced map Gr F (4>) is 
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compatible with the residues. We identify £ and £ in the following argument by $. 
By a direct calculation, we can show that h and h$ are mutually bounded. Hence, we 
have only to show h and h are mutually bounded. We remark that we have already 
known that h and h are mutually bounded up to log order by the weak norm estimate 
(Theorem 7.4.3), which we will use implicitly. 

Let $ be the endomorphism of V c £ x determined by $ ■ dz/z = D A — D A . By 
construction, we have $(/P c £ X ) C V c - € £ x for some e > 0. We have the estimate 
[$, 3o,iv] = [ID >A ,9o,at] = 0(\z\ N ^ 2 ) by construction of q a ,N- (Note that we have 
already known that h and h arc mutually bounded, this estimate does not depend on 
the choice of a metric. We will often omit this type of remark.) Recall that ID> A and 
h determine the operators 9^ G End(-E) ® SI 1 ' , 0t € End(-E) ® SI 04 and the pseudo- 
curvature G(B A , h) := -A- 1 (1 + ]A] 2 ) 2 - -r-^;) 2 = -A" 1 ^ + 1 A| 2 ) 2 (See [94].) 
As in the case A = 0, we obtain that h and h are mutually bounded, once we show 
that G(D A , h) is L p for some p > 1, thanks to a general result of Simpson. (Corollary 
4.3 of [114]. See also Section 4.3 of [91]. Note, in [91], the pseudo-curvature is 
considered as G(B x ,h) = dr6r, which does not make any essential difference in the 
conclusion.) 

Let d'l := &e + X6', which is the holomorphic structure of £ A . We have the 
equalities: 

= (1 + IAI 2 )- 1 • G(B\h) = R{d'{,h) + (1 + |A| 2 ) [6, 6t] 

(i + |a| 2 )- 1 g(d a ,m = R(d'{,h) + (i + |A| 2 )[^,ei] = -(i + \x\ 2 )([e,ei} - [e~ h ,et]) 

Recall the following equalities (Section 2.2 of [94]): 




We have [i?)5r] = G(|z| c ). Let us estimate 6~\. We have the decomposition: 

End(V c £ x ) = C(V C £ X )®V(V C £ X ), 
C(V C £ X ) = Rom(V c £l Nl V c £t N ), V(V C £ X ) = End(7> c £ \) 

We have the corresponding decomposition 5 = C(5) + D(-S)- By construction, we 
have £(#) = 0{\z\ N ) with respect to h, and thus [C = 0{\z\ N / 2 ). We have 

the decomposition: 

0=0 ({da + p ■ dz/z) ■ id vJa a a +0' a ^ a ) 

a, a, a 

The terms (#a jQ ,. )~ arc 0(|z| _1 (— log |z|) _1 ) with respect to h, and the terms (da + 
a-dz/J" 1 ) -id v g do not contribute to [25(5), 9~\ . Hence, we obtain [25(5), 0~\ = 
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0(\z\ £ - 2 dzdz), and G(B x ,h) is W for some p > 1. Thus the proof of Proposition 
8.1.1 is finished. □ 

8.2. Comparison of the data at O 

8.2.1. Statement. — Let X, D and (E,dE,0,h) be as in Subsection 8.1.1. Let us 

compare the data at the origin O of T J £ X and VE . For A ^ 0, we have the vector 
space Grf ('P£*) with the endomorphism Res(D^). We have the generalized eigen 
decomposition: 

Grf(^) = 0Grf; Q E (^) 

The residue Res(ED A ) induces the endomorphism, whose nilpotent part is denoted by 
N x aa . Similarly, we have the vector spaces Gt^'^CPS °) with the nilpotent endomor- 
phism N° . We consider the following sets: 

KMS{V£ X ) :={(a,a)eRxC\ Gr™(V£ x ) ^ 0} (A ^ 0) 

ICMS(VS°) :={(a,a)eRxC\ Gv^(V£° a ) ± 0} 

The dimension of the vector space corresponding to (a, a) is called the multiplicity of 
(a, a), and denoted by m(A, a, a). The following proposition was observed by Biquard- 
Boalch ([12]), at least if the wild harmonic bundle is given on a quasiprojective curve. 

Proposition 8.2.1. — t(A) gives the bijective map KMSiVEf) — > K,MS(V£ X ) 
preserving the multiplicities. The conjugacy classes of N® a a and ^at(Xaa) are ^ e 
same. 

The claims can be shown using the essentially same argument as that in [114]. We 
indicate only an outline. 

8.2.2. An estimate in [114]. — Let £ be a holomorphic vector bundle on a 
punctured disc A* with a frame v. Let K be a hermitian metric of E for which v is 
orthogonal and \vi\x = \z\~ ai (—log\z\)~ ki / 2 for some a, <G R and fcj e Z. 

Let F be a C°°-section of E such that \F\k is bounded. For the expression F = 
J2Fi ■ v i: we know |Fj| • \z\ ai (— log \z\)~ ki l 2 are bounded. 

Proposition 8.2.2. — Let M be the section of E determined by dF = M ■ dz. 
Assume the following conditions: 

\M\ K = 0(\z\-\- log Izl)" 1 ), J \M\ 2 K ■ (- log \z\) ■ \dz -dz\<oo 

Then, the following holds: 

- In the case a, ^ 0, we have \F t \ ■ |z| a * (- log \z\)~ k ^ 2 = 0((- \og\z\y 1 ) . 
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In the case a, = and ki ^ 0, we have • |z| ai (— log \z\) ki ^ 2 \\ w < oo, where 
\\'\\ w is given as follows: 

\dz ■ dz\ 



(163) \\G\\i- := \G\ 



lx |z|2(-log|z|)2 1og(-log|z|) 
Proof See the argument in Page 765-767 of [114]. □ 

8.2.3. Decompositions. — As the special case of Lemma 7.4.7, we have the fol- 
lowing lemma. 

Lemma 8.2.3. — Take any large number N. We can take holomorphic sections 
Pa.N of End('P c £ A ) for a G Irr(#) such that the following holds: 

Pa.N - 7T = 0(|z| 2Ar ), (Pa.Jv) 2 = Pa,N ', [Pai,JV,Po 3 ,Jv] = 0, ^ P*, N = id 

oelrr(0) 

TTiey preserve the parabolic structure. □ 

We take a refinement of the decomposition: 
Lemma 8.2.4. — We call take holoTTiorphic sections Pa,a 

o/End(°£ A ) for (a, a) € 

Irr(#) x Sp{6) such that the following holds: 



Pa, a - T^a.a = 0(\z\ e ), [p a ,a,Pb,p] = 0, (p a ,a) 2 = Pa, a , ^Pa.a 



Pa, TV 



Proof The argument is essentially the same as that in the proof of Lemma 7.4.7. 
We give only an outline. Let d'l := Be + A#^, which is the holomorphic structure of 
£ x . We have d'^TT aia — 0(|z| e ) with respect to h and the Poincare metric. By Lemma 
21.2.3, we can take sections s a . a of End(-E) satisfying the following: 

d'ls a>a = d x »ir a , a , [\s a)Ct \ 2 h ■ \z\~ 2e (-log \z\) N -dvol gp 

By Lemma 21.9.1, we obtain s a Q = 0(|z| e ) for some e" > 0. 
We put p aa := Tt a ,u — s a>a . Then, we have the following: 

(P J 2 -P a ,a = 0(|z| £ ), [p a>a ,P bt0 ] = 0{\z\<), E^-^« =0 (N e ) 

a 

By modifying p aa with order \z\ e as in the proof of Lemma 7.4.7, we obtain the 
desired p a ,a- 
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8.2.4. The eigenvalues of Res(B A ). — Wc put $ := J2 a a {da + a ■ dz/z) ■ p a , a . 
Lemma 8.2.5. — Let v be a holomorphic section of £ x such that 

\v\ h ~\z\~ a (-log\z\) k . 
Then, the following estimate holds: 



* x v - (1 + |A| 2 )$(i>) + A • a ■ v ■ — = 0(|z|" a (- log | 



dz 



\k-l 



dz 



Z h Z 

Proof We have only to consider the case a = 0. Let 8' x be determined by d'[ and 
h. Then the following holds: 

B x v - (1 + |A| 2 )$(i>) = \5' x v - (1 + | A| 2 )(6> - *)(«) 

Because (6 — $)(i>) = 0{{— log \z\) k ~ 1 )dz/ z, we have only to show 

|<^t;| a (- Io eM) 1 ~ e ~ 2fc |<fe-d*| <oo 

for some e > 0, which can be shown using the argument in Page 761-762 in [114]. 

□ 

We take a holomorphic frame v of V a £ x such that (i) it is compatible with the 
decomposition T , a £ x = 01mp o , tt , (ii) it is compatible with the parabolic filtration, 
(hi) the induced frame of Grf CPS£) is compatible with the weight filtration. Wc 
put a(vi) := deg F (vi). Let (a(vi),a(vi)) be determined by the condition that u, <G 

I m Po(iii),a(»,)- 

We consider the following: 

D A :=P A -(1 + |A| 2 ) da -P° 
oeirr(e) 



Lemma 8.2.6. — Let A be the matrix determined by Res(DQ)t>| = V\ ■ A. If the 
order of V\ , . . . , v r is compatible with the parabolic filtration and the weight filtration, 
A is triangulated, and the i-th diagonal entries are 

(l + \X\ 2 )a( Vl )-X-a(v t ). 
Proof It follows from Lemma 8.2.5. □ 

8.2.5. Comparison map. — Wc put V a , a ,a '■= Grf (P c £a, a) on which we have the 
nilpotcnt endomorphism N® a a . We take model bundles: 

(E a ,Q,oi S a a a , h a a a ) — (V a , a ,a ® Ca* j N a ^ a dz/ z, h a a a ) (8> L(a, a, a) 

(E,0,h) := (E aota i @a,a,a i ^a,a,a) 

(a, a, a) 

Let ^ : E — > °J? be a holomorphic isomorphism such that (i) it preserves the 
decompositions, (ii) it preserves the parabolic filtration, (iii) Gr F (Rcs(G)) = where 
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G:=*o0-0o1'e Hom{°E, °E) ® n x ' (log D). Note that * and are bounded, 
due to Proposition 8.1.1. We identify E and E via ^ as C°°-bundlcs. 

By construction, we have \8 — 9\r = 0(|z| c ) ■ dz/z. Due to the asymptotic orthog- 
onality (Theorems 7.2.1 and 7.2.4), we have the following estimate: 

!fc hlh \\z\(-\og\z\)J 

The following lemma can be shown by the same argument as that in the proof of 
Lemma 7.7 of [114]. 

Lemma 8.2.7. — We have the finiteness J |M|^(— log \z\) • dvol gp < oo, where M 
is determined by 9~ — Ot = M ■ dz. □ 



8.2.6. End of the proof of Proposition 8.2.1. — We have the induced A- 
connection (£ X ,H) X ) = 0(£,J a a ^a a a)> with the canonical frame v = (v a . a ,a)- We 
put p a . a := 7r a . Q = tTo.q- We have the decomposition £ A = Iinp 0ja . 

Let v be as in Subsection 8.2.4. Let deg F (vi) and deg w (vi) denote the degree of Vi 
with respect to the parabolic filtration and the weight filtration. Let (a(vi), a(vi)) be 
determined by the condition that Vi G Ixap a r Vi y a r Vi y We use the symbols deg (uj), 
deg w (vi) and (a(vi),a(vi)), in similar meanings. Let / = be determined by the 
relation Vi = J2j • v j ■ 

Lemma 8.2.8. — We put B jti := I jt .| 2 |-dcg F K)+dcg F (s I )+(dcg w K)-do g w (? I ))/2_ 

— In the case (a(vj),a(vj)) ^ (a(vi) , a(ui)) , we have <Bj,» < C ■ \z\ e for some 
e > and C > 0. 

— In the case deg F (vj) ^ deg F (vi), we have \Bj t i\ < C(— log 1 2; | ) " 1 for some 
C > 0. 

— In the case deg w (vj) 7^ deg w (vi), we have \\Bj,i(— log < 00. where \\ ■ \\\y 
is given as in (163). 

Proof We have the estimates p a a — p a . a = 0(|z| c ) with respect to h. Hence, the 
first claim follows. The other claims can be shown using the argument in [114], using 
Lemma 8.2.7 and Proposition 8.2.2. (See also [93].) □ 

Then, we can show the following equality by the argument in the proof of Propo- 
sition 7.6 and Theorem 7 of [114], using Lemma 8.2.6 and Lemma 8.2.8: 

(164) dim Grjf Ep Grf {£ b A ) = dim Grf Ep Grf 

We can check the claim of Proposition 8.2.1 for (E, <9g, 9, h) by a direct calculation. 
Together with (164), we obtain the claims of Proposition 8.2.1 for (E, 9e, 9, h). □ 
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8.3. A characterization of the lattices for generic A 

Let X, D and (E, 8e, 8, h) be as in Subsection 8.1.1. We have the set ICMS(E) C 
R x C of the KMS-spectra at A = 0. A complex number A is called generic with 
respect to JCA4S(E), if e(A) : KM.S{E) — > C is injective. For generic A, we have 
the following characterization of V a £ X (a G R). 

Proposition 8.3.1. — Let A be generic with respect to ICMS(E). Let V be a good 
lattice of the meromorphic X-flat bundle ('P£' a ,O a ) with the following property: 

— The set of the eigenvalues o/Res(B A ) on Vm is the same as the following: 
(165) {e(A, it) | u G KMS{E), a - 1 < p(A, u) < a} 

Then, V = V a £ x - 

Proof Let S denote the set (165). Note that A _1 (a — (3) £ Z for any distinct 
a, j3 G S. Hence, we have the flat decompositions: 

(V a £\B*) lS = 0(P a £ A a ,D A Q ) (F,D A ) |5 = 0(K iQ ,D A Q ) 

aSIrr(0) aeS oGlrr(e) a£S 

Here, D A a — da — a ■ dz/z are logarithmic with respect to V a £aa or K,a, and the 
residues are nilpotent. Then, we obtain V a £aa = Va,a using a standard and classi- 
cal argument: (i) We can show Q V a £^ a <g> 0(*D) = Q V a<a O (D(*D) by using 
Corollary 2.2.18. (ii) By the assumption for S, we can also obtain r P a £a, a ® 0(*D) = 
Va,a®0(*D) by a similar argument with minor modification, (iii) In the regular case, 
this kind of claim is well known. (See Proposition II. 5.4 of [29], for example.) □ 

Remark 8.3.2. — The proposition can easily be generalized to the higher dimen- 
sional case. □ 



8.4. Harmonic forms 

8.4.1. The space of harmonic forms of £ x . — Let Y be a smooth projective 
curve, and let D be a finite subset of Y. Let (E, 8e, 9, h) be a wild harmonic bundle 
on Y — D. Let w be a Kahler form of Y — D, which is Poincare like around D. We 
reformulate the result in Section 8.4.3.4 below. Let D A * denote the formal adjoint of 
© A with respect hand u . We put A A := D A oD A *+© A *o© A . Recall A A = (1+|A| 2 )-A°. 

Proposition 8.4-1 ■ — Let cf> be an L 2 -section of E onY — D. We have the following 
equivalence: 

A A = for some A A A </> = for any A 

<^=> B x 4> = for some A D A </> = for any A 
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Let <j> be an L 2 -section of E ® ' onY — D. We have the following equivalence: 

A x cf> — for some A <^=> A x <f> = for any A 

D A *0 = /or some A <=>■ D A *0 = /or cmy A 

Proof Let us show the claim for 0-forms. According to Proposition 8.4.18 below, 
we have the equivalence A x <fi = U) x cf> = for a fixed A. Then, the desired 
equivalence follows from A A = (1 + |A| 2 )A°. The claim for 2-forms can be reduced to 
the case of 0-forms. □ 

Proposition 8-4-2. — Let <\> be an L 2 -section of E <g> fi 1 on Y — D. The following 
conditions are equivalent. 

(a) : A A = for some A. 

(b) : A x <j) = for any A. 

(c) : D A = B A *<f> = for some A. 

(d) : D x <f> = B x *cf) = for any A. 

(e) : (B+6)4>= (d + 0*)<f> = O. 

Proof The equivalence of the conditions (a)-(d) can be shown using an argument 
in the proof of Proposition 8.4.1. Note D°* = \/— IA W (d + 6'} on the one forms. 
Hence, the condition (e) is equivalent to (c) with A = 0. □ 

Remark 8-4-3. — The equivalence of (c) and (d) in Proposition 8.4.2 can be shown 
by a direct calculation. Note that D A *0 = is equivalent to D A *0 = for a l-form 
4>. (See [94] for the notation.) Let A := d + 6 and B := d + 6^ . Then, we have the 
equalities (1 + |A| 2 )A = E> A - AD A * and (1 + |A| 2 )B = B x * + \B X . Hence, B Xl and 
D Al * can be expressed as the linear combinations o/D A and D A * for any Ai. □ 

The following notation will be used in Section 18.2. 

Notation 8-4-4- — Let Harm* denote the space of the L 2 -sections of E®Vl l satis- 
fying the conditions in Propositions 8.4.1 and 8.4.2. □ 

Needless to say, the equivalence in the propositions does not hold if Y is not 
projective. Hence, we have to distinguish the conditions. 

8.4.2. Decay of L 2 -harmonic one forms around the singularity. — Let us 

study the behaviour of harmonic one forms around the singularity in more details. 
Let X, D and (E,dE,0,h) be as in Subsection 8.1.1. We use the Poincare metric of 
X-D. Let r be an L 2 -section of E® ft 1 on X* such that (B e + 6)t = {d E + r )r = 0. 
We have the decomposition t = X)aein(0) r « corresponding to the decomposition 
E = © oe i rr (0) E a . We will use the following proposition in Section 18.2. 

Proposition 8-4-5. — r is of polynomial order with respect to h and the Poincare 
metric. For a ^ 0, we have the estimate r a = 0(exp(— e|z| ord ' a - 1 )) . 
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Proof For simplicity, we use the symbol dA/dz to denote the coupling of OA and 
d z for a section A of E. For the expression t = A ■ dz + B ■ dz, we have the following 
equalities: 

f) A f)n 

(166) _-/(B) = 0, — -f\A)=i). 

Lemma 8.4-6- — A and B are of polynomial order with respect to h. 

Proof Let v be a frame of °E compatible with the decomposition (156), the 
parabolic filtration and the weight filtration. Let 0, 0^ and C be the matrix-valued 
functions determined by the conditions: 

9v = v ■ ■ dz, O^v = v ■ Q^dz, dv = v ■ C ■ dz. 

Then, 0, 0T and C are of polynomial order, which follows from the estimate for the 
Higgs field (Theorems 7.2.1 and 7.2.4) and the acceptability of (E,dE,h) (Theorem 
21.3.2 and Lemma 21.9.3). Let A = (A t ) and B = {B t ) be C rank ^-valued functions 
determined by A = ^ Ai ■ Vi and B = ^2 Bi-Vi. Due to (166), the following equalities 
hold on A*: 

^=-9(B) = 0, 2_ + [C,B]-et(A) = 
az dz 

Hence, we have the following for any non-negative integer I > 0: 

(167) £^_e( z 'B)=0, ?^±~lz l - 1 B + z l [C,B]-z l Q\A) = Q 

If I is sufficiently large, (167) holds on X as distributions. For large N, z N A and 
Q(z N B) are L p for some p > 0. Then z N A is L\ for some p > 2 because of the first 
equality in (167), and hence z N A is bounded. Thus, A is shown to be of polynomial 
order. By applying a similar argument to (E,8e,6' ,h), it can be shown that B is 
also of polynomial order. □ 

We give a refinement. We put <Si(j) := {a £ lrr(0) | ord(a) < j} and Sq(J) := {o £ 
Irr(0) | ord(a) > j}. We put E [ J ] := (& aeSa{j) E a for a = 0, 1. Let B = b[ j) + B ( Q j) 
and A = A^p + A$' be the decomposition corresponding to E = E^ © Eq \ For 
a differential operator 55 : E — > E, we have the decomposition 55 = J2 a 6=1 1 ®»,f» 
where 55^] : E { a j) — ► E ( b 3) . We put (55) := 55^+55$ andC«(55) := 55^+55^]. 

Lemma 8.4-7. — A^' = 0(exp(— e|zp)) for some e > 0, wif/i respect to h. 

Proof Let us look at the ^"'■'-component of the equality dB /dz — p (A) = 0. Due 
to Lemma 7.5.5 and the exp(— e|zp)-asymptotic orthogonality of the decomposition 
E = ©aGirr(e,j) (Theorem 7.2.1), we obtain the following: 

(168) = V^{D Z )B[ 3) + C {j) {d z )B { Q 3) - V^(f)A ( p - C^(p)A { l] 

= V^{d z )B{ ]) -V^{f)A{ j) +0(exp(-C\z\ i )) 
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We have the unique L 2 -scction g!f' of Ef' such that 8(g[^} = A^' ■ dz. Then, we 
have (d + 6)g[ i} = A[ j) dz + b[ j) dz on X - D, i.e., dg[ j) /dz = B[ j) and f(g[ j) ) = A[ i} . 
Since is of polynomial order, we obtain that g[ is of polynomial order. We have 
the following equality on X — D: 

-)2 



— — \a U) \ 2 - - 

dzdz 191 lh ~ 



d 2 ai 3) „«) 



dzdz 



dz 



dg\ J 



dz 



9i 



(i) W 



dzdz J h 



Since A^p and are of polynomial order, we obtain the following: 



(169) 



d 9i (j) 



dzdz 



>9i 



V^(d z )^,gP) +0(cxp(-C|zh) 



= (vWtf)f(gP),g[ j) ) h + 0(eM-C\z\ j )) = (f f f(gP),g{ j) ) h + 0(exp(-q Z p)) 

= (f(g{ j) ),f(g{ j) )) h + o{eM-c\z\ j )) 

We also have the following: 



( 



d 2 g[ j) d 2 g[ j) 



dz-dz 



<» i f>a\ Si) 



dzdz dzdz 
Therefore, we obtain the following: 

d 2 



dd)g\ 3 



9? 



iff -ff)g[ j) -dz-dz 



(170) 

-( 



dzdz 



d 2 9 { P „(j) 



2„U) - 



dzdz 



~>9i 



)h \ gi ' dzdz ) 



' dzdz J h 
= -\f(9[ j) )\l-\fH9?X- 



{£\{ff'-f'f)9 ( P) 
dg[ j) 2 dg[ j) 2 



dg{ j) 


2 


dgP 


dz 


h 


d~z 



dz 



0(exp(-C|*H) 



< -CM 2U - 1] ■ \g[ j) \l + C 2 eM-C 3 \z\i) 



Lemma 8.4-8. — The following inequality holds on X as distributions: 
d 2 



(171) 



dzdz 



= \9l J) \l < ~Cx ■ \z\ 2 ^ ■ \gP\ 2 h + C 2 ■ vw{-CM>) 



Proof We have already known that the inequality holds on X — D. Let (p be a 
test function. We have the following: 



\z\>6 



9i 



0), 2 d 2 <p 



lh dzdz 
± 



dz-dz 



J\z\=5 OZ J\z\=5 



d\ 9 \ 



a) i2 



dz 



-ip ■ dz + 



\z\>8 



d 2 \ 9 P\l 
dzdz 



(p ■ dz ■ dz 
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Hence, we have only to show the existence of a sequence {Si} with Si — > such that 
the following holds: 

d\g[ j) 12 



lim / \g[ 3) \ 2 h -^-dz = 0, lim f 

J\z\=Si ° z J\z 



-<p-dz = 0. 



Let us show the second convergence. The first one can be shown by a similar argument. 
By construction, we have the following finiteness: 

\g[ 3) \l ■ \z\^-V . \ d z ■ dz\ < oo, f (dg[ j \dg^) h < oo 



Let p be a non- negative C°° -function on R such that p(t) = 1 for t < 1/2 and 
p(t) = for t > 2/3. We put X n(z) := p(-N~ 1 \og\z\). Note 8xn(z) and ~8xn(z) 
are uniformly bounded with respect to the Poincare metric. We have the following 
estimate, which is independent of N: 

(d( XN -g[ 3) ),d(xN-g[ 3) )) = 

± J (xN-g[ j) , R(h)- X N-g[ l} ) ± J (d(xN ■ g[ j) ),d(xN ■ g[ 3} )) < C 

Thus, we obtain the finiteness J(dg[ ,dg^ ') < oo. Then, we obtain the following 
finiteness: 



(172) J r^dr I J 



d\g^\l .. 



r-dOj < 

1/2 , r \ 1/2 



C (/ (dg?\dg[ j) ) h ^ (| \g?\l\z\*V-V ■ \dz ■ dz|) < oo 

The existence of the desired sequence {Si} follows from (172). Thus, the proof of 
Lemma 8.4.8 is finished. □ 

Let us return to the proof of Lemma 8.4.7. In general, we have the following 
inequality for I > 0: 

@ 2 „, / /~i i i — 1\ / r<\~ ' ' C i~ \-i-2 „/ n\„\-l\ (I ' C) 2 , ,-2i-2 



; exp(-CN-0=ex P (-C| Z |- i )^k|-'- 2 -exp(-C| Z |-0^-^k| 



dz&z ^ v 1 1 ; 4 ^ 1 1 y 4 

Hence, we obtain the following inequality for appropriate constant G > 0: 

(173) -^=exp(-G|^) > -Ci • l^'" 1 ) exp(-G|^) + C 2 • exp(-C 3 |^) 

We obtain < C 4 exp(-G\z\ j ), by using (173), Lemma 8.4.8 and the standard 

argument as in [1] and [114]. (See also the proof of Theorem 7.2.1 and Theorem 
7.2.4.) Because L < C^l^l' 7- 1 ■ |<?i \h> the proof of Lemma 8.4.7 is accomplished. 

□ 

Lemma 8-4-9. — Bf' = 0(cxp(— Cjzp)) with respect to h. 
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Proof Wc can apply a similar argument to a harmonic bundle (E,dE,h,9') on 
(X — Dy . We have the decomposition similar to (156): 

(e,P)= (4*./W= (44) 

(a,a)€lrr(0t)xSp(et) aelrr(0t) 

Wc put S\(j) := {a G Irr(flt) | ord(a) < j) and 5 (i) := {a G lrr(0t) | ord(a) > j}. 
As in the previous argument, we put Ea ®aesUj) 4" Lemma 8.4.7, we 

have the corresponding decomposition B = Bq + i?i , and we obtain b\^ = 
0(exp(— C|zp)) with respect to h. 

Let 7To denote the projection onto Ea with respect to the decomposition 
E = E^ © E^. Let 7ri denote the projection onto Ea with respect to the 
decomposition E = E^ © E^ \ According to Theorem 7.2.1, we have the estimate 
Ka^ — fta^ = 0^cxp(— e|zp)^ with respect to h. We have the following: 

= 7r{ j) (B) = B\ U) + (4 j) - ttI {j) )(B) 

(i) 

Since B is of polynomial order, we obtain the desired estimate for B\ . Thus, the 
proof of Lemma 8.4.9 is finished □ 

Now, the claim of Proposition 8.4.5 immediately follows from Lemmas 8.4.6, 8.4.7 
and 8.4.9. □ 

Remark 8-4-10. — Let Y, D, u> and (E,dE,0,h) be as in Subsection 8.4.1. Due 
to Proposition 8.4.2, we can apply Proposition 8.4.5 to study the behaviour of any 
L -harmonic one form of (£ A ,B A ) around D , after taking an appropriate ramified 
covering. □ 

Remark 8-4-H- — Let t be an L 2 -section of E such that (d + ff)r = 0. For the 
decomposition r = T a corresponding to E = E a , we obviously have the vanishings 
T a = for a 7^ 0. We also have a similar claim for 2-forms. □ 

Remark 8-4-12. — In [123], the exponential decay of harmonic forms is shown in 
a special case with a different method. □ 

8.4.3. General remarks on L 2 -harmonic forms (Appendix). — 

8.4-3.1. L 2 -cohomology and harmonic forms. — We recall a general remark on the 
L 2 -cohomology, following [131]. Let (Y,g) be a complete Kahler manifold. Let dvol 9 
denote the volume form associated to g. Let (V,B A ) be a A- flat bundle on Y with 
a hermitian metric h. (See [118] and [94].) Let 0(V) be the space of sections / 
of V © VL^ on Y, such that / and D A / are L 2 with respect to h and g. (Here, D A / 
is taken in the sense of distributions. But, we do not have to be concerned with it, 
because (Y, g) is complete. See [3].) Thus, we obtain a complex (£* (V),B) X ). Let 
H^(C*iyy\ denote the j-th cohomology group of the complex. 
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Let B A * denote the formal adjoint of B A with respect to h and g. Let H 3 denote 
the space of L 2 -sections / of V © tt> satisfying D A / = and B x *f = 0. 

Lemma 8.4-13. — Assume that ® ■ if J '( J C , (V)) is finite dimensional. Then, the 
natural map ® . H° — > H 3 [C* (V)^j is an isomorphism. 

Proof We use the inner product (/, g) := J h(f, g) ■ dvol g + J h(B x f, B x g) ■ dvol g , 
via which C 3 (V) is the Hilbert space. Let Zi denote the kernel of B A : C j (V) — > 
C 3+1 {V), which is the closed subspace of £ J (V). Let Z J± denote the orthogonal 
complement of Z ] in C 3 (V). Let us see the continuous operator B A : C 3 ~ l (y) — > Z 3 . 
Because we have assumed dimfP (L'(V)) < oo, the imag e R 3 of B A is closed. Let 
H\ denote the orthogonal complement of ffl in Z 3 . Then, we have the orthogonal 
decomposition D (V) = R 3 © H\ © Z 3 , and H i is naturally isomorphic to H 3 (£* ( V)) . 

Let us show H{ = H 3 . Let / G H{. For any C°°-scction tp of V © D, 3 " 1 with 
compact support, we have J (B A <y9, /) , dvoLj = 0. Then, we obtain D A */ = in the 
sense of distributions, i.e., / € H J . For any / 6 H\ and for any ip as above, we have 
/(©V, /), = J(ip,B A */), lw = 0, and hence / € H{. Thus, we obtain Lemma 
8.4.13. □ 

8.4-3.2. Harmonic forms on a complete Kahler manifold. — Let (Y, g) and (V,B A ) 
be as in Section 8.4.3.1. Let A A := D A o D A * + D A * o B A . We recall the following 
general remark. 

Lemma 8-4-14- — Let <j> be an L 2 -section of V © f2 J ' such that D x <f> and B A *0 are 
L 2 . Then, A A = if and only ifB x cf) = D A *0 = 0. 

Proof We have only to show the "only if" part. We fix a base point xq E X. 
Let d(x,y) denote the distance of x,y £ X induced by g. Let B(R) denote {x £ 
X | d(x, Xq) < i?}. As in Page 90-91 of [3], we can take a sequence of Lipschitz 
functions \n {n = 1,2,...) such that (i) < x„ < 1, (ii) Xn( x ) = 1 on B(n) and 
Xn( x ) = on X — B(2ri), (iii) \d\n\ < C for some fixed C and for almost every x € X. 
Assume <f> satisfies A A = 0. We have the following: 



= / (A A 0, X n<t>) Kg dvo\ a - / (D A 0, O x { X n<t>)) Kg dvol 9 



(D A >, O x *{ X n^)) h g dvol ff 
Then, we obtain the vanishing ||B A o!>||f + ||B A *(i||f = due to the theorem of 

° II ~ \\h,u> II Ml h,u; 

Lesbegue. □ 

8.4.3.3. A general remark on L 2 -conditions. — Let X denote a closed disc {z G 
C I \z\ < l}, and we put D = {O}. Let w be a Poincare like Kahler form of X — D. 
Let dvoLj denote the volume form associated to ui. Let (V,B A ) be a A-flat bundle on 
X — D with a hermitian metric h. We recall a general remark. 
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Lemma 8.4-15. — Let (f> be a C°° -section ofV®VL J on X — D. Assume that <p and 
A (p are L 2 with respect to h and u>. Then, B A and B x *<p are also L 2 with respect 
to h and u). 

Proof For any C°°-section / of V ® on X — D, let H/IU,^ denote the L 2 -norm 
with respect to h and uj. If the support of / is compact, we have the following for 
some number Bq, which is independent of /: 

(174) p X f\\l, u + p X *f\\l, u = B I (/, A A (/)) dvol w . 

JX-D 

Let (j> be a C°°-section of V on X — D, such that <fi and A A arc L 2 . To show 
the L 2 -property of B A </>, we have only to be concerned with the behaviour around D. 
Hence, we may and will assume that the support of (f> is contained in {\z\ < 1/2}, 
i.e, there are no contribution of the boundary {\z\ = 1} to the Stokes formula. Let 
X be any test function on X — D. Let B^* be the operator given as in Section 2.2 
of [94]. (We will use the symbol B A * for simplicity.) Recall B A * = — /-T[A W , B A *] . 
We have the following equality: 

(175) A X ( X 4>) =O A *LD A (x0) = B A *( X B A 0) + B A *(B A (x) ■ </>) 

= xA A (<W - x/^TA4B A *(x) • B A 0) + D A *(B A (x) • 0) 

We obtain the following: 

(176) f (A A (x0), x0) h dvol w = f (xA A 0, x0) ft dvoL 

JX-D JX-D 

-V=lf (a w (B a *(x)-E)V),X0) dvoL J + / (B A (x)-0, B A (x0)), i dvoL 

JX-D y /h J X-D 

The second term in the right hand side of (176) can be rewritten as follows, up to 
constant multiplication: 

(177) f (A w (B A *(x)-xBV), <f>) dvoL = 

JX-D V 7 h 

[ (A w (B A *(x)-B A (x0)-B A *(x)-B A (xW), 4>) dvoL 
Jx-d k /h 

Let p be an ii>o-valued C°°-function on R such that pit) = 1 for t < 1/2 and 
pit) = for t > 1. Let xv := p(— A^ 1 log |z|) . Note 9xjv> ^Xv and dd\N are 
uniformly bounded with respect to w. We obtain the following inequality for some 
constants B > 0, from (174), (175), (176) and (177): 

ll DA (»v • <f>)\\l tU < B ■ \\<t>\\ h ,u, ■ (\\4>\\h,u, + ||AVlk >w + l|B A (xv0)||/ l , w ) 
We obtain the uniform boundedness of ||B a (xjv ■ 0)|L w j and hence ||B A (0)||/ l!a; < oo. 
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Let be a C°°-section of V ® fi 1 onl-fl such that and A A are i 2 . As in 
the case of 0-form, we may assume that the support of (j) is contained in {\z\ < 1/2}. 
Let x be any test function on X — D. We have the following equalities: 

D A *B A (x0) =B A *(D A (x)-0 + x-ID' A (0)) = 

D A * (D A ( X ) ■ <t>) + X ■ B A *D A (0) + \/^TP A *(x) ■ A W (© A 0) 
Similarly, we have the following: 

D A B A *(x0) =© A (-V^TA w (D A *(x) -0)) + x ■ O a O a * + B A x • B A * 
Hence, we have the following: 



(178) /(A A ( X 0), X 0)^dvoL J = 

(V*(© A (X) • 0) - \^T© A (A w (© A *x • 0)), X</>) 
+ / (V^lD A *x- A w D A + D A x-O A *0, x0) 



dvoL. 

h.cj 

dvoL, 



(xA A (0), x 0) dvoL 



The first term in the right hand side can be rewritten as follows: 
(179) 



(P A (x)-0, B A (x^)) /iU dvoL+ / (V^TA w (P A *x», B A *(x0))_dvoL, 

X—D JX-D 

The second term in the right hand side of (178) can be rewritten as follows: 
(180) / (V^T© A V AJD A (x0)+B A X-B A *(x0), A dvol w 

(\/^lB A *x • A w (B A (x) • 0) + a/^T© a x • A w (B A *(x) », ^) dvoL 



X--D 



h,i 



Let xw be as above. Due to (178), (179) and (180), we obtain the following for some 
B > 0: 

(181) ||B A (xW)C + ||B A *(xW)||L< 

BU\\ h>u (\m h , u + ||O a (xtv ■ 4>)\\ h ^ + ||D A *(xtv • 0)|| hiU + ||A A ^||^) 

Then, we obtain the uniform boundedness of ||B a (xjv ■ ( / , )|| ?lu + ||B A *(xAf ■ < / , )||/ lw i 
and hence ||B A (A||, < oo and ||D A *(/)||, < oo. 

II T 1 1 rt,OJ II T 1 1 «,£*) 

The claim for 2-forms can be reduced to that for 0-forms. Thus, the proof of 
Lemma 8.4.15 is finished. □ 

A section <fi of V (g> is called a harmonic i-form of V, if A A (/) = 0. We obtain the 
following corollary. 
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Corollary 8.4-16. — Let (j> be a harmonic i-form ofV which is L 2 with respect to 
h and w. Then, ]D> A </> and D A *0 are also L 2 with respect to lu and h. □ 

Remark 8.4-17. — The claims of Lemma 8.4.15 and Corollary 8.4.16 should hold in 
the case of general complete Kahler manifold with an appropriate exhaustion function. 
We omit the details. □ 

8.4.3.4. Refinement of Lemma 8.4-14- — Let C be a smooth projective curve, and 
let Z be a finite subset of Z. Let (V, B A ) be a A-flat bundle on C — Z with a hermitian 
metric h. Let w be a Kahler form of C — D which is Poincarc like around D. 

Proposition 8-4-18. — Let 4> be an L 2 - section of V onC — D. Then,A X (j)~0 
if and only i/D A = D A *0 = 0. 

Proof We have only to show the "only if" part. Assume A x <j> = 0. Because 
Corollary 8.4.16, we obtain that D x cj) and B x *cj) are L 2 . Then, we obtain D x <j) = 
and D A *0 = due to Lemma 8.4.14. □ 

Remark 8-4-19. — Proposition 8.4.18 should hold for a X-flat bundle on a complete 
Kahler manifold with appropriate exhaustion functions. We omit the details. □ 



CHAPTER 9 



ASSOCIATED FAMILY OF MEROMORPHIC A-FLAT 

BUNDLES 



Let (E, 8e,0, h) be a good wild harmonic bundle on X — D, where X is a complex 
manifold and D is a simple normal crossing hypersurface. We have the family of A-flat 
bundles (£, D) on C\ x (X — D) associated to (E, 8e, 6, h). We would like to extend 
it on C\ x X in a meromorphic way. We have already obtained a meromorphic pro- 
longment V£ x of (£ A ,D A ) for each fixed A in Chapter 7. However, as was mentioned 
in Introduction, the family IJ V£ x cannot be a nice meromorphic object unless the 
harmonic bundle is tame. 

In this chapter, for a given complex number Ao, we study a preliminary prolongment 
r p( x °)£ on a neighbourhood of {Ao} x X obtained as the sheaf of holomorphic sections 
whose norms are of polynomial growth with respect to a modified metric V^ Xo 'h. It 
will be deformed to QS X °^£ in Section 11.1, that is the desired family. 

In Section 9.1, wc construct a filtered bundle vi X °^£. In Section 9.2, we show 
that (vi Xo) £,B) is a good family of filtered A-flat bundles. We also show that the 
specializations 'p( A °)£ A are obtained as the deformation of V£ x caused by a variation 
of irregular values (Section 4.5.2). 

In Section 9.3, we give a remark on the growth order of the norms of partially flat 
sections uniformly for A. This is a preparation for the proof of Theorem 11.2.2. (See 
Section 11.4.) 

We study a locally uniform comparison of irregular decompositions of (V£°,V> ) 
and (V (Xo) £,B) in Section 9.4. Because we will not use it in the other part of this 
monograph, the reader can skip it. 



9.1. Filtered bundle Tl °>£ 

9.1.1. Local construction of Va > '"^£ X and Va £ in the unramified case. — 

We use the setting and the notation in Section 7.2. We put g(X) := .gi rr (A) • <? 1G g(A), 
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where g 1TI and g leg are given as follows: 

<7irr(A) := cxp ^2 Aa • 7T a , g lcg (X) := ex P X! A ' " ' log l z j | 2 ' ^ 

\oelrr(0) / j=l \aeSp($,j) J 

Here, ir a denote the projections onto E a in the decomposition (92), and TTj i0l denote 
the projections onto E^ a in the decomposition (93). 

Let £/(Ao) denote a neig hbourhood of A in C\. We set X ( - x "'> := U(X ) x X. We 
use the symbols D( A °) and T>^°' in similar meanings. We have the following hermitian 
metrics of £|#(* )-d(*o) : 

(182) V [Xo) h{u,v) :=h(g(X-X )u,g(X-X )v) 

v£ o) h(u,v) := h( 9ilI (X - X )u,g iir (X - X )v) 
The naturally induced metric of £ x (A G t/(Ao)) is also denoted by the same symbols. 



Notation 9.1.1. — Let a G Le£ V 6e an open subset of X^ x °\ We set 

i 

V^£(V) := {/ G £{V*) | \f\ v( , 0)h = o(j[ |z 3 -|- a '- 6 ), V £ > o}, 

i=i 

where V* := V^\2?^ A °^. -By taking sheafification, we obtain an O X {\ a ) -module Va £■ 
We put V {Xo) £ := \J aeR eVa o) £ ■ The filtered sheaf on (Af( A °),2?( A °)) is denoted by 

The specialization of V ( a° ] £ and V ( - Xo] '£ to {A} x X are denoted by vi Xo) £ x and 
V^ x °^£ x , respectively. The specialization of Vi £ to {A} x (X, D) is denoted by 
vi Xo) £ x . □ 

9.1.2. Global construction of T> {Xq) £ x and T> {Xq) £. — The construction of the 
filtered sheaf Pi Xo) £ in Section 9.1.1 can be obviously globalized and extended to 
the ramified case. Let X be a general complex manifold, and let D be a simple 
normal crossing hypcrsurfacc with the irreducible decomposition D — \J i&A Di. Let 
(E,dE,0,h) be a good wild harmonic bundle on X — D, which is not necessarily 
unramificd. Let U be an open subset of X with a holomorphic coordinate (zi, . . . , z n ) 
such that U fl D = [_fj =1 {zj = 0}. We take a ramified covering tp : U' — > U given 
by <p{Ci , ■ ■ • , Cn) = (C 1 , • • • , O+i, • • • , Cn) such that v?* (E, d E ,6, h) is unramificd. 
Then, we obtain the hermitian metrics as in (182). It is equivariant with respect to 
Gal(U' fU), we obtain the hermitian metrics V^ x °^hu and V^'hu of £\u(\ )x(u\D)- 
By the same procedure, we obtain the filtered sheaf vi X °^£u on U (Xq) x (U, D n U). 
When we are given two such open sets f/j (i = 1,2) of X, the hermitian metrics 
V^^hjji (i — 1,2) are mutually bounded. Hence, the restrictions of the filtered 
sheaves V*'£ui to U(Xq) x (UiH U2, D PI (Ui PI U2)) are the same. By varying U and 
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gluing Vi Xo) £u, we obtain the filtered sheaf V [Xo) £ on {X^ x °\ V^), where X^ 
denotes a neighbourhood of {A } x X inC x x X and V (Xo) := X {Xo) n (C x x D). 

We will show the following theorem in Section 9.1.3. 

Theorem 9.1.2. — vi Xo) £ is a filtered vector bundle on (X^ , V^), if X^ is 
sufficiently small. 

We have the induced filtration of vL Xo) £ lv (x o) . The tuple ( l F ix ^ \ i £ A) 

is denoted by F^ x °\ We have the weak norm estimate up to small polynomial or- 
der in the following sense. For simplicity, we consider the case X = A" and D = 
Uj=i{ z j = 0}- Assume that U(Xo) is sufficiently small. Let v be a frame of V^°^£ 
compatible with F (Ao) . Let a 3 {v t ) := ' deg^ ' We put v[ := v t lf j=1 |^| a ^). 
Let H(V^ x °^h,v') denote the Hermitian matrix- valued function whose (i, j)-entries 
are given by V^h^v'A. We have the weak norm estimate up to small polynomial 
order, which will also be proved in Section 9.1.3. 

Proposition 9.1.3. — For any e > 0, there exist a positive constant C e such that 

t t 

C7 i n M e ^ H(v^h,v') < c e n i % r e - 

9.1.3. Prolongment Ta X "^ £. — Let us return to the setting in Section 9.1.1. We 
put T [Xa) dl := g(X - A ) o (d E + A6»+) o g(X - Ao)' 1 . Let T [Xa) £ denote the following 
holomorphic bundle on X (Xo) - V {Xo) : 

Let a £ R l . For any open subset V C X^ x °\ we dchnc 

T^£(V) := {/ e 7^(0 | \f\ h = o(n l^l" *" 6 ). Ve > °}> 

i=l 

where V* := V\ T>^ Xa \ By taking shcafiheation, we obtain a filtered sheaf T* £ on 
( ( %'( A o) ) 2?( A °)). The following lemma is clear from the construction. 

Lemma 9.1.4- — The multiplication of g(X — Ao) induces the holomorphic isomor- 
phisms £ ~ T [Xa) £ and V {Xo) £ ~ 7; (Ao) £ . □ 

Therefore, we obtain Theorem 9.1.2 and Proposition 9.1.3 from the following propo- 
sition. 

Proposition 9.1.5. — If X^ x °^ is sufficiently small, 72 £ is a filtered bundle on 
,X)( A °)). The weak norm estimate up to small polynomial order holds for 
(T* X °^£,h). (See Proposition 9.1.3 for weak norm estimate up to small polynomial 
order.) 
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Proof Wc put A (A - A ) := T (Ao) d' A ' - d'{ g . According to Theorem 21.8.1, Propo- 
sition 9.1.5 follows from the following lemma. 

Lemma 9.1.6. — IfU(Xo) is sufficiently small, we have A(A — Ao) L < C|A — Ao I 
on X( x °} — T)( x °\ where g p denotes the Poincare metric for X — D. 

Proof Let $ be given by (122). We have the following equality: 

(183) A(A - A ) = Ao ■ (<?(A - A ) o (0* - 1) o g(\ - Ao)" 1 - (0 f - *)) 

+ (A - Ao) ■ g(X - Ao) o (V _ g ( A - Ao)" 1 

Let us look at the first term of (183). We use the decomposition as in (95). If 
(a, a) 7^ (a', a'), we obtain the following from (124): 

(184) ( 5 (A - Ao) o (0t _ $) o g (x - Ao)" 1 - (0 f - ¥)) 



(a, a), (a', a') 

£ 

exp((A- A )(a'-a)) • J[ \ Zj \ 2 - l) . (0t _$) 



(a, a), (a', a') 



= |A- A | ■ 0(ex P ((A - A )(a' - a)) • [J |^f(A-A )K-« 

3=1 

O(cxp(-e|2 ord(a - a ' ) |) ■ Q e (a,a') 

If | A — Ao | is sufficiently small, we have 

(A-A )(a'-a) - e\z old(a - a '^\ < -e\z old{a - a '^\/2 



Yl | 2 .|2(A-A„)(4-^) x g^^) = ( Qe/2 ( a!a ')^ 
7=1 ^ 

(g(A - A ) o (0t _ $) o g(X - Ao)" 1 - (0 f - 1)) = 0. Hence, 

V / {a, a), fa, a) 



J=l 

We also have 

we obtain the desired estimate for the first term. 

For the second term, we have the following in the case (a, a) ^ (a', a'): 



(185) ( 5 (A-Ao)o(0t_$) o . 9 (A-Ao)- 1 )^ 

V / (a, a), (a', a') 

= exp((A - A )(a' - a)) • JJ |,,|^-^)^-^) . (tf -S)^,^, 

i=i 

= o(cxp((A-A )(a'-a)) J] |z J | 2 ( A - Ao )^-^))-o(exp(- e |^ OTd ( a - a ')|)Q e (a,a')" 



j=i 
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Wc also have the following: 

l n 

(g(X - A ) o (fit - 1) o , 9 (A - Ao)- 1 ) = (V /f ■ dzj + ]T /f s ■ dz s 

Therefore, we obtain the desired estimate in Lemma 9.1.6. The proof of the proposi- 
tions is also finished. □ 



9.2. Family of meromorphic fiat A-connections on "P* £ 

9.2.1. Comparison of p( x °'£ x and P£ x . — We continue to use the setting in Sec- 
tion 9.1.2. We would like to give another interpretation of the specialization p( x °>£ x , 
as the deformation of meromorphic A-flat bundles caused by variation of the irregular 
values, explained in Section 4.5.2. For any complex number A, we set 

(186) T(A, := 

We take a = (a,) € R A such that Of £ Par(P£ A °, i) for each i. 

Proposition 9.2.1. — Let P be any point of X . There exist a neighbourhood Xp 
of P in X and a neighbourhood Up(Xo) of Ao in C\, such that the following holds for 
any A <G Up(Xq): 

— We have the natural isomorphism Pa £ X Xp — (7~'a.£\x P )^ T ^^ °f ^ x P -modules, 
which is the extension of the identity on Xp \ D. (We put (P a £ )^ = P a £° 
formally, in the case Ao = 0.) 

— In particular, we have the isomorphism P^ ^ £ x Xp ~ C^^ixp) ofOx P (*D)- 
modules, which is the extension of the identity on Xp \ D. 

Proof The claims are local property. Therefore, we may and will use the setting 
in Section 9.1.1. We have only to show the first claim. Let U(Xq) denote a small 
neighbourhood of Ao in C\. Let a e R e be as above. We consider the prolongment 
for the metric h, i.e., for any open subset V C X^ Xa \ wc set 

l 

vtlW) ■■= {/ e | \f\ v ™ h = o(n N~° 3 '~ e )' Ve > °}- 

where V* := V \ £> (Ao) . Thus, wc obtain an O x{ x o) -module v£° a £. 

Lemma 9.2.2. — We have P^£ = Pa o) £ for a as in this subsection, ifU(Xo) is 
sufficiently small. 

Proof Note that P^h and P^h are mutually bounded up to ^-^-^l-order 
for some rj > 0. Then, the claim of Lemma 9.2.2 follows from Proposition 9.1.3. □ 

We remark P^h = g m {X - X )*h. (Sec Section 7.6.1 for g- m {w)*h.) 
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Lemma 9.2.3. — If the divisor D is smooth, the claim of Proposition 9.2.1 holds. 

Proof We would like to apply Proposition 7.6.1. We use the notation in Section 
7.6.1. Note T(A) = Ti(A-Ao). 

Let us consider the case A = 0. Let X^ := U(0) x X and W := (C/(0) X D) U 
({0} x X). We take a finite covering X(o) — W = \JSi satisfying the following: 

Sitf] f) MS(xW-W,4 j) ) 

j a£lrr(e,j) 

For each A G Z7(0) - {0}, let := S t n ({A} x X). Then, we have 
^ef| f) MS({X}x(X-D),li j) ) 

j aelrr(0j) 

If U(0) is sufficiently small, we may assume 62 = t\ in the condition (A2). We have 
T(A) = (1 + |A| 2 ) -1 > for any A, and hence the second assumption in Proposi- 
tion 7.6.1 is trivial. Therefore, the claim of Lemma 9.2.3 immediately follows from 
Proposition 7.6.1 in the case Ao = 0. 

Let us consider the case Ao ^ 0. We can take a finite covering X — D = (J i=1 Si, 
where Si arc multi-sectors satisfying the following: 

{A } x Si G p| fl MS({Xo} x(X- D), 4 j) ) 
If U(Xq) is sufficiently small, wc have the following for any A € C^(Ao): 

{A} x Si g p pi ms({\} x(x- d), 

j oeIrr(fi,3) 

We may assume that the conditions (Al) and (A2) are also satisfied for each A G 
U(X ). We put T t (A) := t + (1 - t)T(X). Let (I^)( T '( A )) := (T t (A) • c | c G 1^}. If 
J7(Ao) is sufficiently small, we may also have the following: 

{A}x^ep| p AiS({A}x(X-£), 
j aelrr(9,i) 

Then, the second assumption of Proposition 7.6.1 is satisfied, and the claim of Lemma 
9.2.3 follows. □ 

Due to Theorem 9.1.2, p£ Xo) £ x is locally free. We also know that (V a £ x ) {TW) is 
also locally free. Let Dj(< e) := {z G X \ Zj = 0, j|z|| < e}. By using Lemma 9.2.3 
and Lemma 4.5.7, we obtain a natural isomorphism of vi X( ^£ x and (V a £ A ) on 
X — \Jj—i Dj{< e)- By Hartogs theorem, it is extended to the isomorphism on X. 
Thus, the proof of Proposition 9.2.1 is finished. □ 

We have immediate consequences of Proposition 9.2.1. 

Corollary 9.2.4- — Let P be any point of X. Let Xp and Up(Xo) be as in Propo- 
sition 9.2.1. 
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For any A G f/p(Ao), i/ie flat X-connection B A ofV^ x °'£ x Xp is meromorphic 



- (vi Xo) £ x ,B x ) is good. 



— The set of the irregular values of (V^ x °^£ A , B A ) is given by 

Irr(V iXo) £ x ,B x ) := {(1 + AA ) ■ a | a G Irr((9)} 
under the setting in Section 7.2. □ 

9.2.2. The family of flat A-connections of 7> (Ao) £ and the KMS-structure at 

Ao- — Wc continue to use the setting in Section 9.1.2. 

Corollary 9.2.5. — Let P be any point of X. Let Xp and Up(Xo) be as in Propo- 
sition 9.2.1. 

— The family of flat X-connections D of V^ x °^£ \u P (x )xx P * s meromorphic. 

— The family of filtered X-flat bundles {V [Xa) £, B) is good on U(X ) x (X P , X P C\D) . 

— The irregular values of (7- , ^°^,D) is given by 

Irr(7? (Ao) £,B) := {(1 + AA ) • a | G lrr(0)} 
under the setting in Section 7.2. 

Proof It follows from Corollary 9.2.4 and Proposition 2.3.7. □ 

Proposition 9.2.6. — {vi X °^ £, B) has the KMS-structure at Ao in the sense of Def- 
inition 2.8.1. 

Proof We may assume that D is smooth. We consider vi Xo) £ /V^ £ on D. 
Take e > 0. If U(X Q ) is sufficiently small, we have {V^ o) £ /V {X ° ] £) , Dx{x} ^ 

any A e U(X ). Hence, we can conclude that the set 
of the eigenvalues of Res(B A ) on (V (Xa) £ / V (X a ] £) w . . 

is given by the following, 

according to Proposition 8.2.1: 

{e(A,u) | u G KMS{£°), p(X ,u) = a} 
Thus, we are done. □ 
From the proof of Proposition 9.2.6, we also obtain the following corollary. 

Corollary 9.2.7. — Let P be any point of X , and let Xp andUp(Xo) be as in Propo- 
sition 9.2.1. For each X G U(Xq), we have the induced filtered bundle ('P^- Xo '£\Xp) X 
as given in Section 2.8.2. If Up(Xq) is sufficiently small, we have the natural iso- 
morphism (V( X °'£\x P )i — (T~'*£ X Xp)^ Ti ' X ^ °f the family of X-flat bundles for each 
X G Up(Xo), where T(A) is given as in (186). In particular, we have the isomorphism 
of meromorphic X-flat bundles {V {Xo) £\ Xp ) X ^ {P£ X Xp ) {T{X)) f or each A e U P (X ). 

□ 
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9.2.3. Comparison of P^ x °>£ and V^ Xl '£. — We continue to use the setting in 
Section 9.1.2. Let a £ R A be as in Subsection 9.2.1. Let P be any point of X, and 
let Xp and Up(Xo) be as in Proposition 9.2.1. We take Ai £ Up(Xo). By shrinking 
Xp, we may also assume to have (V^ Xl ^£,H) on Up(Xi) x (Xp,D n Xp) for some 
neighbourhood Up(Xi) C L/p (Ao) of Ai. We assume ^ Up(Xi), although Ao may be 
0. 

Proposition 9.2.8. 

— The family of meromorphic X-flat bundles (■p^°)£,H>Y (7 „ ^ xJf is naturally 
isomorphic to the deformation (V^ Xl ^£, D)^ \^ ^ xX with 

T' = (1 + AAo) • (1 + AAi)" 1 . 

— The family of meromorphic X-flat bundles (P„ 'f, D) , y , A . „ is naturally 



isomorphic to the deformation (V^ 1 ^ £ ,H^ T 

:ond clai 

Proposition 9.2.1, both the restrictions fi A °'f|{A}xx P an d (V^^S) [r^i xj f arc nat 



|fp(Ai)xX P 

|crj»(Ai)xXp' 

Proof We have only to show the second claim. According to Lemma 4.5.5 and 

(T') 

|{A}xA\p 

urally isomorphic to (V a £ x )^, where T x = (1 + AA )(1 + | Ap)" 1 . Then, it is easy to 

see that the natural isomorphism of vi X "^£\u(\ )x(x P \D) and (V^E) i^n \ X f X p\D) 
are extended to the isomorphism on Xp. □ 

From the family of A-flat bundles (V^ £ ,D) on U P (X ) x (X P ,X P n D) with 
the KMS-structure at A , we obtain the family of A-flat bundles (("P (An) £)l Al) , E>) on 
U P (Xi) x (X P , X P n D) as in Section 2.8.2. 

Proposition 9.2.9. — We have the natural isomorphism 

((7> (Ao) £)l Al) ,D) ~ (vi Xl) £,n) {T ' ] 

where T' is given in Proposition 9.2.8. 

Proof We have the isomorphism ((V {Xo) £) iXl) , D) ~ (V {Xl) £ , D) {T ' ] due to 
Proposition 9.2.8. Then, the claim follows from Lemma 2.8.3. □ 



9.3. Estimate of the norms of partially flat sections 

We use the setting in Section 7.2.1. For simplicity, we assume that the coordinate 
is admissible for the good set Irr(6*). Let k be determined by the condition m(0) £ 
Z< x e ^ k . Let A £ C\. Let X^ denote a neighbourhood of {A } x X in C\ x X. 
We use the symbols like 2?( A °'(< k) in similar meanings. In the case Ao = 0, we put 
W{< k) := X>( A °)(< k) U ({0} x X). Otherwise, we put W(< k) := V^ x °\< k). Let 
7T : X^ X °\W(< k)) — > X^ denote the real blow up of X^ along W(< k). Let 
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jOo) denote the image of Itt(V^ x °^£ , D) by rj m ( y Let denote the restriction of 
D to derivations along the {z\, . . . , Zfc)-direction. 

Let S be a multi-sector in X^"^ — W(< k), and let S denote the closure of S 
in X^ X °\W{< k)). If S is sufficiently small, we have the partial Stokes filtration 
F s of V^^E on S in the level m(0) indexed by the ordered set (X^ x °\<s) due to 
Proposition 3.3.2. 

Lemma 9.3.1. — Let f be a B>< k -flat section of End(V iXo) £)\ S such that 

- [Res 4 (D), / |P (A ) ns ] = for i = k + 1, . . . ,£. 

- fijj(*o) nS preserves the filtrations l F^ x °^ for i = k + 1, . . . ,£■ 

- f{^V^ o) £) C ^ a r { X " ] £ for any a G lrr(V^£,B). 
If we shrink S in the radius direction, we have the estimate 

IfW^C-e^i-elX-'z^l) 

for some C > and e > 0. 

Proof We use an induction on I. We assume that the claim of the lemma holds 
for any unramifiedly good wild harmonic bundles on X' — D', where X' = A™, 
D'i = { Zi = 0} and D 1 = [jf =1 D[ for f < I. 

By shrinking S in the radius direction, we can take a D<fe-flat splitting of T : 

(187) ^ Ao) £,s= V^ o) £ a , s 

aex {X o) 

Let us = (u a ,s) be a frame of Vq X °^£^ compatible with the decomposition (187). Let 
B a ,s be the matrix valued function determined by B^it^s = M a .s ■ {d<k& + B ai s), 
where d<k denote the restriction of the exterior differential along the {z\,... ,Zk)- 
direction. Shrinking S in the radius direction, we may assume that |A _1 • B a $\ are 
sufficiently smaller than |Rc(A _1 (a — b))| on S for any a, b € l( x °> such that a <s b. 
By shrinking X, we may assume that S is of the form Yii=i Sec[l, 9^ , 0^'\ x A"~ fc x 
J7(Ao) in the following argument, where t/(Ao) is a neighbourhood of Ao in C\ in the 
case Ao ^ 0, or a small sector Secf^A, #1°' , 0^] C in the case Ao = 0. 
Let us show the following statement by a descending induction on m > k: 

A(m) : Let / be a D<fc-flat section of End£|g such that 
- ReSi(B)/ |x ,(A ) nS = for i = m + 1,. . .,£, 

f(^V { Xo) £) C ^A X0) ^ for any a. 
If we shrink S in the radius direction, we have the following estimate for some 
C > 0, e > and N > 0: 

(m 
- E lo sN 
»=*+! 



1 V 
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First, let us show A(£). We have the expression / = X) a <sb f«-,b,i,j ' u a.i ® U X j- 
Because / is D<fe-fl.at, we have | / a , b,i,j | = C(exp(— 1\ \X~ 1 z m (°" > |)) due to Corollary 
20.3.6 and Corollary 20.3.9. Let v be a frame of V { Xo} £ for which we have the 
expression / = X] fi,j ' v i ® V J ■ Let B be determined by 1x5 = v ■ B, and then B and 
B^ 1 are bounded. Hence, we have \fij\ = <3(exp(— e2|A~ 1 z rn, (°'|)). We put 

Z := {(A, z u . . . , z n ) G S j 1/2 < |zt| < 1, i = fc + 1, . . . ,£}. 

Lemma 9.3.2. — We have the estimate \ f\ h = o(exp(-e 3 |A~ 1 z m (°) |)) on Z. 

Proof Let V^°'h be the metric as in Section 9.1.1. By construction of V^ Xo ^£. 
we have \vi\ v t\ ) h < C ■ Yii=i \ z i\~ S on ^ f° r some S > 0. Hence, we have \f\<p(*. )h = 
(9(exp(— e^X -1 z m (°> |)) on Z for some €4 > 0. The metrics V^ x °^h and h are mutually 
bounded up to exp(C"|A - A | • |z m (°)|)-order. Hence, we obtain the estimate with 
respect to h by shrinking S appropriately. □ 

Let us return to the proof of Lemma 9.3.1. Let Z\ := D^k+iC^i ^ Let ttzi 
denote the projection S — > Z\. Let us consider the restriction to tt^CA, Q) f° r 
(A, Q) G Z\. The metrized holomorphic bundles (End(£ ), h)^-i^ x are acceptable, 
whose curvatures are dominated uniformly for (A, Q) G Z\. Hence, we obtain the 
following estimate due to Proposition 21.2.8: 

(4 V 

\f\^{X,Q){z k+x , . . . , zi)\ h < C max \f ln -i {XiQ) (z' k+1 , . . . , z' e )\ h - 2J lo S N 

Here, the constant C can be independent of A and Q. Thus, we obtain A(£). 

Let us show A(m — 1), by assuming A(m). We put g := H>(d m )f. Since g satisfies 
the assumption of A(m), we have the following estimate: 



IffU^C-cxpHs-IA- 1 ^ )!). (- J2 lo S 



, N 

\Zi 



i=k+l 

Let 7r m : S — > Dm"' denote the projection. We put tt^-(X,Q)* := 7r~ 1 (A, Q) — 
{(A, Q)} for (A, Q) G TT m (S). Let A rn denote the Laplacian — d Zm ■ c\ m . We 
have A m |/| w -i (AjQ) | A < |5| T -i(A,Q)| A b y Corollary 7.7.5 on n^-faQ)*. Because 
Res m (D)(/|(A,Q)) = 0, we obtain the boundedness of the section ft^nQ) ^ tbe 
norm estimate in the curve case. (See Proposition 8.1.1.) We can take Ga,q with the 
following property: 

/ m-l \ N 

A m G x , Q = \g h -i (KQ) \l, \G x ,q\ <C-exp(-e 6 \X- l z m ^\) - ]T log N 
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Here, the constant C is independent of the choice of Q and A. Then, we have 
^ m (|/|7r _1 (A Q)\h ~~ ^ x -0) — 0) an d hence we obtain the following: 

i 2 i 2 

( V 
+ 2Ccxp(- e7 |A- 1 *™(°)|) - Y, lo sN 

V i=k+l / 

By the hypothesis of the induction on I, we may assume to have the desired estimate 
for the restriction of / to {z G X - D | 1/3 < \z rn \ < 2/3} x U(X ). Thus, we obtain 
A(m — 1), and A{k) means the claim of Lemma 9.3.1. □ 

We can show the following lemmas by using an argument in the proof of Lemma 
9.3.1. 

Lemma 9.3.3. — Let S be a small multi-sector in X^ x °^> — W(< k). Let f be a D<£- 
flat section of F^qPq £\s such that Rcs^ED)/^^,,)^ — for i = k + 1, . . . ,£. When 

we shrink S in the radius direction, we have the estimate \f\h < C exp(— e\ \~ 1 z m (°> |) 
for some C > and e > 0. □ 

Lemma 9.3.4- — Let A / 0. Let S be a small multi-sector of X — D(< k), such 
that we have the partial Stokes filtration F s of V£^ in the level m(0). Let f be a 

B^-flat section of T^ £^ such that Res l (D A )/ |£ , in g = for i = k + 1, . . . ,£. When 
we shrink S in the radius direction, we have \f\h < C exp(— e\z m (°' |) for some C > 
and e > 0. □ 



9.4. Locally uniform comparison of the irregular decompositions 

We will compare the irreg ular decompositions of (P£°,ID) ) and (T {Xo) £,B). The 
main results of this section are Lemma 9.4.4, Corollary 9.4.5, Lemma 9.4.8 and Corol- 
lary 9.4.9. Because we will not use them in the rest of this paper, the reader can skip 
here. 

9.4.1. Around A ^ 0. — We continue to use the setting in Section 9.3. Let us 
consider the case Ao ^ 0. 

Lemma 9.4-1- - Let S be a small multi-sector in X^ x °^ — T>^ x °\< k). 

— We can take a B< k -flat splitting T^E^ = $? (Ao> f„,s of the Stokes filtration 

T s in the level m(0), whose restriction to S D T>\ °' is compatible with the 
residues Res.;(B) and the filtrations ! F' Ao ' for i = k + 1, . . . , i. 

— If Ao is generic, then we can take a D-flat splitting with the above property. 
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Proof It follows from Proposition 3.6.7 and Proposition 3.6.8. □ 

Let X x := {A} x X. We use the symbols like T> x (< k) in similar meanings. We 
also use the symbol S x to denote S n X x for a multi-sector 5" in <Y (Ao) - 2? (Ao) (< fc). 

Lemma 9-4.2. — Let S be a small multi-sector in A" (Ao) - £>( A °)(< k). Let 
£>( A °)% = ®7> (Ao) £ a , s be a B< k -flat splitting as in Lemma 9.4.1. If |A - A | is 
sufficiently small, the restriction of the splitting to X x gives a splitting of the Stokes 
filtration J 7 ^ of T>£ x sx . 

Proof The restriction V {Xq) £^ x = ®? (Ao) f o s ^x gives a splitting of the Stokes 

filtrations J" s * (V^S-x) of V {Xo} £ x x . Then, the claim follows from Lemma 4.5.8. 
\s \s 

□ 

Let p™^ denote the projection onto V^^Ea^s- Let p™!f^ come from another 
decomposition with the first property in Lemma 9.4.1. 

Lemma 9.4-3. — When we shrink S in the radius direction, we have p™g°^ ~ 
p m(o)/ = o(exp(-e\z m W\)) with respect to h on S\ X>( A °) for some e > 0. 

Proof We have (i) (pj$» - <f')-F a S C J* , (ii) - p$j» , Res,(lD))] = 

on 5 n V\ X ° } for each i = k + l, ...,£, (iii) the restriction of p^ 0) - p™f ] ' to S n v\ A ° ' 
preserves the filtration for each i = k + 1, . . . , I. Hence, the claim follows from Lemma 
9.3.1. □ 

We take small multi-sectors Sj (j = 1, . . . , N) such that the union of the interior 
point of Sj is Vo \ 2?( A °) (< k), where Vo denotes a neighbourhood of T>^°^ . By gluing 
pTs^ m as m Section 3.6.8.2, we construct the C°°-map p™q1- Due to Lemma 
9.4.3, we have (8 E + \0^)p^l = o(exp(-e|z m (°)|)) with respect to h and the 
Poincare metric g p on V \ T>^ x °\ where V denotes some neighbourhood of 2?j. • 

m(0) m(0) I , ^ -r-rfc I I JV 



Lemma 9-4-4- — We have the estimate \ir a ~P a \h — ■ rT<=i \ z i\ f or an y 
N > on Vi \ T>( x °\ where Vi denotes some neighbourhood ofD^'. 

Proof By shrinking X, we may assume (Be + ^)p™c°° = 0^exp(— e|z m (°)|)^ 

with respect to h and g p on X^ - £>( A °). Let tt : X^ - X>< A °) — > v[ Xo} denote 
the natural projection. Then, the restrictions (£,h)\n-i(\.Q) are acceptable, and the 
curvatures are dominated uniformly for (X,Q) G 7r(<Y' Ao ' — 2?( A °)). We also have 
((B E + ^)C (()) )|,-i (AQ) = 0(cxp(-e\z m ^\)) with respect to (h,g p ), which is 
uniform for (A, Q). Thus, we obtain the following estimate uniformly for (A, Q): 

(P* + ^) " -r (0) )) , ln n] = 0(ex P (-e|^(°)|)) 
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Let Z := | (A, Z\, . . . , z n ) \ 1/2 < \zi\ < 1 (i = 1, ...,k)j. We obviously have the 
boundedness of on Z. Due to Lemma 9.3.1 with k = 0, we also have the 

boundedncss of P^s on S f] Z, and hence we obtain the boundedness of p™q! 

on Z. Moreover, we have \p™cl - C |,,| r i M < c (\,Q),n • Yli=i \ z i\ N for an y 
(A, Q) G v[ Xo} and any N > 0, due to Corollary 7.5.4 and Lemma 9.4.2. Then, the 
claim of the lemma follows from Lemma 21.9.2. □ 

Corollary 9-4.5. — Let S be a small sector in X^ - £>( A °)(< k). Let p( A °)% = 
@'P^°>£a,S be a splitting of the Stokes filtration J-" 5 in the level m(0) as in Lemma 

9.4.1. We have the estimate |7r™^°' — P™$ \ h < CV • Yli—i \ z i\ N f or an U N > on 

(v 1 ns)\v^°\ □ 

9.4.2. Around Ao = 0. — Let us consider the case Ao = 0. 

Lemma 9.4-6. — Let S — S\X S z be a sufficiently small multi-sector in X^ — W(< 
k), where S\ and S z denote sectors in U(0) — {0} and X — D, respectively. 

— We have a B><k-flat splitting P^£^ = @V^£ a ,s °f J~ s whose restriction to 
S fl Pj is compatible with the residues ReSi(D) and the filtrations ! f' A °' for 
i = k + l,...,£. 

— For any X e S\, the restriction V^£^ = ®V {0) £ a ,s\S^ 

gives a splitting of 

a Horn o 



the Stokes filtration of V£h,\ with the above property. 



Proof The first claim follows from Proposition 3.6.7. The restriction V^£^L X = 

® Vi ° )£ aS\s x S ives a s P littin S 01 thc Stokcs nitration * A ) of T {0) £^ x . 

The filtration (V£f sx ) given by 

■^fl+|Ap).(^W : =^(^ (0)f W 

is the same as the Stokes filtration of V£^ sx . Hence, the second claim follows. □ 

Let ?Vs denote the projection onto V^£ a ,s- Let p™g come from another 
decomposition with thc property in Lemma 9.4.6. 

Lemma 9. 4-7- — When we shrink S in the radius direction, we have pT'o — 
P™S ] ' = 0(exp(-e\\- 1 z m W\)^ with respect to h onS\V^. 

Proof We have (i) (p$ 0) -p$ 0), )J* C J% a , (ii) [p$°> - p^' , Re Si (B)] = 
on S n Vf ] for i = k + 1, . . . ,£, (iii) the restriction of p™^ 0) - p™f ] ' to S n vf ] 
preserves the filtration l F^ x °^ for each i = k + 1, . . . ,£. Then, the claim follows from 
Lemma 9.3.1. □ 
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We take small multi-sectors Sj (j = 1, . . . , N) such that the union of the interior 
point of Sj is Vo\ W{< k), where Vo denotes a neighbourhood of {0} x Dk. By gluing 
P™S- m as m Section 3.6.8.2, we construct the C°°-map P^qI on Vo \ W(< fc), 
which is extended to the C°°-map on Vo \£> (0) . Shrinking V , we have the estimate 
(d E + A0 f +d\)p™c~ = 0^cxp(-e 1 \\- 1 z m ^\) S j with respect to h and g p , due to 
Lemma 9.4.7. 

Lemma 9-4-8. — We have the estimate \tt'^ iI ' " > —p™c-L L < Cjv • |A| • Yii=i \ Z A N f or 
any N > on Vi \ XH°)(< k), where Vi denotes some neighbourhood of {0} x Dk- 

Proof Take small < <5i < 5 2 - Due to Lemma 9.4.4, we may assume to have 

|tC (0) -p™$l \ h < cvn?=i \ z i\ N with res p° ct to h ° n { A l *i < i a i < M x (x-d) 

for any N > by shrinking X. We may assume to have the following estimate on 
{0 < |A| < £2} x (X — D), with respect to h and the Euclidean metric dX ■ d\: 

g(z,X) :=d x (^ {0} ~PTct) = -9xP^°l = o(cxp(-6 2 | A" 1 *"^ |)) 

Let e be an orthonormal frame of End(-E) on X — D with respect to the metric 
induced by h. We have the expression g = J^ffi ' e i- We have the estimate \gt\ < 
C ■ exp(— e^lX -1 z m (°' |) . Let x be a positive valued C°°-function on C\ such that 
X(A) = 1 for |A| < (Si + S 2 )/2 and x(A) = for |A| > S 2 . We put 

Gi( A) . = x f 9i(z^)-^-x(^VEl d ^ dp 
Jc fJ- - A 2n 

We put G :=Y,Gi- e*- Then, we have d A G = g on {|A| < (5i + 6 2 )/2] x (X - D). 
We also have the following estimate: 

|G(z,A)| /i <C-|A|-cxp(-e 4 -|W )|) 

Let us sec H := —pT^cx ~ Wc have d\H = and H(z, 0) = 0. By a lemma 

of Schwarz, we obtain \H(z, X)\ h < CV • |A| • Yii=i \ z i\ N f° r an y N. Then, we obtain 
the desired estimate. □ 

Corollary 9-4-9. — We have the estimate \ir™^ — P™s°^\ h < Cjv • |A| • Y[i=i \ z i\ N 
{or any N > 0. □ 
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SMOOTH DIVISOR CASE 



Let 9e, 9, h) be an unramificdly good wild harmonic bundle on X — D, where 
X is a complex manifold and D is a simple normal crossing hypersurface. In Chapter 
9, we studied the prolongment (V^ '£,O) of (£,B), i.e., the sheaf of holomorphic 
sections whose norms are of polynomial growth with respect to the hermitian metric 
■p( A °)/i. In this chapter, we restrict ourselves to the case that D is smooth, and we 
will do more refined analysis. The results in this chapter are rather technical, and 
preliminary for the later sections. 

In Section 10.1, we show that (£,V( Xo >h) is acceptable (Proposition 10.1.1), which 
is new even in the tame case. For the proof, we obtain a complementary estimate 
of the connection form (Lemma 10.1.3 and Corollary 10.1.4) which is also useful for 
other purposes. 

Recall we have studied in Section 9.4 the comparison of irregular decompositions for 
(■p£°,B°) and ('p(* )£,B) in the level m(0). In Section 10.2, we compare irregular 
decompositions in any level under the assumption that D is smooth (Proposition 
10.2.2 and Proposition 10.2.3). This comparison will be used in the proof of Theorem 
11.2.2 in one way. We also use it for comparison of the hermitian metrics with some 
twisting (Corollary 10.2.6), which will be used for the family version of norm estimate 
(Section 10.4). 

In Section 10.3, we show a standard norm estimate (Proposition 10.3.2) for 
("P£ A ,B A ) under the assumption that D is smooth, which is a generalization of 
Proposition 8.1.1, and preliminary for the family version of norm estimate (Section 
10.4). We also show an estimate of a connection form (Proposition 10.3.3), which 
can be skipped. 

In Section 10.4, we show the family version of norm estimate (Proposition 10.4.2). 
This is preliminary for Step 1 in the proof of Theorem 18.1.1 (Section 18.2). 
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During this chapter, we use the setting in Section 7.2.1 with £ = 1, i.e., D is 
assumed to be smooth. 



10.1. Acceptability ofV^h 

10.1.1. Statement. — Let U(Xq) denote a small neighbourhood of Ao. We will 
prove the following proposition in Section 10.1.3. 

Proposition 10.1.1. - {£,V {Xo) h) is acceptable on (X - D) x U(X a ), ifU(X ) is 
sufficiently small. 

In particular, vi Xo) £ = (V (Xa) £ \a&B) is a filtered bundle. We have the induced 
filtration of Vi Xo) £\ u{Xa )xd- Let v be a frame of Va X "'' £ which is compatible 

with the nitrations . We put 

I I idee; [va ) 

v. t := vt ■ \zi\ s ,J . 

Let H(V^ x °'h, v') denote the Hermitian matrix-valued function whose (i,j)-th entries 
arc V^h^v'j). 

Corollary 10.1.2. — We have the weak norm estimate, i.e., C\ ■ (— log < 
H{V {Xo) h,v') < C 2 ■ (-logl^il)^ for some Ci,C 2 ,N> 0. 

Proof It follows from the general result for the acceptable bundles (Theorem 
21.3.2). □ 

10.1.2. Estimate of the connection form. — Let r) m : M(X,D) — ► M(X,D) 
be given by r) m (a) = J2 m (o)<j< m a i' z i- Tnc image ?7 OT (lrr(0)) is denoted by lrr(0, m). 
We take total orders < on lrr(0) and lrr(0, m) such that r] m are order preserving. We 
put 



E a , Ft } := Ei m \ F^:= E^ 

aGlrr(e) cGlrr(0,m) cGlrr(0,m) 

?) m (a)=b c<b c<b 



Let 7r[ 1 m ' ) denote the projection onto E^ with respect to the decomposition E = 
©6eirr(e,m) -^6 • We als0 P ut E [^,a) := E (a,a)- Let tt^L denote the projection onto 
E (aa) w ith respect to the decomposition (156). 

For simplicity, we use the symbol 7 to denote an element of Irr(#) x Sp(9). We 
have the decomposition End(E) = C (0 ) (End(E')) 8 X> (0) (End(.E)) : 

2><°>(End(£0) := End(4°>), 

7Glrr(e)x5p(e) 

CW(End(E)):= Hom^ ),^) 

y,f'elTr(0)xSp(0) 
T#7' 
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We use the symbols 2?( m ) (End(E')) and (End(E')) (to < —1) in similar meanings. 
For any section G <G End(£?) <E) fl p,q , we have the corresponding decomposition G = 
X>( m )(G) +C (m) (G). 

Let d E denote the (1, 0) -operator associated to d E and h. Let v be a frame of 
°E compatible with the decomposition (156) and the parabolic filtration. Let F G 
End(S) <g> fl 1 ' determined by F(v) = d E v. 

Lemma 10.1.3. - We have the following estimates on X* for some e > 0: 
(The case j < 0) 

(188) cV\F) = 0(exp(-e\z 1 \ i )) 1 d E ir? = 0(exp(-e\ Zl \ j )) 
(The case j = 0) 

(189) £(°)(F) = 0(W^-Y d E ^l = 0(\ Zl \*)^ 

\ Zl / Z\ 

Proof The estimate (188) is the special case of Lemma 7.5.5. Let us consider 
the case j = 0. Since the argument is essentially the same, we give only an outline. 
In this proof, e will denote a positive constant, and we will make it smaller without 
mention. We have d E ir { ° ] = [F,tt^ ] ] g (End(E)) <g> ft 1 ' and the estimate 

d E ^ =o((-log|z 1 |) w ) 

for some N with respect to h and g p . Because C^°-'(End(i?)) and T>^ (End(-E')) are 
\zi | c -asymptotically orthogonal (Theorem 7.2.1 and Theorem 7.2.4), we obtain the 
following estimate with respect to h and g p : 

(^\d B ^)=0(\z 1 \% 

We also have the following estimate with respect to h and g p , due to Corollary 7.2.10: 

(190) d E d E ^ = [R(h),^ ] ] = 0(\ Zl f) 
We have the following equality: 




Hence, we obtain the following finiteness: 



(191) 




From (190) and (191), we obtain the desired estimate. (See the argument in the proof 
of Lemma 7.5.5.) □ 

Corollary 10.1. 4. — For p < j, we have e^\d E iri j) ) = 0(exp(-e\z 1 \P)) . 
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Proof Wc have the following: 
[F,v<P] = [CM(F)+T>V>(F), V^(n^)} = 0(exp(-eN P )) + [V<*\F),T>V>(*P)] 
Hence, ([F, 7ia ]) = 0(cxp(— e|zi| p )), and the claim of the corollary follows. □ 

10.1.3. Proof of Proposition 10.1.1. — We use the notation in Section 9.1.3. 
We set g p := g p + d\ ■ dX. We have only to show the curvature of (J~^°>£ ,h) is 
bounded with respect to h and g p . Let 6' x = d E — Xq9 denote the (1, 0) -operator 
determined by d' Xg and h. In the following, g{\— Ao) is also denoted by g. 

Lemma 10.1.5. — 1/ [/(Ao) is sufficiently small, S' x A(X — Ao) is bounded with re- 
spect to h and g p uniformly for X € [/(Ao). 

Proof In the proof, we will make [/(Ao) smaller without mention. Let $ be given 
by (122). We have 

A(A - A ) = — (A — A ) + A- g(X - A ) • 0t . g(A - Ao)" 1 - A • 0t 

We have S' Xa 8^ = — Xo[0, 6^], which is bounded (Proposition 7.2.9). Due to Lemma 
10.1.3, we have the following estimate of S' x <E> with respect to h and g p : 

[d E -x e,^= ]T ]Td0(b)-d B ^ ) + Yl *Y'-dE*$L = o(\z 1 \<) 

m(0)<3<-l b (a,a)Glrr(e)x5p(e) 1 

It remains to estimate 5' Xo (<?(A — Ao) ■ 0^ ■ g(X — Ao)" 1 ) , which can be rewritten as 
follows: 

(192) [d E - X Q 8, g ■ 0* • g- 1 ] = g ■ [g- l d E g, fit j . -\ . g . [8, flt] . 

Due to Proposition 7.2.9, the second term in the right hand side of (192) is bounded 
with respect to h and g p uniformly for A € [/(Ao). Let F be as in Section 10.1.2. We 
have the following equality: 

g~ x d E g = .9" 1 [F, g] + V a ■ —ir^l 

Hence, we have the following estimate with respect to h and g p : 

(193) 6' Xo (g.tf-g-i)=g[g-i-F.g-F, 0t] .g-i+^g-a-^^L 8^-g^+0(l) 

a, a 

The second term of the right hand side of (193) is bounded uniformly for A, due 
to Lemma 7.3.6 and Lemma 7.3.7. Let us look at the first term in (193). For the 
decomposition as in (95), we obtain the following estimate from Lemma 10.1.3: 

O(exp(-e|zi| ord ( a " a '))) (a ^ a') 
0(M e ) (a = a',a^a') 

Then, we obtain the estimate for the first term from Proposition 7.2.8. Thus, we 
obtain Lemma 10.1.5. □ 



(g- 1 -F-g-F). w , „ = { 

y a ' (a, a), (a, a') 
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Let R(T^ x °^d'^h) be the curvature of the unitary connection associated to T^ x °^d'l 
and h. 

Lemma 10.1.6. — IfU(Xo) is sufficiently small, R(7~( x °^ d'^, ft.) is bounded with re- 
spect to h and g p uniformly for A 6 [/(Ao). 

Proof Let A^(A — Ao) denote the adjoint of A(A — Ao) with respect to ft. Then, 
R(J~( x o) /j) can b e rewritten as follows: 

(194) +^ A(A-Ao)-4 A t (A-A )- [A(A-A ),At(A-A )] 

If C/(Ao) is sufficiently small, the first and fourth terms are bounded uniformly for 
A G U(Xo) with respect to h and g p , due to Corollary 7.2.10 and Lemma 9.1.6. We 
have already obtained the estimate for the second term in Lemma 10.1.5. Since the 
third term is adjoint to the second term up to signature, we obtain Lemma 10.1.6. 

□ 

The curvature of {T^ x °'£, h) is rewritten as follows: 

\8 X + dl o + A, d x + S' Xo - At] = R(T {Xo) dl,h) - 9 A At + d\A. 

We have only to show the uniform boundedness of d\ A with respect to ft and g p , 
which can be rewritten as follows: 

(195) d\A = X^-g- [g~ 1 d\g, 0t] + d X-g- (fit + \. g . [g^dxg, 0* 
We have the following equality: 

9~ 1 dxg = Y,(« + m °s\ z i\ 2 ) - dX -^ 

a . a 

Then, it is easy to show that the right hand side of (195) is bounded uniformly for 
A with respect to ft and g p , by using Proposition 7.2.8. Thus, Proposition 10.1.1 is 
proved. □ 



10.2. Locally uniform comparison of the irregular decompositions 

10.2.1. Statements. — Let U(Xq) denote a neighbourhood of Ao in C\. Let 

X&a) .- f/(A ) x X and V ( - x °'> := U(X ) x D. We have two metrics of £\ X (x o) _ v{ x o) . 
One is ft, and the other is V^ x °'h given in (182). 

We put W := in the case A ^ 0, and W := X> (0) U ({0} x X) in the case 

A = 0. Let 7T : X {Xa \W) — > X {Xo) denote the real blow up along W. Let S be 
a small multi-sector in X^ x °^ — W . Let S denote the closure of S in the real blow 
up X (X °\W). We have the Stokes nitrations of V^Erg in the level j. We will 
prove the estimate with respect to h in the following proposition in Section 10.2.6. 



270 



CHAPTER 10. SMOOTH DIVISOR CASE 



Proposition 10.2.1. — Let f be a D-flat section of End(£Wv n -iz>(*o) such that 

f(A j)S V ( Xo) £) C T { /l S V { Q Xo) £ for any a G lrr(0). // we shrink S in the radius 
direction, we have the following estimates for some e > 0: 

(196) |/| 7 , (Ao)ft = o(exp(-e|A- 1 zi|)), |/| h = o(exp(-e|A _1 «J|)). 

Similarly, let f be a IS)- flat section of S 'P < " X °' > £\s\ 7r -i(v( > -o)) ■ If we shrink S in 
the radius direction, we have the following estimates for some e > 0: 

(197) \f\ Wh = o(e X p(-e\\- 1 4\)), |/| fc = o(exp(-e|A _1 «j|)). 

Note that the estimate for p( x °>h clearly follows from Corollary 20.3.6 and Corol- 
lary 10.1.2, which we will use implicitly. 

Let V {Xo) £^ = aeIrr((?ji) V ( a Xo) £ ( a 3 l be any D-flat splitting of the filtration F s ^\ 
and let p^ s denote the projection onto V^^S^g. We will prove the following propo- 
sition in Sections 10.2.3-10.2.5. 

Proposition 10.2.2. — If we shrink S in the radius direction, we have the estimate 

tt«-p« =0(|A|.exp(-e|^'D) 
for some e > with respect to both the metrics V^^h and h. 

We take a small multi-sectors Si (i = 1, . . . , N) of X^ x °^ — W such that the union of 
the interior points of Si is V — W, where V denotes a neig hbourhoodofX>( A °). If bi are 
sufficiently small, we have the partial Stokes filtrations J 7 ^ Si of P, Wc can 

take D-flat splittings V (Xo) £\g. = ®Va Xo) £^3.- Let p^ s . denote the projection onto 
Va^aS ' ^ gl um § them in C°° as in Section 3.6.8.2, we construct the C°°-section 
p^ Cao of End(£) on V \ W, which is extended to the C°°-section on V \ £> (Ao) . We 
will prove the following proposition in Sections 10.2.3-10.2.5. 

Proposition 10.2.3. — If we shrink X^°> , we have the estimate 

7ri j) -^=0(|A|-exp(-e|^l)) 
for some e > with respect to both the metrics V^^h and h. 

Although the estimate with respect to V^ x °^h in Propositions 10.2.2 and 10.2.3 are 
equivalent, we state them separately for our convenience in the proof. 
We have the following corollary as a consequence of Proposition 10.2.1. 

Corollary 10.2.4- — Let S be a small multi-sector in — W , and let 

aSIrr(0,j) aelrr(6j) 
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be two D-flat splittings of the filtration J- s k>) . Let p~' s and pj a denote the projections 
onto V^Sa.s andV^E^s, respectively. Then, P^g-p^s = 0(cxp(-e|A|~ 1 |zip')) 
for some e > with respect to both the metrics V^°'h and h. □ 

10.2.2. Locally uniform comparison of the twisted metrics. — Let S 

be a small multi-sector in - W. We take a D-flat splitting V^S^ = 

©aein-(e) "Pa £a,S °f the full Stokes nitration T s . We have the induced splittings 

V { a Xo) £\s = 6e irr(0,j) P « Ao) 45 01 the partial Stokes filtration T s We consider 
the following for w £ C, as in (153): 

(198) F s (w):=exp(wB S ), B s := £ E <*(*») -Pb!s 

m(0)<j<-l 6elrr(0,j) 

We also consider the following as in (152): 

F(w):=exp(wB), B := £ a • 7r = ]T ]T &(*>)• ^ 

aSIrr(0) m(0)<j'<-l belrr(0,j) 

Corollary 10.2.5. — Tafce 77 > 0. If we shrink U[Xq), there exist some constants 
e > and C > smc/i i/ia£ the following estimate holds for any \w\ < 77 and for both 
the metrics h and h: 

F s (w) o Fiw)- 1 - 1 = 0(exp(-e\zi 1 \)'), F(w) o F s (w) _1 - 1 = o(exp(-e|«f 1 |)) 

Proof It can be shown by using the argument in the proof of Lemma 7.6.8, to- 
gether with Proposition 10.2.2. □ 

Corollary 10.2.6. — If we shrink U(Xq), the following holds: 

— Fs(X — Xo)*h and h are mutually bounded, uniformly for X. 

— Fs{— A + Xo)*V^ h and h are mutually bounded, uniformly for A. 

Proof We have V^ o) h = F(X-X )*h and h = F(-X + X )*v£. o) h. Hence, the 
claim of Corollary 10.2.6 can be shown using the same argument as that in the proof 
of Lemma 7.6.9, together with Corollary 10.2.5. □ 

10.2.3. Preliminary. — We have the decomposition: 

(199) End(£T) = Rom(E a ,E b ) 

a,bGlrr(0) 

For any section G of End(E'), we have the corresponding decomposition G = ^2 G a ,b- 
We will use the following lemma implicitly, which is obvious from the construction of 
V {Xa) h. 
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Lemma 10.2.7. — Let Y be a subset of X^ - W. Let f be a section of End(£') 
on Y . Assume that the following holds for some e > 0: 

(200) \f atb \ h = 0( ffl q)(-e|A- 1 z?| - e|z° rd(a ~ b) |)) 
Then, if we shrink [/(Ao), the following holds for some e' > 0: 

(201) \fa, b \ v ^ h = oL^-e'^zW - e K rd( °" b) | ' 



Conversely, if (201) holds for some e' > 0, we obtain (200) for some e > by shrinking 
U(X ). □ 

10.2.4. Comparison around Ao 7^ 0. — We use the notation in Section 10.1.2. 
We have the following estimates for some ei > with respect to h and g p , due to 
Theorem 7.2.1, Theorem 7.2.4, Lemma 10.1.3 and Corollary 10.1.4: 

©7r« = 0((*p(-eiM'')), C^(Btt«) = 0(eM-ei\zi\ P )), (P < j) 

According to Lemma 10.2.7, we may assume to have the following estimate on X^ x '^ — 
X>( A °) with respect to V^ o) h: 

Dtt^ = 0(exp(-exHV2)) 

Let 7T : X^iV^) — > X^ denote the real blow up of X^ along V( x °\ 

Lemma 10.2.8. — For any point P £ 7r _1 (2?( a °)) , there exist a multi-sector S G 
MS(P, X^ - V^) and a B-flat splitting V^E^ = oeIrr(0)j) vi Xo) £^ of the 
Stokes filtration J-" 5 ™) n S in the level j with the following property: 

— Letp~lg denote the projection onto vi X °^£^g with respect to the decomposition. 
Then, 

7$) -pg = (exp(-e 1 |z 1 p /10)) 
with respect to V^ x °'h 

Proof The argument is essentially the same as the proof of Proposition 7.6.2. 
By using Lemma 20.2.1, we can take Q^ s such that DQ^ = EDtt^ and Q^ s = 

0(exp(-ei\zx\ j )) with respect to T {Xo) h. We put := tt^ - Q^, which is ID- 
flat. By applying the modification as in the proof of Lemma 7.4.7, we may and will 
assume [pg» p™] = and opg = p[%\ 

We put .Fjf ^ := C< b Imp[ 3 | . Let us compare the nitrations T s ^ and T s ^ . 
Let S x denote S PI X x . Let us consider the nitrations of £ x s> , given as follows: 

■^(l+|AP)a^|S^ — ^(l+AAoJa ^ U+|A| 2 )a l^J - - A ( i +A A ) a l fc |sj |sr> 

If I A — Ao I is sufficiently small, T S ^ (£^\) is the same as the Stokes filtration 
jrS A (j) (pg^J of 7>£ ^ A . By construction, (j) ^ (f^) is the same as the filtration 
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j^s (j) b f V£^ s x in the proof of Proposition 7.6.2. Hence, we obtain that the spe- 
cializations of J^sd^ and J :S ^j) to S x are the same. As a result, we obtain that the 
nitrations J^ s ^ and F 3 (p) are the same. Thus, we obtain Lemma 10.2.8. □ 

Let us show Proposition 10.2.2 in the case Ao ^ 0. We take a finite covering 5 C 
[JSp;, where Sp i are as in Lemma 10.2.8. We have p^ s — p^Sp ~ 0(exp(— e|^i| J )) 
with respect to V^°'h on Sp i for some e > by using the estimate for V^ Xa ^h in 
Proposition 10.2.1. Then, we obtain the estimate of \ppg — 7r " Ip(*o)/i Lemma 
10.2.8. 

Let us show the estimate for h. We may assume to have [Pa^jPt,^] = 0. We also 
have [ir^ , 7ri ] = 0. Then, we obtain 

$l,4 ) ] = 0(exp(-ei\zx\ i -e 1 \z 1 \*)) 

with respect to V^°^h from the previous estimate. (See the proof of Lemma 7.3.6, 
for example.) By the same argument as the proof of Lemma 7.3.8, we obtain the 
following: 

(202) \(p[% - 4 j) ) a ,Xi^ h = 0(exp(-e 2 N' - e 2 \ Zl \^-^)) 

By Lemma 10.2.7, we obtain the desired estimate for 7rj, — p^' s = 0(exp(— e|zi| J )) 
with respect to h. Thus, the proof of Proposition 10.2.2 in the case Ao ^ is finished. 
Proposition 10.2.3 in the case Ao ^ immediately follows. 

10.2.5. Comparison around Ao = 0. — Let us show Proposition 10.2.3 in the 

case Ao = 0. Let S be a small multi-sector in — W. Let p^ s and p^g come from 
D-flat splittings of the filtration F s v> . If we shrink 5 in the radius direction, we have 
the following estimate for some t\ > with respect to the metric T^h: 

(203) P^s-P { S = °{ c M-^ lz l\)) 

Let p^ coo be as in Subsection 10.2.1. By shrinking V, we obtain the following estimate 
on V \ £> (0) with respect to V {0} h by using (203) and dyn^ = 0: 

(204) g(X,z) ■ d\ := d x (p%„ - tt^) = o(cxp(-e 2 |A- 1 z^' |) • dA~) 

Take small < S± < S 2 - Let us estimate tt^ — Pac°° 011 ^ :== I ^ — 1^1 — 
5 2 } x (X-D). 

Lemma 10.2.9. — Let S be a small multi-sector in Z — (Z n T>^°~>). Let V^°'£r§ = 
^p(o)pW fog a j}-fl a t splitting of the Stokes filtration F s ^\ and let p^g denote the 
projection onto "P^£^ s - Then, tt^ — p^ s = 0(exp(— e^\z\ p)) with respect to V^h 
for some £3 > 0. As a result, ~PaC oc = ^(exp(— e^\z{ Q) for some £4 > with 
respect to V^h on Z - (Z n X> (0) ). 
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Proof It can be shown by the arguments in the proof of Lemma 10.2.8 and Propo- 
sition 10.2.2 in the case Ao ^ 0. We remark that the Stokes nitrations of V^£ x and 
VS X are essentially the same, i.e., F$ * (V^S^^) = Fa +W 2) a (P£?sx) ■ □ 

Let us continue the proof of Proposition 10.2.3. Let v be a holomorphic frame of 
Vq Endf on We have the expression g = ' v i- We have the estimate 

\gi\ < C • exp(— e,5|A _1 z^|). Let x be a non-negative valued C°°-function on C\ such 
that x(A) = 1 for |A| < (6 1 + S 2 )/2 and xW = for |A| > <5 2 . We consider the 
following: 

<?,(*, A) :=XJ — x to-'** 

We put G:=Y J G l - v % . Then, we have ~8\G = g on {|A| < {Sx + 5 2 )/2} x (X - D). 
We also have the following estimate: 

\G(z,X)\ vmh <C-\X\-exp(-e 6 -\z[\) 

Let us look at H := tt^ -p^ Coa -G. We have d x H = and H(z, 0) = 0. By a lemma 
of Schwarz and Lemma 10.2.9, we obtain \H(z,\)\ v{a)h = 0^\\\ ■ cxp(— 67 • (zip)]- 
Then, we obtain 

(205) \n® -P® c ~\ v ™h = °(l A l ' cx P(- £8 ' M J '))> 

i.e., the estimate with respect to V^h in Proposition 10.2.3. 

Let us show the estimate with respect to h. By construction, we have the following 
estimate: 

< C 2 i ■ cxp((-e 21 |A- 1 zl| - e 21 \\- 1 zi\)) 

We also have [ira \ iA ] = 0. From (205) and (206), we obtain the following estimate: 

< C 22 • |A| • exp(-e 22 |2i| j - e 22 |zir) 

We have the decomposition p^c^ — ita = J2b b'{Pa C°° ~ "a ) b b , corresponding to 
(199). By the same argument as that in the proof of Lemma 7.3.8, we obtain the 
following estimate from (207): 

< C 23 • |A| • exp(-e 23 N^ - e 23 N ord (°- a '>) 

Then the estimate with respect to h in Proposition 10.2.3 follows from Lemma 10.2.7. 

The estimate with respect to V^°'h in Proposition 10.2.2 immediately follows from 
Proposition 10.2.3. The estimate with respect to h follows from the estimate with 
respect to V^h as above. 
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10.2.6. Proof of Proposition 10.2.1. — Let us consider the first claim. We take 
a Mat splitting V^£\-§ = ae i rr(e) V [Xo) £ a ,s of the full Stokes filtration F s . We 
have only to consider the case / G Uom(V {Xo) £ a , s ,V {Xa) £ b . s ) for some a > s b. We 
have the following: 

|/| p(A0)fc = o(exp(- e |A-^ rd(O - 6) l)) 

We would like to obtain the estimate with respect to h, by using Lemma 10.2.7. For 
any I and c G lrr(0, I) such that c 7^ Tfi(a), we have the following estimate with respect 
to V iXo) h: 

(209) / 07 r» = fo -p?) = 0(exp(-e|4| - elA" 1 ^" 63 !)) 

We have similar estimate for 7Tj o / for 5 ^ Vl(b). Then, we obtain the desired 
estimate (196) by using Lemma 10.2.7. 

Let us consider the second claim. We have only to consider the case / G V^ x °'£ a ,s 
for some a<s0. We have the decomposition f = fb corresponding to E = E b . 
We have the following estimate for c ^ Vi{ a ) with respect to V^ x °'h: 

f t = 4Hf) = (4° = 0(exp(-e|zi| - elA- 1 ^!)) 

Then, it is easy to obtain (197). □ 

10.3. Norm estimate for a fixed A 

10.3.1. Norm estimate for VS x . — Let F denote the parabolic filtration of 
V a £ x D . The residue Res(ID) A )|Q (Q G D) induces the endomorphism of Grf (V£f Q ). 
Let N x ,q denote the nilpotent part. 

Lemma 10.3.1. — The conjugacy classes of N x ^q are independent of the choice of 
Q G D. In particular, the weight filtration W gives the filtration in the category of 
vector bundles. 

Proof Let us consider the case in which A is generic (Definition 2.8.1). We have 
the irregular decomposition 

(T a £ x ,B x ) l3 =(${V a £ x ,B x ), 

which is compatible with the parabolic nitrations F. We have the fiat A-connection 
B X M on Grf (V£ x ) given by E>£ a (/) = p a B x (F), where p a is the naturally induced 
map V a £a — ► Grf (V£ „), and F is a section ofV a £a sucn that p a (F) = f. Since the 
residue is flat with respect to D„ a , the conjugacy classes are independent of Q G D. 

Let us consider the general case. Let tt : X — D — > D denote the projection. 
Let (Eq, 8e q , Oq, ho) denote the restriction of (E,8e, 0, h) to n~ 1 (Q). We have the 
A-connections (V£q,H)q). We have the correspondence of the conjugacy classes of 
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the nilpotcnt part of the residues of Res(Dg) and Rcs(Bq) for any Ai in Proposition 
8.2.1. Hence, the claim holds in the general case. □ 

Let v be a holomorphic frame of P C £ X such that (i) it is compatible with the 
parabolic filtration, (ii) the induced frame on Gr F (V c £ x ) is compatible with the weight 
filtration W. We put a(vi) := deg F (vi) and k(vi) := deg w (vi). Let ho be the C°°- 
mctric of E given by h (vi,Vj) := 5^ ■ \ Zl \- 2a(v ^ ■ (— log |^i| 2 ) fc ^). 

Proposition 10.3.2. — The metrics h and ho are mutually bounded. 

Proof Wc give only an outline. We have the irregular decomposition: 

(210) (7\£\B A ) |i3 = (Vj x ,B x ) 

aGlrr(fl) 

Here, B„ — (1 + |A| 2 )do are logarithmic with respect to V*£^. By taking Gr associated 
to the generalized cigen decomposition E and the parabolic filtration F, we obtain 
vector spaces 

For each (a, a, a), we have the model bundle on A* obtained from the vector space 
G ,T a'a(P£a\o) with the nilpotent part N a>aa \o of the residue (Section 7.4.1.3), which 
is denoted by (E^ a , d E i q , h\ a a , Q\ a ). Let u = (b, (3) £ R x C be determined by 
t(A, u) = (a, a). We have the rank one harmonic bundle L(u, a) = (O ■ e, B\ a , h\ a ) 
on X — D given as follows: 

9l a = da + P-^, hl a {e,e) = \z 1 \- 2b 

Let qi : X — D — > A* be the projection qi(zi, . . . , z n ) = z\. We set 

(E a , a , a ,d Ea>aia ,0 a , a , a ,h aiata ) := ql(El aa J) E i aa ,el tata ,hl^ ®L{u,a). 

Let {Ex,dE 1 ,hi,6i) denote their direct sum. 

For a large N, let D^ N > denote the iV-th infinitesimal neighbourhood of D. We 
take a holomorphic decomposition 

(211) V c £ x = V C £ X >N , 

nGlrr(e) 

whose restriction to D^ N > is the same as the restriction of (210). We have the natural 
decomposition 

(212) V c £ x = V c £t a , 

aSIrr(e) 

where V c £^ a are induced by 0( Oia )(K,a,ai9B a , o ,„ 

We can take a holomorphic isomorphism $ : V c £ x — > V c £ x such that (i) it 
preserves the decompositions (211) and (212), (ii) it preserves the parabolic filtration, 
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(iii) Gr (&m) is compatible with the residues. It is easy to show that <&(hi) is 
mutually bounded with ho- 

We have the harmonic bundle E 2 ■= Kom(Ei,E) with the induced Higgs field 82 
and the induced pluri- harmonic metric h 2 . We can regard 4> as a section of Vo&2- For 
each Q e D, we have qq :— Hq(^^- ijqj) € V-t+iS^Q f° r some e > 0. Therefore, 
it is L p for some p > 2, and the L p -norm is bounded uniformly for Q. We have 
A| ^| 7r - 1 (Q)| h2 < I.9q| 2 on 7r_1 (Q) \ due to Corollary 7.7.5. We have already 

known |^| 7r - 1 (Q)|/ l2 i s bounded (Proposition 8.1.1). Hence, the inequality holds on 
7r i~ 1 (Q) as distributions. Therefore, ^^-1^ can be estimated by the values on 
dn^ 1 (Q) and the L p -norm of |<7q|. Thus, we obtain the claim of Proposition 10.3.2. 

□ 

10.3.2. Estimate of the connection form (Appendix). — We have a comple- 
ment on the estimate of the connection form in Lemma 21.9.3 and Lemma 10.1.3. 
Since we will not use it below, the reader can skip this subsection. Let v be a frame 
of°E compatible with the decomposition E = ®r a a )eiii(e)xSp(e) E a .a, the parabolic 
filtration, and the weight filtration W . Let F <G End(-E) <X> O 1 ' be determined by 
F (v) = dv. Let F € End(E) <g> Q, 1 ' be determined by F {v t ) = —a(vi) ■ Vi ■ dz\/zi. 

Proposition 1 0. 3. 3. — We have the following estimate: 

Fl=Fo + ( log(-log|^|) N £ . 

V -log|^i| ) zx 

Proof We give only an outline. Let ho be the metric as in Subsection 10.3.1, and 
let s be determined by h = ho ■ s. The connection form for ho satisfies the above 
estimate. We have dh = d/ l0 + s~ 1 dh s. We have only to estimate s~ 1 dh s. By the 
estimate of the curvatures R(h) and R(ho), we obtain the following estimate with 
respect to h : 

dis-'d^s) = o( d -^- — A 

V>l 2 -(-iogM 2 )V 



(p). 

v, ■ v) ■ dz p and d^d^s) = £ bW v . ■ vj ■ dz p ■ dz q . We have dA^J/dzp = b\ p - p) . 
Let dh 0lP denote the restriction of dh to the z p -direction. Let 7r p : X — D — > D p 
denote the projection. 

By using Lemma 5.2.3, we obtain the following expression: 

(213) s-i dh0>1 s = O ( lQ g(-logN) \ dzi + $ . dzi 



Let v v — (y\ ) denote the dual frame of v. We have the expressions s 1 dh Q s = ^2 \ 



log |^| / Zy 

Here, <9i$ = 0. We also have the finiteness J^-i^ \ s ~ 1 9h ,i s \h < 00 for any Q e D\. 
(See Lemma 5.5 of [92], for example.) Hence, $^-1^ is also L 2 , with respect to h - 
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Then, it is easy to obtain the desired estimate for the dzi-componcnt by using the 
maximum principle for holomorphic functions. 

Let us look at the dz p -componcnt (p > 1). Let x( z p) be a non-negative C°°- 
function on A* such that x( z p) = 1 f° r \ z p\ < 1/2 and x( z p) = f° r \ z p\ > 2/3. We 
can show J^-i,^ (s~ 1 dh , P (x s ), d/ l0 ,p(x s )) is estimated uniformly for Q G D P \ D\. 
(See the argument in the proof of Lemma 21.9.3.) We also have the uniform estimate 
of the sup norm of dp(s^ 1 dh a ,ps)^ 7T -i^ . Hence, we obtain the uniform estimate of 
the sup norm of s~ 1 dpS\ 7T ~ 1 (Q) • ^ 



10.4. Norm estimate in family 

10.4.1. Statement. — We have the good family of filtered A-flat bundles vi X °' 
We have the filtration and the decomposition E( A °) of V { a Xo) £ \u(\ )xd- (See 
Remark 2.8.2 for the decomposition E*- A °^.) 

Lemma 10. 4-1- — The conjugacy class of the nilpotent part of Kes(D)^\ p^ is in- 
dependent of the choice of (A, P) £ U(Xq) x D. 

Proof It follows from Corollary 9.2.7 and Lemma 10.3.1. □ 

Let v be a frame of T>i Xa) £ compatible with (¥.^\F^ Xa \W). Let u{v t ) e RxCbe 
determined by t(X ,u(vi)) = (dcg F <Aq> (v,), deg E<Ao) . We put k(v t ) := deg w (v t ). 
Let ho be the metric given as follows: 

fto(«o«i) := hi ■ \ Zl \- 2 ^ u ^ ■ (-log \ Zl \) k(vi) 
We will prove the following proposition in Sections 10.4.3-10.4.6. 

Proposition 10.4-2. — If we shrink U(Xq), V^^h and /i are mutually bounded 
on U(Xq) x (X — D). (See Section 9.1.1 for the hermitian metric h.) 

Before going into the proof of the proposition, we give a corollary. Let S and Fs 
be as in Section 10.2.2. 

Corollary 10.4-3. — If we shrink U(Xo), the metrics h and Fs(—X + Ao)*/io are 
mutually bounded on S. 

Proof It follows from Proposition 10.4.2 and Corollary 10.2.6. □ 

10.4.2. Preliminary comparison. — As a preparation, we give a weak compari- 
son up to small polynomial order. 

Lemma 10.4-4- — The metrics v[„h and ho are uniformly mutually bounded up 
to \z\ | -, 'I A ~ A °I( — log \z\\) N -order for some r\ > 0. 
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Proof Let a(vi) := Acg F ° (vi), and let h' be the hcrmitian metric given by 

ft>(v i ,v j ):=6 iJ -\z 1 \-*'W. 

We have already known that V^°^h and h' are uniformly mutually bounded up to 
log order because of the acceptability of V^^h (Proposition 10.1.1). Then, the claim 
of Lemma 10.4.4 follows. □ 

10.4.3. Comparison map for the associated graded bundle. — We have the 
decomposition: 

(^ Ao) ^W ) X i3 = N Ao) ^*Wo)x£ 

oelrr(e) 

Here, D a — (1 + AAo) • da are logarithmic with respect to Vi £ a - Take any 

point P e D. We have the vector space V a , u ■= Gr f(A °«f ^ {^ X °^a) , (Ao P) - We 

have the endomorphism N ajU , which is the nilpotent part of Rcs(ID))|( Ao .p). Let 

(E\ a u i &i a w Q'l a-uJ ^'l au) DC tnc m °del bundle associated to (V a ^ u ,N a ^ u ) (Section 
7.4.1.3). Let L(u,a) be the harmonic bundle of rank one as in the proof of Proposition 
10.3.2. We put 

{Ei, a ,d ha , ha , hi, a ) ■= (&{E^ a . u ,d'i. a ^6' lau , h' lau ) <g> L(u, a), 

U 

a 

Let (Pi Ao) £i,]D)i) = 0(:Pi Ao) £i, a ,ID>i iC1 ) denote the associated family of filtered A-flat 
bundles, equipped with the hermitian metric V^^hi = @V[ X ° hi >a . 

Taking the associated graded bundle of (Vi X °^£, D) with respect to the Stokes struc- 
ture, we obtain a family of filtered A-flat bundles Gv^lV* £ ) with D . Note that 
D a — (1 + AAo) • da and Di )0 — (1 + AAo) ■ da are logarithmic. We can take a holomorphic 
isomorphism $ a : ri Xo) £ ha — > Gr f a u11 {T> {Xa) £) with the following property: 

— It preserves the filtration F^ x °\ 

- Gr F ($ a | (7 ( Ao ) Xl 5) is compatible with Res(D a ) and Res(Di, a ). 

10.4.4. Comparison map around Ao 7^ 0. — Let us consider the case Ao 7^ 0. 
We take a finite covering U(\q) x (X — D) = (J Sj by small multi-sectors. We would 
like to construct a C°°-map $ : V {Xa) £i — > V (Xo) £ such that (i) $| Sj are compatible 

with the full Stokes nitrations F Sj on Sj, (ii) Gr;f J ($|s 3 ) = $a\Sj- We take a flat 
splitting p( A °)£|g. = 0P (Ao) £ o ,s^ of the full Stokes filtration F s i . Then, we obtain a 
holomorphic isomorphism $5^ : V^^-n-g. — V^°'£fg. preserving the decomposition. 
By gluing them in C°°, we obtain the desired map. 

Lemma 10.4-5. — &\\x(x-D) * s bounded with respect to h and h\ for each A. 
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Proof $|ax (x-D) can be extended to a C°°-isoniorphisni V£ x — > 1 D £ X such 
that (i) it preserves the parabolic structure, (ii) Gv F ($|{a} x d) is compatible with the 
residues. Then, the claim of the lemma follows from the norm estimate (Proposition 
10.3.2). □ 

On a small sector S — Sj, we have the decomposition: 

(214) Hom(p( A °)f 1|5 , V^E ^ = Rom(V {Xo) S ha , s> V {Xo) £^s) 

We give a general lemma. 



Lemma 10.4-6. — Let s be a section of Hom('p( Ao )£i i0 .s, V^^Sb.s) with the fol- 

toV£ o) h andV ( n X r o) h i: 

O(exp(-ei|z 1 | ord ( a - t '))) (a#b) 



lowing estimate with respect to V^°^h and V^ ol hi 



0(\zi\ c ) (o=b) 

Here, c G R and e\ > 0. If we shrink U(Xq), we also have the following estimate with 
respect to h and hi for some e 2 > 0: 

0(exp(-e 2 |z 1 | OTd ( a ^ 11 ))) (a^b) 



(215) 



0(N C ) (a=b) 



Proof Let F$ be as in Section 10.2.2. By the assumption, the estimate for s like 

(215) holds with respect to the metrics F s (-X+Xo)*V^ o) h and F s (-X + X )*V^ T o) hi. 
We may assume to have Fg(— X+ Xo)*V^° hi = hi. By Corollary 10.2.6, the metrics 
Fs(—X + Ao)*Pj r r /i and h are mutually bounded. Hence, we obtain Lemma 10.4.6. 

□ 

We have the decomposition $ = ^$ ,b,S corresponding to (214). 

Lemma 10. J^.l. — If a =/= b, we have the following estimate with respect to h, hi 
and the Euclid metric gx of X , uniformly for X: 

(216) $ a , 1 ,,s = 0fcxp(-e|z 1 | OTd ( a - b )) 



(217) D(*) BlM = 0(exp(-e| Zl | ord(a - 6) 

(218) D 1 '°d"* Bi6iS = O(exp(-e|z 1 | ord (°- b ) 



(219) d"<S> a , b , s = o(cxp(-e|z 1 | OTd ( a - [ ' 

Here, d" = 8e + X6^ denotes the holomorphic structure of £ along the X-direction, 
and B 1 ' denotes the (1,0) -part o/B, i.e., B 1 * := Xd E + 0. 
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Proof It is clear that $ a , b = o(exp(-e|2i| ord (°- b )) J for h and v£. o) hi. Since h 

and V^ ^ h are uniformly mutually bounded up to small polynomial order, we obtain 
$ , b = 0(exp(-e|2i| ord ( a - t '))) for V^h and T^ o) hi. Then, we obtain (216) due 
to Lemma 10.4.6. The others can be shown similarly. □ 

We have d"(fr a . a ^s = by construction. Hence, we obtain the following uniform 
estimate with respect to h, hi and gx from (219): 

d"$ = 0(cxp(-e|z 1 |- 1 )) 

Then, we have the following uniform estimates with respect to h, h\ and gx' 

(220) (6 o - d"$ o 0i) = (^(cxpt-elzil- 1 )) 

Let5' x := 8 B - XS and 5[ A := d El -X0i. We have the relation = A<^ + (1+|A| 2 )0. 
and D^ 0) = A(^ A +(l+|A| 2 )0i. From (218) and (220), we obtain the following uniform 
estimate with respect to h, hi and gx'- 

(221) (6' x o d"$ - d"<S> o S[ >A ) = 0(e X p(-e|zi|- 1 )) 
We prepare other estimates. 

Lemma 10.4-8. — $ is uniformly bounded up to small polynomial order with respect 
to h and hi . 

Proof <f> is uniformly bounded with respect to ho and "P-^hi. Hence, it is 
uniformly bounded up to small polynomial order with respect to V^ T °^h and V^'^hi 
(Lemma 10.4.4). Since the components $ aj [, (a ^ b) are estimated as in (216), we 
obtain Lemma 10.4.8 by using Lemma 10.4.6. □ 

Lemma 10.4-9. — We have the uniform estimate 0$ a , a „s = 0(|,zi | _1+e ) for some 
e > ; with respect to h, hi and gx- 

Proof By construction, we have the uniform estimate B$ ai0: s = (9(|zi| _1+ei ) for 
some ei > 0, with respect to ho, hi and gx- Since ho and h are uniformly 
mutually bounded up to |^i | _,J I A_Ao 1 (— log |«i |) ^-order (Lemma 10.4.4), we obtain 
the uniform estimate D$o,a,s = 0(|zi|~ 1+C2 ) for some > with respect to V^f^h, 
V^ T o) hi and gx- Then, we obtain the claim of Lemma 10.4.9 by using Lemma 10.4.6. 

□ 

From Lemma 10.4.9 and (217), we obtain the following estimates with respect to 
h, hi and gx uniformly for A: 

(222) D$ = 0(|zi| _1+e ) 
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10.4.5. Comparison map around Ao = 0. — Wc almost repeat the construction 
in Section 10.4.4. We take a finite covering (U(0) - {0}) x (X - D) = \J Sj by a 
small multi-sectors. We would like to construct a C°°-map $ : V^Ei — > V^E 
such that (i) are compatible with the full Stokes filtrations J 7 ^ on Sj, (ii) 

Grf Si ($| S .) = $ | Sj . We take a flat splitting V^E^. = ®V {0) E^ Sj of the full 
Stokes filtration F Sj . Then, we obtain the isomorphism $5^. : 'P^°'£ 1 ig. = V^E^-g. 
preserving the decomposition. By gluing them in C°°, we obtain the desired map. 
The following lemma can be shown by the argument in the proof of Lemma 10.4.5. 

Lemma 10.4-10. — ^|Ax(x— D) * s bounded with respect to h and hi for each X. □ 

On a small sector S = Sj, we have the decomposition: 

(223) Hom(p<^ 1|5 , = Hom(P<°>£ w , V^E b . s ) 

a,b 

Lemma 10. 4. 11. — Lets beasectionofHom(V^Ei. a ,s,V^Eb t s) with the follow- 
ing estimate with respect to V^Jh and V(^hi: 

0(exp(-ei • IAI- 1 • \zi\ md ^-^)) (a + b) 
0(\ Zl \ c ) (a=b) 

Here, c G R and e± > 0. If we shrink U(0), we also have the following estimate with 
respect to h and hi for some e 2 > 0: 

0(exp(-e 2 • IAI" 1 ■ M° rd(a ~ b) )) (a + b) 

0(N C ) (a=b) 

Proof It can be shown using the same argument as that in the proof of Lemma 

10.4.6. □ 

We have the decomposition $ = ^$ a .b.s corresponding to (223). 

Lemma 10.4-12. — If a 7^ b, we have the following estimate with respect to h and 
hi, uniformly for X: 

(224) $ , b , s = or c xp(- e |Ar 1 |z 1 | OTd ( a - b )) 



~1 



(225) ©($) a , b , s = 0(cxp(-e|A|- 1 



ord(a— b) s 



(226) ID^V'S^.s = 0(exp(-e|Ar 1 M ord(a ~ 6) 

(227) d"*a,b,s = o(cxp(- e |Ar 1 |z 1 | OTd ( a - b 
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Proof We have $ , b , s = 0^exp(-e|A|" 1 • \zi\ md( ~ a -^)'] with respect to ho and 

Vfahi. Since V^h and ho are uniformly mutually bounded up to small polynomial 
order, we obtain $ a>6jS = 0^exp(-e|A|" 1 • |zi| ord ( a - b ))) with respect to V$h and 

V[„hx. Then, we obtain (224) with respect to h and h\ by Lemma 10.4.11. The 
others can be shown similarly. □ 

By construction, we have d"§ a ^ a = 0. Hence, we obtain the following estimate 
with respect to h and hi, from (227): 

d"$ = 0(exp(-e|A|- 1 |z 1 |- 1 )) 

Then, we obtain the following estimate with respect to h, hi and gx'- 

(228) (0 o d"§ - d"§ o 6x) = C^cxp^elAl^lzil" 1 ) 
Thus, we obtain the following estimate from (226) and (228): 

(229) (S' x od"$-d"$oS' hX ) = C^cxp^elAr^zir 1 )) 

We have the counterparts of Lemma 10.4.8 and Lemma 10.4.9, which can be shown 
in similar ways. 

Lemma 10.4-13. — is uniformly bounded up to small polynomial order, with re- 
spect to h, hi and gx ■ D 

Lemma 10.4-14- — have the estimate D<f> 0;a ,s = 0(|zi|~ 1+e ) for some e > 
with respect to h, hi and gx- D 

From Lemma 10.4.14 and (225), we obtain the following estimate with respect to 
h, hi and gx- 

(230) m = o(\z 1 \- 1+£ ) 

10.4.6. End of proof of Proposition 10.4.2. — By construction, it is easy to 
see that P^'hi and ho are mutually bounded. Hence, we have only to show that 
■pjrr^/i and v£°^h\ are mutually bounded uniformly for A. 

Lemma 10-4-15. — Once we show that h and hi are mutually bounded, we obtain 
V^^h and V^ ^ hi are mutually bounded. 

Proof Let S and F$ be as in Section 10.2.2. If h and hi are mutually bounded, 
Fs(X — Xo)*h and Fs{X — Xo)*hi are mutually bounded. We may assume to have 
F s (X-X )*hi = V^ o) hi. By Corollary 10.2.6, F s (X-X )*h and V^ o) h are mutually 
bounded. Thus, Lemma 10.4.15 is proved. □ 

Let us show that h and hi are mutually bounded. We have only to show that $ 
and arc bounded uniformly for A with respect to h and hi. 
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Let <£>a := &\{\}x(x-D)- Wc regard it as the C°°-section of the harmonic bundle 
Hom(£±,£) with the induced A-connection and the pluri- harmonic metric /i2- 
Let 7r : X — > D be the projection. Let Q be any point of D. We put 7r -1 ((2)* := 
n \Q) ~ {Q}- Applying Lemma 7.7.4, we obtain the following inequality on each 
7T- l (Q)*: 

( 231 ) -ai^l^H ^ +2|$ A | /i2 • |^ iA o^ |A (* A )| fa 

From (231), (221), (222), (229), (230), Lemma 10.4.8 and Lemma 10.4.13, wc obtain 
the inequality on tt~ 1 (Q)* 

- 7r ^l$A| 2 <q.ir 2+e , 

oz\Oz\ 

where the constant C is independent of A and Q. Since we have already known the 
boundedness of |3>a|| 2 on 7T ^ 1 (Q)* (Lemma 10.4.5), the inequality holds on tt~ 1 (Q) 
as distributions. Hence, the values \&\ h on tt~ 1 (Q)* is dominated by the values on 
the boundary 8tt (Q). Thus, we obtain the uniform boundedness of $. Similarly, we 
obtain the uniform boundedness for Thus, we obtain that h and hi are mutually 
bounded, and the proof of Proposition 10.4.2 is finished. □ 



CHAPTER 11 



PROLONGATION AND REDUCTION OF VARIATION 
OF POLARIZED PURE TWISTOR STRUCTURE 



In this chapter, we study the reduction with respect to the Stokes structure of 
unramifiedly good wild harmonic bundles (Theorem 11.2.2). This is one of the main 
results in the study of wild harmonic bundles. Recall that we obtain a polarized 
mixed twistor structure from a tame harmonic bundle by taking Gr with respect to 
KMS-structure, which is one of the most important achievements in the study of tame 
harmonic bundles. We also have the reduction from polarized mixed twistor structure 
to polarized mixed Hodge structure by taking Gr with respect to the weight filtration. 
(See [93] for these reductions. See also a survey in [96].) By these reductions, the 
study of the asymptotic behaviour of wild harmonic bundles is reduced to that of 
variation of Hodge structures. 

In Section 11.1, we dchne the canonical prolongmcnt of a variation of pure twistor 
structures whose underlying harmonic bundle is good wild. In Section 11.1.1, we first 
construct a family of meromorphic A-flat bundles (Q£, D A ) on C\ x (X, D) associated 
to a good wild harmonic bundle (E, dE,9,h) on (X, D). This family of meromorphic 
flat bundles will be also useful in Chapter 12. This subsection is a continuation 
of Section 9.2. Applying the construction to the harmonic bundle (E,dE,9,h) on 
the conjugate complex manifolds (X',D') t we obtain the prolongmcnt (Q£',W) on 
C M x (Xt,Z)t) in Section 11.1.2. Then, we show in Section 11.1.3 that (Q£, Qft) 
gives a meromorphic prolongmcnt (Section 6.2) of the variation of polarized pure 
twistor structure (£ A ,B A ,<S) associated to (E,dE,0,h), which is called the canonical 
prolongment. 

In Section 11.2, we give the statement of the reduction theorem (Theorem 11.2.2). 
Note that it also implies a characterization of the canonical prolongmcnt (Q£, Q£'), 
which is non-trivial because of the absence of the uniqueness of an unramifiedly good 
meromorphic prolongment with irregular singularity. We explain a plan of the proof 
in Section 11.2.2. 
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In Section 11.3, we give a sufficient condition for a holomorphic vector bundle on 
P 1 with a symmetric pairing to be a polarized pure twistor structure. Intuitively, 
the twistor property and the positive dcfinitcness should be open conditions. We can 
expect that a holomorphic vector bundle with a symmetric pairing on P 1 is a polarized 
pure twistor structure, if it is "close to" a polarized pure twistor structure. We give 
a condition to describe "close to" , which is convenient for our purpose. This is one of 
the main tools in the proof. 

We study the one step reduction in Section 11.4. Briefly speaking, we show that 
the one step reduction is a variation of polarized pure twistor structure if and only if 
the original one is so. Main tools arc Lemma 11.3.6 and Lemma 9.3.1. However, we 
cannot conclude anything about prolongmcnts in this stage, which will be postponed 
until Section 11.6.1. 

We study in Section 11.5 the full reduction in the case that D is smooth. As in 
Section 11.4, we show that the full reduction is a variation of polarized pure twistor 
structure if and only if the original one is so. Moreover, we can obtain a characteri- 
zation of the canonical prolongmcnt. The argument is essentially the same as that in 
Section 11.4, except that we use Proposition 10.2.1 instead of Lemma 9.3.1. 

The proof of Theorem 11.2.2 is finished in Section 11.6. 

In Section 11.7, we argue the norm estimate for holomorphic sections of V£ x . 
Briefly speaking, our result says that the pluri-harmonic metric h is determined up 
to boundedness by the parabolic structure and the residues, as in the case of tame 
harmonic bundles. In Sections 11.7.1-11.7.2, we construct comparison maps between 
the reductions and the original one, and we show that they are bounded (Theorem 
11.7.2). Since we can apply the norm estimate for a tame harmonic bundle to a 
wild harmonic bundle with a unique irregular value, Theorem 11.7.2 implies the norm 
estimate for unramificdly good wild harmonic bundles. The norm estimate for good 
wild harmonic bundles can be easily reduced to the unramified case. 

In Sections 11.7.3-11.7.4, we give a rather detailed description of the norm estimate 
in the surface case, which is essentially the same as those in Section 2.5 of [92]. The 
result will be used in Proposition 13.6.4 to show the vanishing of some characteristic 
numbers of the filtered bundle associated to a good wild harmonic bundle. 

Section 11.8 is an appendix in which we consider the reduction with respect to 
KMS structure for a regular mcromorphic variation of pure twistor structure with a 
pairing on P 1 x A* , and we shall give a characterization of purity and polarizability in 
terms of the limit twistor structure (Lemma 11.8.6). For that purpose, in Subsection 
11.8.1-11.8.3, we shall review the construction of a limit vector bundle on P 1 from a 
variation of twistor structure on a punctured disc with regular meromorphic extension, 
called the limit twistor structure. When it comes from a tame harmonic bundle, the 
construction is explained in [93]. We need only minor change. Then, we show the 
characterization. Although a similar result was obtained in [104] for 7?.-triples with a 
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different method, we would like to understand it from our own viewpoint. Although 
we restrict ourselves to the one dimensional case, the arguments can be generalized 
in the higher dimensional case. 



11.1. Canonical prolongation 

11.1.1. Prolongment Q£. — Let X be a complex manifold with a simple normal 
crossing hypcrsurface D = \J ieA Di. Let (E, 8e, 9, h) be a good wild harmonic bundle 
on X — D. Let X( Xo 1 denote a neighbourhood of {Ao} x X in C\ x X. We use the 
symbol 2?( A °) in a similar meaning. We have the associated family of A-flat bundles 
(ri Xo) £,B) on (#( A °),£>( A °)). (See Section 9.1.) In the case A ± 0, we have the 
following deformation in Section 4.5.2: 

Qi Ao) £:= (V { a Xo) £) {TW \ T(A) — 



1 + AAo 

In the case Ao = 0, we define Q { ° ] £ := V { a ] £. Thus, we obtain a global filtered 
bundles 



Q ( * Xa) £ = {Q (Xa) £ \aeR A ) 
on (X^°\ D( A °)) with the family of meromorphic flat A-connections B. We put 
q(\o) £ . = \J aeRA Q { a Xo) £, which is an O xi x o) (*p( A °))-locally free sheaf. 

Lemma 11.1.1. — Let P be any point of X. Let Xp, Up(Xo) and Up(Xi) be 
as in Section 9.2.3. Then, we have a natural isomorphism Q^°^|c/ P (A 1 )x x P — 
Up(X-l)xx p - We mean by "natural" that the restriction to X — D is the identity. 

Proof It follows from Proposition 9.2.8 and Lemma 4.5.5. □ 

Thus, we obtain a family of meromorphic A-flat bundles (Q£, D) on C\ x (X, D). 
The restriction of (Q£,B) to X x is denoted by (Q£ A ,B A ). The following theorem is 
clear from the construction. 

Theorem 11.1.2. - 

— We have a natural isomorphism of the meromorphic A-flat bundles (Q£ A ,B A ) ~ 
CP£ A ,B A )( T ) where T:=(1 + |A| 2 ) -1 . We mean by "natural" that the restriction 
to X — D is the identity. Moreover, we have the isomorphism of good filtered 
X-flat bundles (Qi A) £ A ,B A ) ~ (V*£ x , B A )( T ) . 

— Under the setting in Section 7.2.1, the set of the irregular values Irr(Q a £ A ,B A ) 
is lrv(9). 

is a good filtered X-flat bundles with the KMS-structure at Xq. If 9 
is unramified, (q1 Ao -'£,B) is also unramified. 

— Under the setting of Section 7.2.1, the set of the irregular values Irr(Qa £,B) 
is Irr(0). □ 
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Let us look at the Stokes filtrations under the setting in Section 7.2.1. We take 
an auxiliary sequence for Irr(6*). Let S be a small multi-sector in X — D. If A ^ 0, 
we have the partial Stokes filtration F s > m ( l ) (Q£^ 5 ) of Q£h in the level m{i). (See 
Section 3.7.3.) 

Proposition 11.1.3. — Let f be a flat section of £^ s . We have f <E J-^' rn< " l \Q,£ x )\g , 
if and only if the following estimate holds for some C > and N > 0: 

|/cxp((A- 1 + A)^ m(l) (b))|^0(cxp(C|z" l (' i+1 )|) J] \ Zj \~ N ) 

k(i+i)<j<e 

Proof It follows from Proposition 7.4.6 and Theorem 11.1.2. □ 



11.1.2. Prolongments V£ t", V^ o) £ 1 and Q£^ . — For simplicity, we restrict our- 
selves to the setting in Section 7.2.1. We obtain an unramifiedly good wild harmonic 
bundle (E,d E ,6 ] ,h) on X* - . Wc have the family of /i-flat bundles {£\W) on 
C M x (Jft _ £)t) j an d the restriction (£^,D^) to {/i} x (Jft _ £)t). As in Section 
7.4.1, we obtain an unramifiedly good filtered /x-flat bundle (P*^, D^) on D+) 
for each /i. The set of the irregular values of is given as follows: 

Irr(7>£ t ",Dt'*) = {(1 + |/i| 2 ) o | a e lrr(0)} 

Let U(fio) denote a small neighbourhood of /to- Applying the construction in 
Chapter 9 to (E, d E , 0\h), we obtain a family of filtered /i-flat bundles ("Pi^t, pt) 
with the KMS-structure at fig. Applying the deformation as in Section 11.1.1, wc 
obtain a family of filtered jti-flat bundles (Qi Mo) £ t ,B t ) on f/(/i ) x (Xt,Z)t) an d 
Cc/(Ai )xxt (*(C^(a*o) x £ )t ))-free module Q^°)£L By gluing them, we obtain the 
family of meromorphic //-flat bundles ( Qf''' , ) on x (_X"r , £)t ). The restriction of 
Q£ f to {/x} x X is denoted by Qf 

We have a characterization of the Stokes filtration of the meromorphic //-flat bundle 
(Q£^,D^) in the case /z ^ in terms of the growth order with respect to h. Let Sft be 
a small multi-sector in X T -DL We have the partial Stokes filtration J" st > m W ( Q£ ) 

of Q£^ in the level m(i) indexed by the ordered set (lrr(6^, m(i)), <gt)- 

Proposition 11.1.4- — f be a flat section of£^ t . We have f 6 J 7 -^ if 
and only if the following estimate holds for some C > and N > 0: 



/ exp((/ 1 - 1 +m m(i) (b))| = o(exp(C\z m ^\) JJ 



fe(i+l)<j<£ 



2 



□ 
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11.1.3. Canonical prolongation of a variation of polarized pure twistor 
structures. — Wc continue to use the setting in Section 7.2.1. We have the variation 
of polarized pure twistor structures (£ A , D A , S) of weight associated to (E, 8e , 9, h) . 
(See [117]. See also [93].) In particular, it gives a variation of twistor structure with 
a symmetric pairing. 

Proposition 11.1.5. — The pair (Q£, Q£^) gives an unramifiedly good meromor- 
phic prolongment of (£ A ,D A ;l S) (Section 6.2). 

Proof Let A = /i" 1 . Let us show that the Stokes filtration F s < m W of (Q£ x ,B x <f) 
and Jts,m(i) of (Qft^ptM/) are the same. Note 

Re((A _1 + A) b) =Re((>- 1 +JZ) b) 

for b G Trr(6,m(i)) and A = (jT 1 . Since both the flat filtrations and ^ s ^ m ^ 

are characterized by the same condition on the growth order of the norms of flat 
sections with respect to h (Proposition 11.1.3 and Proposition 11.1.4), they are the 
same. 

Let us show that the pairing So : £ ® a*£^ — > Ox-v can be extended to QSo ■ 
Q£®a*Q£^ — ► O x (*T>). Take A G C\, and let U(X ) denote a small neighbourhood 
of A . Let X<~ x °*> := U(X ) x X and := U(X a ) x D. 

Lemma 11.1.6. — Sq is prolonged to a pairing 

V (Xo) S : V {Xo) £ ® a*V (a(Xa)) £^ — -> O xi x o) (*T>^). 

Proof Let fx be a section of V^ x °^ (£) on X^ Xa K Let h be the hermitian metric 
given in (182). By construction, wc have the estimates \fx\ v (,\ Q ) h = O^IIj=i |zj| -Jv ^ 

for some N. Let f 2 be a section of V {a{Xo)) £ on a(X < ~ x ^). Let v\^ o) h of p^E on 
U((j,o) x (X — D) given as follows: 

Vl^hiu, v) = h(gl t (jj, - Mo)w, gL(P- - Mo)«) , StLM : = ex P X! a ^ 

\0Glrr(e) 

We have the estimate |/2| 7 ,t("(A » ?l = oflIj=i l z jl _JV ) for some iV. Recall ct(A) = —A, 
if we regard a as a morphism C\ — > C M . (See Subsection 6.2.3.) Then, we have 

^ r (cr(A)-<7(A )) = (^(A-Aq)- 1 ) 1 . 
We obtain the following: 



S (h,o-*h) = h(h,o-*f 2 ) = h{g ilT (X-X )f 1 ,a*(gt I ((i-fx )f 2 )) = o(j[ \z 3 [ 



I-2JV 

"i=i 

Hence, we obtain Lemma 11.1.6. □ 
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By the functoriality of the deformation in Lemma 4.5.6, we obtain a pairing 

Q {Xo) S : Q {Xo) S®a*Q. { ^ Xo)) E^ ^O xW {*V{X Q )) 

for Ao ^ 0, which is a prolongment of Sq. Note that such a prolongment is unique 
if it exists. Hence, we have Q (Ao) S |*(Ai> = Q {Xl) S if X^ Xl ~> C X {x °\ By varying 
Ao and gluing them, we obtain the desired prolongment QSq of Sq. Thus we obtain 
Proposition 11.1.5. □ 

Definition 11.1.7. — The prolongment given by (Q£ 7 Q£^) is called the canonical 
prolongment of (£ A ,D A ,S). □ 



11.2. Reduction and uniqueness 

11.2.1. Statement. — We set X := A™, D t := {z { = 0} and D := [f i=x D t . For 
any subset K, C C\, we put X& := K. x X and ^Jnq := f(/C) x XL For < R < 1, 
we put 

X(i?) := {(zi, . . . , z n ) e X | |*| < R}, X*(R) := (X - D) n 

Let (V, D A ) be a variation of twistor structure of weight on P 1 x (X — D) equipped 
with a symmetric pairing S : (V, D A ) ® cr*(y,D A ) — >• 1(0). Assume the following: 

— We are given an unramifiedly good meromorphic prolongment V := (Vo,V^o) 
of (V,D A ,S) on (See Section 6.2.) Let T denote the good set of 

irregular values of the prolongment (Vb,B). 

— (Vb,B) has the KMS-structure at each Ao G fC, i.e., there exists an increasing 
sequence of lattices Q ( a o) V C V on a neighbourhood of {Ao} x X indexed by 
a e R e such that (Qi Ao) Vb,D) 

is a family of good filtered A-flat bundles with 

KM S'-structure. 

— Similarly, (V^, D) has the KMS-structure at each /io G u(/C). The corresponding 
family of filtered /x-flat bundle is denoted by Ql V^. 

Recall that we have the reduction Gt v (V, D A , S) associated to the full Stokes struc- 
ture. (See Subsection 6.2.5. Although it is denoted by Gf^V, D A , S) there, we use 
the symbol Gr v (F,IB) A ,6>) to emphasize the dependence on the choice of V\) 

Remark 11.2.1. — If (V, ID> A ,<S) as above is a variation of polarized pure twistor 
structure of weight 0, the underlying harmonic bundle is unramifiedly good wild by 
the above assumption, because the Higgs field is given by the restriction of D A to 
{0} x (X — D). We will use it implicitly in the subsequent argument. □ 

We will prove the following theorem in Sections 11.4-11.6. 

Theorem 11.2.2. — The following conditions are equivalent: 
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(PI) : (V, O a , iS)|pi xx*(R) * s a variation of polarized pure twistor structure of 
weight for some < R < 1, and i/ie prolongment V is canonical (Definition 
11.1.7;. 

(P2) : The full reduction Gi (V,H) A ,S)\pi x x'(R) is a variation of polarized pure 
twistor structure of weight /or some < R < 1. 

We give a consequence. We take an auxiliary sequence m(0), . . . , for the 

good set of irregular values T. Recall that wc have the reduction Gr m(p) (V,B A , S) 
associated to the partial Stokes structure in the level m{p). 

Corollary 11.2.3. — The following conditions are equivalent: 

— (V, D A , S) is a variation of polarized pure twistor structure of weight for some 
< R < 1, and the prolongment V is canonical. 

— The one step reduction Gr m(0) (V,1D> A ,S)\ 

r 1 xx*(R) with respect to V is a varia- 
tion of polarized pure twistor structure of weight for some < R < 1, and the 
induced prolongment Gr" 1 ^ V := (Gr m(0) (V ), Gr m(0) (V^)) is canonical. 

Proof According to Theorem 11.2.2, both the conditions are equivalent to the 
second condition in Theorem 11.2.2. □ 

11.2.2. Plan of the proof. — Before going into the proof, we give a rough sketch 
of the argument. In Section 11.4, we study the one step reduction, and we will prove 
the following proposition, which is a part of the claim of Corollary 11.2.3. 

Proposition 11.2.4- ~ The following holds: 

(A) : Assume that (V, D A ,5) is a variation of polarized pure twistor structure of 
weight 0, and that (Vq, Voo) is canonical. Then, there exists < R < 1 such that 
\r 1 xX*(R) « s a variation of polarized pure twistor structure of 

weight 0. 

is a variation of polarized pure twistor structure of 
weight 0, there exists < R < 1 such that (V,D A ,5)|pi x x*(_R) is a variation of 
polarized pure twistor structure of weight 0. 

We remark that it is not so easy to deduce a conclusion on prolongmcnts. For 
example, in the claim (A), Gr m ( \V, D A , S) comes from a harmonic bundle, say 
[E^\d 1 , /i^ 1 )) which is easily shown to be unramifiedly good wild. In this 
stage, Gr m '°)(V, D A , S) has two prolongmcnts. One is the induced prolongment 
(Gr^^oJ.Gr^CVoo)). The other is the canonical prolongment (Q£W, QE^) 

associated to (E^, d \ ft/ 1 )). For an inductive argument, we would like to show 
that they are the same. We will show it eventually, but it does not seem easy to show 
it directly. Hence, we will postpone it. 



292 



CHAPTER 11. PROLONGATION AND REDUCTION 



In Section 11.5, we will study the full reduction in the case that D is smooth, and 
we will show the following proposition. 

Proposition 11.2.5. — If D is smooth, the claim of Theorem 11.2.2 holds. 

Note that the prolongment of the full reduction is easily controlled. As in the 
previous case, we have two prolongmcnts. One is the induced prolongment, and the 
other is canonical. But, the full reduction is graded by the good set T, and each 
graded piece has the unique irregular value for both the prolongments. Hence, the 
two prolongmcnts have to be the same by the uniqueness of the Delignc extension of 
flat bundles. 

Once we have established Theorem 11.2.2 in the smooth divisor case, it is not 
difficult to compare the prolongments Q£^ and Gr m ^(Vo) for one step reduction 
in the normal crossing divisor case. Then, we obtain Theorem 11.2.2 by an inductive 
argument, which will be done in Section 11.6. 



11.3. Preliminary for convergence 

We will give a preliminary for convergence of a sequence of twistor structures. 

11.3.1. Preliminary. — Let V be an n-dimensional vector space with a base 
ei, . . . , e„. Let h be a hermitian pairing of V. There exists a positive number eo, 
depending only on n, with the following property: 

— If \h(ei,ej) — S{.j\ < eo 5 then h is positive definite. Here 8ij denotes 1 (i = j) 
or (i j). 

Let cr : P 1 — > P 1 be given by a([z : Zi]) = [-Zt : z ]. 

Lemma 11.3.1. — Let V be a pure twistor structure of weight with a symmetric 
pairing S : V ® a*V — > T(0). Let A be any point o/P . Assume the following : 

— There exists a holomorphic frame W\ , . . . , W n ofV on P 1 such that 




Then, S gives a polarization of V . 



Proof Since any global section of T(0) = Opi is constant, we have 




Hence, the claim is clear by the choice of eo- 



□ 
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11.3.2. Estimate on a bundle. — In this section, we use the standard Fubini- 
Study metric of P 1 . Let E be a holomorphic vector bundle on P 1 with a holomorphic 
base v = (vx, . . . , v r ), i.e., E ~ ©^ =1 Opi t>j. Let h be the hermitian metric given by 
h(vi,Vj) = 5i.j. Let L 2 (E) be the space of the sections / of E such that / and 8eJ 
are L 2 on P 1 with respect to h and the Fubini-Study metric. It is the L 2 -space with 
the hermitian product (/, 5)1,2 '■— J h(f,g) + J h(dEf,dEg)- Let L 2 (E Cgifi ' 1 ) denote 
the space of L 2 -sections of E ® f2 0,1 . We have the surjectivity of 8e ■ L 2 (E) — > 
L 2 (E £g> Q ' 1 ). Let H denote the orthogonal complement of Ker(<9e) in L\(E). Then, 
8e ■ H — > L 2 (E £g) fi ' 1 ) is homeomorphic. There exists a constant C\ such that 

Ci^IMIl 2 — II^b u IIl 2 < CiIMIl 2 f° r u £ H. 

Let A be a C°°-section of End(S) (8) f2 0,1 such that sup \A\h < <5. Let E 1 ^ denote 
the holomorphic bundle (E, 3e + A). 

Lemma 11.3.2. — If S is sufficiently small, we have 2 _1 ||(?£;u|| i 2 < \\(8e + 
A)u\\ L 2 < 2\\d E u\\ L 2 for any u £ H. Hence, d E + A : H — > L 2 (E ® ft * 1 ) is a 
homeomorphism. In particular, Ea is a pure twistor structure of weight 0. 

Proof If S is sufficiently small, we have the following for any u E H: 

\\(d E + A)u\\ L 2 < \\d E u\\ L 2 + \\Au\\ L 2 <2\\d E u\\ L 2 

\\(8 E + A)u\\ L 2 > \\d E u\\ L 2 - \\Au\\ L 2 > ^\\d E u\\ L 2 
Then, the claim of the lemma immediately follows. □ 

Lemma 11.3.3. — There exist constants 8 > and Ciq > with the following 
property: 

— If sup \A\h < S, we can take Ui G H such that (pE + A)ui = (8e + A)V{ and 
supl^lh < Cio suplAI,,. Note \vi\h = 1- 

Proof It follows from Lemma 11.3.2 and a standard bootstrapping argument. 

□ 

Let Sh ■ E ® a*E — > T(0) be the polarization of the pure twistor structure 
E corresponding to h. Let dHorm denote the natural distance of the space of the 
hermitian metrics of a vector space. 

Lemma 11.3.4- — Let S : Ea®<j*Ea — > T(0) be a symmetric pairing. Fix a point 
X o/P 1 , and assume moreover the following for some rj > 0: 

- \S\\(u, a*v) - S h \ X {u,a*v)\ < n\u\ h \v\ h for any u E E\ X and v G E ]a(X) . 

If 6 and r) are sufficiently small, (Ea, S) is a polarized pure twistor structure of weight 
0. Moreover, the following holds for the metric hs corresponding to S: 

SUp dHerm(/lS| M , h\^) < C\2 (8 + ?/) 

tier 1 

Here, C12 is a constant depending only on rankE. 
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Proof We may assume that Ea is pure twistor structure of weight 0, due to 
Lemma 11.3.2. Let eo be as in Section 11.3.1. If 8 is sufficiently small, we can take 
sections itj £ H such that (8e + A)m = (8e + A)vi and sup \ui\h < Cio 8 < eo/100, 
as remarked in Lemma 11.3.3. We put uii := V{ — Ui. We may assume that w = 
(wi . . . , w n ) gives a holomorphic frame of Ea- We have the following: 

(232) S'|A(w l |A,cr*w i | cr ( A )) -8 itj = Six(wiix,cr*Wj\ a (x)) ~ Sh\\(vi\\, a*Vj\ a (x)) 
= ( K S\x(w i ix,a*w j i cr{ x)) - S h \x(wi\x,(T*Wj\ a (x))j 

5'h|A(w l |A,a'*Wj| C r(A)) - 5'/i|A(Wi|A,0'*Wi|CT(A)) 



< 4t? 



We have the following: 

S\x(wi\x,v*w jla ( X )) - S h \x(w i \x,(T*W j \ a ^x)) 
We also have the following: 



Sh\\{wi\\,<r*1»j\<r(\)) ~ S h \x(v i \x,V*V :j \ !T (x)) 



< 4Ci 8 



Hence, we obtain 



< an d the first claim of Lemma 11.3.4 



S\x(wi\x,cr*w ]lai x))-Sij < C 20 (8+r]) due 



follows from Lemma 11.3.1. 

Let us show the second claim. We have 
to the above argument. Hence, there exists a constant matrix B\ with the following 
property: 

— The frame w = w(I + Bi) is orthonormal with respect to hs- 

- \B 1 \<C 21 {8 + V ). 

Let B be determined by w = v (I + B ). By construction, we have sup |i?o| < C20 8. 
Therefore, we have sup \B 2 \ < C22 {8 + r])i where B 2 is determined by w = v (I + B 2 ). 
Since w and v are orthonormal frames with respect to hs and h respectively, we 
obtain the second claim of Lemma 11.3.4. □ 



11.3.3. Estimate through a C°°-map. — Let (V^\ S^) be a polarized pure 
twistor structure. Let be the corresponding metric of H ^ 1 , V^). It induces a 
hermitian metric of V^ 1 ', which is also denoted by hr- 1 ' . 

Let be a holomorphic vector bundle on P 1 . Let F : — > be a 

C^-isomorphism. Assume the following for some 81 > 0: 

suplF -1 o d V {2) o F - d V (i, I (1) < 81 
pi 

Lemma 11.3.5. — If Si is sufficiently small, is also a pure twistor structure. 



Proof It follows from Lemma 11.3.2. 



□ 
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Let S^ 2 ) be a symmetric pairing of V^ 2 \ and let F be as above. Fix a point A of 
P 1 . Assume moreover that there exists a 82 > such that the following holds for any 
ueVj^andfleVg^: 

\SW(F(u),a*(F(v)))-SW(u,<T*v)\<5 2 \u\ hW \v\ hW 

Lemma 11.3.6. - If 5i (i = 1,2) are sufficiently small, the following holds: 

— (V^ 2 \ S^ ) is a polarized pure twistor structure. Let denote the correspond- 
ing hermitian metric. 

— We have sup P i (feci-m (h^\F*h^) <C{5 1 + S 2 ), where C is a constant depend- 
ing only on the rank. 

Proof It follows from Lemma 11.3.4. □ 



11.4. One step reduction 

11.4.1. Preliminary. — For simplicity, we assume that the coordinate system is 
admissible for the good set T. Let k be the number determined by m(0) £ Z< x Oi-k- 
By shrinking X, we may assume that Gr m ^ (Vq) and Gr" 1 *- - 1 (Voo) are given on Xjc and 
o-(X)' respectively. Let dp X v and d'^ q^o)^ denote the P 1 -holomorphic structures 
of V and Gi- m{0) (V), respectively. 

In the following, we assume one of the following: 

(Case A) : (V,D A ,(S) is a variation of polarized pure twistor structure of weight 

0, and the prolongment V is canonical. The underlying harmonic bundle is 

denoted by (E, 8e, 0, h). 
(Case B) : Gr m ^°\v, D A ,6>) is a variation of polarized pure twistor structure of 

weight 0. The underlying harmonic bundle is denoted by (E^\d \ ftW). 

It is graded as 

(^,9 (1) 1 fi (1 U (1) )= (EP,t\eP,hP), 

OST(T7l(0)) 

corresponding to the decomposition Gr m{0) (V,B A ,S) = © Gr™ {0) (V,B A , S) . 
We have some remarks in Case (B), which will be implicitly used in the subsequent 
argument. We have the canonical prolongment (Q£ (1) , B (1) ) = (B(Q£ { a 1] ,~B { a 1} ) . Note 
that we should distinguish Gr m(0) (V ) and Q£^ . However, we have the natural 
isomorphism 

Gr m(0) (Vb)|c x x(x-£>(<fc)) - Q £ \c x x(x-D(<k))> 
because both of them are regular along Di for i > k. The induced KMS-structures at 
any Ao are also the same due to the uniqueness of KMS-structure. We also remark 
that the grading naturally gives a splitting of the Stokes filtration in the level m(0) 
for each small multi-sector. 
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11.4.2. Preliminary estimate. — Let Ao E /C, and let U\(Xq) denote a small 
neighbourhood of Ao- If Ao 7^ 0, we assume ^ U\(Xo). We will shrink it in the 
following argument without mention. We set W := U\(Xo) x D(< k) if Ao 7^ 0, and 
W := (U x (X a )xD)U({0}xX) if A = 0. Let S be a multi-sector in (U X (X ) X X) -W , 
and let S denote the closure of S in the real blow up of U\(Xo) x X along W. If S is 
sufficiently small, we can take a D<fc-flat splitting Qo V Q ,-^ = @ a <2 A °^o,a,s of the 
partial Stokes filtration J 75 in the level m(0), whose restrictions to S(l (U\(Xq) x Di) 
is compatible with the endomorphism ReSi(D) and the filtration 'F^ ' for each i = 
k + 1,. . .,£. (See Proposition 3.6.7.) The splitting induces a B<fc-flat isomorphism 
on S: 

(233) g s : Gr m ^ (Q^V ) ]S ~ Q£ o) V 0]S 
Its inverse is denoted by fs- 

Lemma 11. 4. 1. - Let g' s and f' s be obtained from another Tb<k-flat splitting of 
F s . If S is shrinked in the radius direction, the following holds: 

(Case A) : id— fg 1 o f' s = 0^exp(— €\X~ 1 z m ^ |)^ for some e > with respect 
to h. 

(Case B) : id— g^ 1 g's = ofexp(— e | A 1 ^"^-(o) | ^ ^ f or some e > with respect to 

Proof Let us consider Case (A). Note Q { Xo) V = Q { q o) £ in this case. The B< fe -flat 
endomorphism $ := id— fg 1 o f' s strictly decreases the Stokes filtration of Q^^is 
in the level m(0). It is compatible with the nitrations 4 F^ A °' and the endomorphisms 
Res 4 (D) on S n (U\(X ) x A) (i = k + 1, . . . If U X (X ) is shrinked, the Stokes 
nitrations of Q { Q Xo) £ ^ and V^S^ are the same. By shrinking S in the radius direc- 
tion we obtain the desired estimate due to Lemma 9.3.1. We can argue Case (B) in 
a similar way. □ 

Let g$ [p = 1, . . . , L) be B^-flat isomorphisms as in (233). Let f s P ^ denote their 
inverses. Let Xp (p = 1> • ■ • i L) be non- negative valued C°°-functions on S such that 
(i) S Xp — 1j (ii) 9x P are of polynomial order in IX^ 1 ] and \z^~ \ for i = 1, . . . , k. We 
set g -=Y,Xp 9 P and / := £ \ P fp- 

Lemma 11.4-2. — In Case (A), we have the following estimate with respect to h: 

(234) r 1 o £& iGrmC0)(v) o / - 4 1V = o(exp(- e |A- 1 ^(°)|)) 
In Case (B), we have the following estimate with respect to hX 1 ': 

(235) S- 1 <"?i,vOS-'?. Gl ™ W( v ) =0(ex P (- e |A- 1 ^°)|)) 
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Proof Let us show (234) in Case (A). We remark the following estimate with 
respect to h, due to Lemma 11.4.1: 

o / - id = ]T Xg ((if V* ° f ( s q) id) = o(exp(-e|A- 1 ^ )|)) 

The left hand side of (234) can be rewritten as follows: 

.T 1 ° (Spi.Gr^wtv) °f-f°d r i,v) = r 1 o (E^X P 4 P) ) = jy*P fs P) - id) 

Hence, we obtain the desired estimate (234). We can show (235) in Case (B) by the 
same argument. □ 

11.4-2.1. The other side. — Let U^(fio) denote a small neighbourhood of fiQ € o~(JC). 
We set := ({0} x A f ) U (1^(0) x £>t(< fc)). If wc arc given a small multi-sector 
S of (U^(no) x A^) — W\ wc can take a B< fe -fiat isomorphism 

(236) gl : Gr m ( ) (Q^^s ~ Q^V^s 

in a similar way, by taking a B^-fiat splitting of the Stokes filtration in the level 

m(0). Its inverse is denoted by fg. We have estimates for them similar to Lemma 
11.4.1 and Lemma 11.4.2. 

11.4-2.2. Remark for gluing. — Let A 7^ and /j,q = Ag • Let U\(Xq) be a small 
neighbourhood of Ao in C\, and let U^dio) be the corresponding neighbourhood of 
^ in C^. Assume that Ao is generic with respect to the KMS-structure of Vo- If S 
is a sufficiently small multi-sector in U\(Xo) x (A — D{< fc)), we can take a D-flat 
splitting Q { Xo) V ol g = O Q^ Xo) V 0l a,s- (See Proposition 3.6.8.) Note that S naturally 
gives a small multi-sector of [/^(/Ko) x (X^ — (< k)), and that the splitting naturally 
induces a Dt-splitting Q^V^ = a Q^V^s. 

11-4-2.3. Estimate for pairing. — Let S be a sufficiently small multi-sector of 
(U\(\ ) x A) - W. Let g s be as in (233), and let fs denote its inverse. We obtain 
the small multi-sector a(S) of a(U x (X )) x (A* - D^(< k)). Let > be as in (236) 
for o-(S), and let jf^/m denote its inverse. 

Lemma 11.4-3. — In Case (04 we have the following estimate with respect to h: 

(237) 5-Gr m (°)5o(/ s ®a*/l (s) ) =0(cxp(-e|A- 1 ^°)|)) 
In Case (B), we have the following estimate with respect to h/- 1 ': 

(238) Gr™(°) S-So( gs ® a*gl {s) ) = o(exp(-e|A- 1 ^W|)) 
Proof By the perfect pairings, wc have the natural isomorphisms 

Vo, s **(V?), Gr m W(V^) ~ a* (Gr™(°> (V Q ) V ) . 

Hence, g s induces a*(g^) as in (236) for a(S). If 5* = <r*(ffs)> both (237) and 
(238) vanish. 



298 



CHAPTER 11. PROLONGATION AND REDUCTION 



Let us show (237) in Case (A). Wc set ft := Gr" 1 ^ So (/ g ® {a* fL s) -f%)). Note 
that S gives the identification a* QS^ ~ Q£ v , and we can regard ft as a B<fc-flat 
section of V^ x °' End(£ A ) such that (i) it is compatible with the filtrations l F and 
the endomorphisms ReSj(D) on S H {U\(\q) x Di) (i = k + 1, . . .,£), (ii) -fj strictly 
decreases the Stokes filtration of V^ x °^£\g. Hence, we obtain the desired estimate 
from Lemma 9.3.1. We can show (238) in Case (B) by a similar argument. □ 

Let g^ (p = 1,...,L) be as in (233), and f^ denote their inverses. Let xs,p 
(p = 1, . . . , L) be non- negative valued functions such that (i) £ Xs.p = 1: (ii) d\s,p 
are of polynomial order in |A _1 | and |z 4 rl | for i = l,...,k. We set g := YlXp9s 
and / := £ Let (q = 1,...,M) be as in (236) for a(S), and 

denote their inverses. Let Xa(S),q (<? = l,---,M) be non-negative valued functions 
such that (i) Ylx<r(S),q — lj (ii) dXa(S).q are °f polynomial order in |/Lt _1 | and | ^ ~ 1 1 
for i = 1, . . . , k. We set c/t := £ Xcr(S),g ff^j and /t := ]T x ct( s), 9 /J^. 

Lemma 11. 4-4- — I n Case (A), we have the following estimate with respect to h: 

(239) 5-Gr m(0) 5o(/® ( j*/ t ) = o(exp(-e|A _1 * TO(0) l)) 
/n Case (B), we have the following estimate with respect to hS 1 ': 

(240) Gr m(0) S-So( ff ® CT y) = o(exp(-e|A- 1 2" l(0) |)) 

Proof It follows from Lemma 11.4.3. □ 



11.4.3. Proof of Proposition 11.2.4. — By shrinking K, we may assume that 
any A S c(/C) n/C is generic with respect to the KMS-structure of Vq and V^. We set 
W K := (JC x £)(< k)) U ({0} x X). We take a finite covering Afc - W K C Up=i Sp by 
small multi-sectors S p satisfying the following: 

— On each S p , we can take a D<fe-flat morphism g$ as in (233). Its inverse is 
denoted by f Sp . 

— On each a(S p ), we can take a 0< fe -flat morphism g^ s •) as in (236). Its inverse 
is denoted by /L g y 

— If 5 P n K, n cr(/C) 7^ 0, we assume that gs p comes from a D-flat splitting. We 
assume a similar condition for q\ a -,. 

We take a partition of unity (xs p , Xa(s p ) \ P — !)•••)■£) subordinated to the covering 
(S p , o-(Sp) \p = 1,...,L) such that dxs p (resp. dxa(s p )) are of polynomial order in 
|A| _1 (resp. |A|) and \zi\~ 1 for i = 1, . . . , k. We set 

5 == '^2xs p gs p +^2Xa(S p )9l (SpV f -=^2xs p fs p + ^ Xa-(S P ) fi [Sp y 

p p p p 
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Let us consider the case (A). By Lemma 11.4.2 and its analogue for the /z-side, we 
obtain the following with respect to h: 

/- 1 ° 4' I)Gr »(o, (v) o / - d'; i v = o(exp(-e OA" 1 ] + |A|) |^(°)|)) 

By Lemma 11.4.4, we have the following estimate with respect to h: 

S - Gr m <°> S o (/ ® a*p) = o(cxp(-e (|A^| + |A|) \z m ^\)) 

Then, there exists < R < 1 such that Gr m( -°\V, B A , S) is a variation of polarized 
pure twistor structure, due to Lemma 11.3.5 and Lemma 11.3.6. Hence, the claim 
(A) of Proposition 11.2.4 is proved. The claim (B) can be shown in a similar way. 

□ 

11.5. Full reduction in the smooth divisor case 

In this section, we assume D = D\, and we will prove Proposition 11.2.5. The 
argument is essentially the same as that in the proof of Proposition 11.2.4. We 
almost repeat it by changing Lemma 9.3.1 with Proposition 10.2.1. 

Let d'ii \r and d!' - denote the P 1 -holomorphic structure of V and Gr v (V). 
In the following, we assume one of the following: 

(Case A) : (V,B A ,iS) is a variation of polarized pure twistor structure of weight 
0, and the prolongment V is canonical. The underlying harmonic bundle is 
denoted by (E, 8e,0, h). 
(Case C) : Gr v (V, B A ,iS) is a variation of polarized pure twistor structure of 
weight 0. The underlying harmonic bundles arc denoted by (E^ , ,6^°\h^). 
It is graded as 

( £(0) > g(°> ,0(0) t h m ) = {E (o) t rfQ 1 t h (o) } f 

aeT 

corresponding to Gr v (y,D A ,5) = Grjf (F, D A , S). 
We have some remarks in Case (C), which we will implicitly use in the subsequent 
argument. We have the canonical prolongment {Q£(°\ B^) = (Q£^\ ©1° ') . Since 
Gr^(Vo) and Q£ a °^ have the unique irregular value a, the natural isomorphism on 
C\ x (X — D) is extended to the isomorphism on C\ x X by the uniqueness of the 
Dcligne extension of flat bundles. We also remark that the grading gives a splitting 
of the full Stokes filtration for each small multi-sector. 

11.5.1. Preliminary estimate. — Let Ao € /C, and let U\(\q) denote a small 
neighbourhood of Ao- We will shrink it in the following argument without mention. 
We set W := U X (X ) x D if A ^ 0, and W := ({0} x X) U (C/ A (0) x D) if A = 0. Let 
S be a multi-sector in (U\(\q) x X) — W, and let S denote the closure of S in the 
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real blow up of U\(Aq) x X along W . If S is sufficiently small, we can take a D-flat 
splitting Q Ao) ^ |s = aeT Qq Ao) V Q>a ,s of the full Stokes filtration T s . The splitting 
induces a D-flat isomorphism 

(241) g s : g/(Q Ao) F 0j 0) ]s ~ (Q^ o) Fo, D), s . 

Its inverse is denoted by fs- We can show the following lemma by using Proposition 
10.2.1 and the argument in the proof of Lemma 11.4.1. 

Lemma 11.5.1. - Let g' s and f' s be obtained from another J} -flat splitting of T s . 
If S is shrinked in the radius direction, the following holds: 

(Case A) : id— f^ 1 o f' s = O ^cxp(— e| A - 1) ^ for some e > with respect to 
h. 

(Case C) : id— g^ 1 a g' s = 0^cxp(— e|A — ^j -1 !)^ for some e > with respect to 

fc(°>. □ 

Let g^r (p = 1,...,L) be D-flat isomorphisms as in (241). Let fg denote their 
inverses. Let x P (p = 1, . . . , L) be non- negative valued C°°-functions on S such that 
(i) ^2,Xp = 1j (ii) are of polynomial order in |A _1 | and \z± |. We set g := ^ Xp9p 
and / := E X P /?• 

Lemma 11.5.2. — In Case (A), we have the following estimate with respect to h: 

(242) r 1 o d^ iGtV(y) o f - <&, v = 0(exp(-e| % - 1 | 
In Case (C), we have the following estimate with respect to h(°h 

(243) g- 1 o 4 ly o g - Q iGtV(y) = 0(e X p(-e\z^\ 
Proof It follows from Lemma 11.5.1. □ 

11.5.1.1. The other side. — Let /zo G o~(K,) — {0}, and let [/^(/io) denote a small 
neighbourhood of fio- If we are given a small multi-sector S of U^Hq) x (Af^ — 

we can take a D^-flat isomorphism 

(244) g\ : G^iQ^V^, B% * (Q^Voo^h 

in a similar way, by taking a D^-flat splitting of the Stokes filtration. Its inverse is 
denoted by fg. We have estimates for them similar to Lemma 11.5.1 and Lemma 
11.5.2. 

11.5.1.2. Remark for gluing. — Let Ao 7^ and fj,o = A^ 1 . Let U\(\q) be a small 
neighbourhood of Ao in C\, and let U^fio) be the corresponding neighbourhood 
of /Lto in C p. Let 5 be a sufficiently small sector in U\(Xo) x (X — D), and let 
2o Ac) ^o|S = ©a Qo Ao) Vb,a,s bc a D - nat splitting. Note that S naturally gives a small 
multi-sector of U^hq) x (X* — -C^), and that the splitting naturally induces a W- 
splitting fi^f ^ = a Q^Voo^s. 
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11.5.1.3. Estimate for pairing. — Let S be a sufficiently small multi-sector of 
U\(Xq) x (JT — D). Let gs be as in (24f), and let fs denote its inverse. We obtain 
the small multi-sector o-(S) of o-(U\(\q)) x (X 1 " — D^). Let be as in (244) for 

o~(S), and let f^rg^ denote its inverse. We can show the following lemma by using 
Proposition 10.2.1 and the argument in the proof of Lemma 11.4.3. 

Lemma 11.5.3. — In Case (A), we have the following estimate with respect to h: 

(245) S - Gr^ So{f s ® a* = o(exp(-e|zr 
In Case (C), we have the following estimate with respect to hS Q >: 

(246) Gv*s - So( JS ® <J*gl {s) ) = o(exp(-e\z^\)) 

□ 

Let g^ (p = l,...,L) be as in (241), and f s p ~* denote their inverses. Let xs,p 
[p = 1, . . . , L) be non- negative valued functions such that (i) Yl Xs.p = L (ii) &XS,p 
are of polynomial order in and \zi 1 \. We set g = J2Xp9s and / = SXp/s^- 

Let glfy (q = 1, . . . , M) be as in (244) for a(S), and /^ ( ( |] denote their inverses. Let 
Xa(S),q (Q = !)•••; M) be non-negative valued functions such that (i) ^ Xa(S),q = lj 
(ii) %<t(S), 9 are of polynomial order in and \z~ 1 \. We set g f = J2Xa(S), g 9^) 

and /t=E^), 9 /j5. 

Lemma 11.5.4- — I n Case (A), we have the following estimate with respect to h: 

(247) S- Gr^So (/ <g> a*f) = o(cxp(— e^" 1 1)" 
In Case (C), we have the following estimate with respect to h^°h 

(248) Gr^«S-<So(ff®aV) = (^cxp^e^ 1 !)" 
Proof It follows from Lemma 11.5.3. □ 



11.5.2. Proof of Proposition 11.2.5. — We take a compact region K C C\ such 
that K. U a{K) = P 1 . We set W K := (fC X D) U ({0} xl), We take a finite covering 

— Wk, C Up=i by sm all multi-sectors S'p satisfying the following: 

— On each S p , we can take a D-flat morphism g$ p as in (241). Its inverse is denoted 
by fs p - 

— On each a(S p ), we can take a B^-flat morphism g^ s ^ as in (244). Its inverse 
is denoted by /L s y 
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We take a partition of unity (xs p : Xa(s P ) \ P = 1) • • • i^) subordinated to the covering 
{S p , cr(Sp) \ p = 1, . . . ,L) such that dxs p (resp. dxa{s P )) are °f polynomial order in 
| -X | — 1 (rcsp. |A|) and \zi\~ 1 . We set 

9 ■= *Sp 9S P + Xa{S p ) ffl(S p )' / := H XS p f s * + H X °( S p) ^(S p )' 

P P P P 

Let us consider the case (A). By Lemma 11.5.2 and its analogue in the //-side, we 
obtain the following with respect to h: 

f~ X C,GrV ( v) / - &,v = O^p^edX-'l + |A|) Izf 1 !)) 
By Lemma 11.5.4, we have the following estimate with respect to h: 

S-Gr^So (f s ® a*ft (s) ) = o(cxp(-e C I ^ 1 1 + |A|) fa 1 ])) 

Then, there exists < R < 1 such that Gr v (V, D A , 5)|pi x x*(i?) is a variation of 
polarized pure twistor structure, due to Lemma 11.3.5 and Lemma 11.3.6. 

Let us consider the case (C). By a similar argument, we obtain that (V, B A ,<S) is 
a variation of polarized pure twistor structure. Namely, by Lemma 11.5.2, we obtain 
the following with respect to : 

g- 1 o d>; i v o g - d'; i G ^ (v) = 0(cxp(-e C I ^ 1 1 + |A|) \z^\)) 

By Lemma 11.5.4, we have the following estimate with respect to h: 

G^S-So(g® cr* 5 t) = (cxp(-6 (IA- 1 ! + |A|) \z^\)) 

Then, there exists < R < 1 such that (V,IS ,S)\pi x x*(R) is a variation of polarized 
pure twistor structure, due to Lemma 11.3.5 and Lemma 11.3.6. Let (E 7 dE,9,h) be 
the underlying harmonic bundle. Let diiorm denote the natural distance of the sym- 
metric space of the hermitian metrics. Due to Lemma 11.3.6, we have the following: 

cW m (<7*M (0) ) = 0(exp(-e| Z r 1 |)) 

In particular, the hermitian metrics g*h and h^ ' are mutually bounded. It means 
that the full Stokes nitrations J-" s of the family Vq of meromorphic A-flat bundles 
can be characterized by the growth orders of the norms of the flat sections with 
respect to h, as in Proposition 11.1.3. Therefore, we have the natural isomorphisms 
of the meromorphic prolongments Vo — Q£ ■ Similarly, we obtain Voo ~ Q£^ . Hence 
(VojV'oo) is canonical. □ 

11.6. End of Proof of Theorem 11.2.2 

11.6.1. From (PI) to (P2). — Assume that (V,H> A ,S) is a variation of polarized 
pure twistor structure of weight 0, and that the prolongment V is canonical. If wc 
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shrink A, we have the harmonic bundle (E^ ,d , 8^ , h^) on A — D which induces 
Gr m(0) (V A ,B A ,S) by Proposition 11.2.4. 

Lemma 11.6.1. — Gr m(0) V := (Gr m(0) (y ), Gr m(0) (Foo)) is canonical. 

Proof Let k be determined by m(0) £ Z< x 0^_fc. We take 1 < j < k. Let 
Q £ Dj be sufficiently close to Dk, which is not singular point of D(< k). We take a 
small neighbourhood Xq of Q in X. We set Xq := Xq \ D. We put 

(T4,Bf,5 1 ):=(7 ) D A 1 5) rxX ., (F 2 ,B A 5 2 ) := (Gr™(°>(V,B A ,S)) 

w V / IP 1 xXJ 

They are equipped with the meromorphic prolongments induced by V and Gr Trl '- ^ V, 
respectively. They are denoted by V\ and V 2 , respectively. As remarked in Lemma 
6.2.8, we have the natural isomorphism: 

Gr^i.Df ~ Gr^(y 2 ,B A S 2 ) 

By Proposition 11.2.5, Gr Vl (Vi, B A , Si) is a variation of polarized pure twistor struc- 
ture. Again, according to Proposition 11.2.5, V 2 is the canonical prolongment of 
(V2,B 2 ,52). Then, it is easy to conclude that Gr™^ * 1 V is the canonical prolong- 
ment of Gr m(0) (y,B A , S). □ 

Now the claim (PI) =>■ (P2) can be shown by an easy induction. 

11.6.2. Prom (P2) to (PI). — In the following, we will shrink X without men- 
tion. By using Proposition 11.2.4 in a descending inductive way, we obtain that 
Gr m ^(V, B A ,<S) are variation of polarized pure twistor structure for any i. In par- 
ticular, (V,B A ,iS) is a variation of polarized pure twistor structure. Let (E,dB,6,h) 
be the underlying harmonic bundle, which is unramifiedly good wild with the good 
set T. For each j = 1, . . . ,£, let T(j) denote the image of T via the natural map 

M(X, D)/H(X) — > M(X, D)/M(X, j)), 

where j) := U,. .... ,. , We put Df l := D 3 \ j). We take an auxiliary 
sequence m(0), . . . ,m(L) for T. There exists q(j) such that rrij(q(j)) = —1 and 
m j(?(i) + 1) = 0> where rn,j(i) denotes the j-th component of m(i). Note we have 
the natural bijection rj m ^ q ^{T) ~ T(j). 

Let Q £ Dj m . Let Xq be a small neighbourhood of Q. We put Dq := Xq n £> 
and Aq := Xq - Dq. Wc set (Vq,B A ,5q) := (V,B A ,S)|p Ix x* • It is equipped with 
a prolongment Vq induced by V . By the choice of q(j), 

Gr^ Q (Vq,H)q,Sq) ~ Gr m ^"»(F,B A ,5) rxX5 . 

Since Gr VQ (VQ,Bg,iSQ) is a variation of polarized pure twistor structure, the pro- 
longment Vq is canonical due to Proposition 11.2.5. Hence, we obtain that V is 
canonical, and thus the proof of Theorem 11.2.2 is finished. □ 
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11.7. Norm estimate 

11.7.1. One step reduction. — We use the setting in Section 7.2.1. We have the 
variation of polarized pure twistor structure {£ A ,B A ,6>) associated to (E,dE,8,h). 
For simplicity, we assume that the coordinate system is admissible for the good set 
Itt(O). In the following argument, we will shrink X without mention, if it is necessary. 

We take an auxiliary sequence m(0), m(l), . . . , m(L) for Irr(#). Let (Eo, do, 9o, ho) 
be the unramifiedfy good wild harmonic bundle underlying Gr m (°\£ A , B A , S). We 
have the associated meromorphic A-flat bundles (V a £ A , U A ), and (V a £o^o) on 
(X, D). Let k be determined by m(0) S Z< x Oi-k- By construction, we have the 
following natural isomorphism: 

We have the harmonic bundles E\ := Hom(Eo,E) and E 2 := Hom(i?, Eo) with the 
naturally induced Higgs fields 9i and pluri-harmonic metrics hi (i = 1,2). Note 
that (£*,hi) (i = 1,2) are acceptable. Let VS* denote the associated meromor- 
phic A-bundle. We can regard $ and $ -1 as sections of Vo£^.f>, . and VoE^.f,, 
respectively. 

Let be a sufficiently large number. According to Lemma 3.6.29, we can take a 
section $jv of ^o^g,^ with the following property: 

— j3(jv)(< fe ) = < ^ > 7v|i3(Af)(</ s )j where £)W(< A:) denotes the iV-th infinitesimal 
neighbourhood of -D(< A;). 

- Rcsj(D A )($ A r Pi ) =0 for i = k + l,...,£. 

We can regard $at as an isomorphism of Va^o an( i "Pa,£ X preserving the parabolic 
filtration. If we shrink X appropriately, <3>at is an isomorphism. 

Proposition 11.7.1. — *&n\x-d an d &n]x-d are bounded with respect to h and 
ho- 

Proof If we regard $ at as a section of "Po^jS we obtain the boundedness with 
respect to h\ due to Lemma 7.7.3. Thus, is bounded with respect to h and ho- 
We can regard as a section of Vo^ satisfying $7g W(<fc) = $ w |5<iv) (<fc) and 
ReSi(D A )($ w | £1 ) = for i = k + 1, . . . ,£. Then, $^ is bounded with respect to h 2 
due to Lemma 7.7.3. Thus, is also bounded with respect to h and ho- □ 

11.7.2. Full reduction. — By using an inductive argument, we can reduce the 
norm estimate for unramifiedfy good wild harmonic bundle to that for tame har- 
monic bundles studied in [93]. Let (E3, 83, 63, /13) be the harmonic bundle underlying 
Gr- F (£ A ,D A ,5). It is graded 

(249) (E 3 ,d E3 ,9 3 ,h 3 ) := (E a ,d Ea ,e a ,h a ), 

cielrr(e) 
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corresponding to the decomposition Gr jr {£ A ,B A ,S) = ® Grf (£ A , B A , S). Each 
9 a — da is tame. We have the associated meromorphic A-flat bundles (P a £ x ,IS> X ) and 

Theorem 11.7.2. — There exists a holomorphic isomorphism $ : V a £^ — > V a £ x 
with the following property: 

— It preserves the parabolic structures. 

- Res,(P A ) o - $| A o Rcs ?; (P A ) = 0. 

Moreover, and are bounded with respect to h and /13. 

Proof We have only to use Proposition 11.7.1 inductively. □ 

Remark 11.1.3. — We obtained the norm estimate for holomorphic sections of X- 
fiat bundles associated to tame harmonic bundles, in terms of the parabolic filtration 
and the weight filtration. (See Theorem 13.29 of [93].) Since each (E a , d a , 9 a — da, h a ) 
is tame, it can be applied to (7>£ 3 \ D A , h 3 ), and transferred to {V£ x ,B x ,h) via the 
morphism <f> in Theorem 11.7.2. Hence, it gives a satisfactory norm estimate for 
holomorphic sections of good wild harmonic bundles. □ 

11.7.3. Surface case. — We give a rather detailed description of the norm estimate 
for holomorphic sections of V c £ x in the case dimX = 2 and D = D\ U Di. In this 
subsection, (E, dE,@,h) is assumed to be good wild, but not necessarily unramificd. 

We have the parabolic nitrations l F of V C £\ D . {i = 1,2). Let 1 Grf (V c £ x ) := 
1 E a (Pc£ X ) / l F <a (V c £ x ) , which arc equipped with the induced endomorphisms 
i Gr a (Res;(ID A )). The eigenvalues of i Gr Q (Res i (B A )) iq are independent of the choice 
of Q £ Di. (It is clear in the case A ^ 0. It follows from Proposition 8.2.1 or the 
definition of good wild harmonic bundles, in the case A = 0.) Hence, we have the 
well defined nilpotent part Ni a of Gr a (Res.;(B A )). Let T'ar(T' c £ x ,i) denote the set 
of a e R such that 1 Grf (V c £ x ) ^ 0. 

We put lF a (V c £ x ) := l F ai {V c £ x ) n 2 F a2 (V c £ x ) for a = (oi,a 2 ) € R 2 ■ Then, 
we put 

2 -Gr F a {V c £ x ) 



\o) 



T b < a 2 -F b {v c £ x y 

Let Var(V c £ x ,0) denote the set of a G R 2 such that ^Grf (V c £ x ) ^ 0. On 
^Grf {V c £ x ), we have the induced endomorphisms ^Gr„(Resi(B A )) (i = 1,2). The 
nilpotent parts are denoted by iVj jQ . 

Lemma 11.7.4- — 

— The conjugacy classes of N i a \Q are independent of the choice of Q E Di. 

— Let qi : Var(V c £ ,0) — > Var^P c £ ,i) denote the projection. The conjugacy 
classes of N i a \ and © ag3 -v ) ^i,a ar & the same. 
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Proof Wc take a ramified covering ip : X — > X given by ^{(,1X2) = ((1,(2) 
such that (E,d^,6,h) := ip- 1 (E,d E ,0,h) is unramificd. Let (V*£ x , B A ) denote the 
associated filtered A- flat bundle. Take Q G A - {O} and Q = <p(Q) G A - {O}. We 
have the following isomorphisms for any — 1 < b < which preserve the conjugacy 
classes of the nilpotent parts of the residues: 

*GrfCP £ A )|Q^ *Gr F (T c £ x ) lQ 

aeVar(V c £ X ,i) 
ae—b£% 

For 6 g] — 1, 0] 2 , we have the following isomorphisms preserving the conjugacy classes 
of the nilpotent parts of the residues: 

a£Var(V a £ X ,0) 
ea—bG^ 2 

Hence, we have only to show the claim for (V*£ x , B) A ), i.e., in the unramificd case. 

Let (Eo,dg n ,6o,ho) be obtained as the full reduction from (E,d^,6,h). Wc can 
take an isomorphism $ : VqEq — > Vq£ x which preserves the parabolic filtrations and 
the residues, as in Theorem 11.7.2. Hence, we have only to show the claim for tame 
harmonic bundles. 

In the tame case, the claim is proven in [93]. We indicate an outline. If A is 
generic, i.e., the maps e(A) : ICA4S(£ ,i) — > C are injective for any i, the claim is 
clear, because the conjugacy classes of the nilpotent parts of A -1 ReSi(D A )|Q for any 
Q G Di are equal to those of the logarithm of the unipotent part of the monodromy 
around D t . By using Corollary 12.43 of [93], we obtain that the conjugacy classes of 
the nilpotent parts of ^Gr F Rcs 4 (ID) A )| and 1 Gr F Rcs 4 (© A )| Q for Q G A - {0} are 
independent of the choice of A. Thus, we are done. □ 

We put Ni := 0iVi : a- Let W{Ni) denote the weight filtration of iVi on 
1 Gr F CP c £ A ). In particular, we obtain the filtration W{N 1 )\ Q of 1 Gr F (-p c £ A )| . It 
induces the filtration on -Gr F (V c £ x ), which is denoted by VF(-/Vi)W. We also put 
Ni := ©iVi j0 , which is an endomorphism of -Gr F ('P c £ A ). We have the weight 
filtration W(n[ 1] ) of ^Gr F (T c £ A ). 

Lemma 11.7.5. — W^iVi)^) andW{N[ 1] ) are the same. 

Proof Although this claim is proved in [93], we give an outline. We have the 
induced filtration 2 F on 1 Gr F ("P c £ A )| - Let V be the vector bundle on SpecC[£] 
obtained as the Rees bundle associated to 2 F. The endomorphism N±\o naturally 
induces Afi on V. The restriction to t = is N^ Q . Since the degeneration of the 
conjugacy classes does not happen, the weight filtration of W(Ni) is the filtration in 
the category of the vector bundles on SpecC[i]. The specialization at t = is equal 
to W(N{ 1 ''), and the specialization at t ^ is equal to W(N). 
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Let W denote the filtration naturally induced by W(Nx). The specialization of 
W at t = is equal to W(iVi)W. We also have W = W(M)- Hence, we obtain 
W^ivf 5 ) = W(JVi)W. □ 

We have the nilpotent endomorphism iV (2) = iVi j0 + A^a- 
Lemma 11.7.6. — There exists a decomposition 

{a,k)eVar(Va£ x ,0)x1 2 

with the following property: 

— It gives a splitting of the parabolic filtrations: 

qi(b)<a k 

0©^|o=^(p4) 

— Under the isomorphism 1 Grf('P c £ A ) ~ © a eg _1 (a) ©fe ^a.fcpi > the following 
holds: 

E/a,*^ =^ 1 (^i)( 1 Grf(P c ^)) 
aSgr 1 (a) &i<ii 

Under the isomorphism -Gr^'('P c £ A ) ~ @ fc L^^o, £/ie following holds: 

t/a,fe|o = W h (#i ) n W l2 (N(2)) Gr£ (7> C £ A ) ) 
fe<; 

Proof It follows from Lemma 11.7.5. (We can use a more general result, for 
example Corollary 4.47 of [93].) □ 

We take a decomposition as in Lemma 11.7.6. Let v be a frame of T J C £ X compatible 
with the decomposition. When Vi £ U a ^k, we put a(uj) := a and fe(uj) := k. 
Let /ii be the hermitian metric given as follows: 

h 1 {v i ,v j ) := 6 itj \ Zl \~^ \z 2 \~ 2 ^ (-log\ Zl \) klM (-log\z 2 \) k2M - kl{vi) 
LebZ:={(z 1 ,z 2 )\\zi\<C\z 2 \}. 

Proposition 11.1.1. — h and h\ are mutually bounded on Z. 

Proof The problem can be reduced to the unramificd case. It follows from The- 
orem 11.7.2 and the norm estimate in the tame case (Theorem 13.29 of [93]). □ 
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11.7.4. Blow up. — Let X := A 2 = {(Ci,C 2 )}. Let tt : X — > X be given by 
^((1,(2) — (C1C2, (2)- Let (E,dg,9,h) := n~ 1 (E,dE,0,h). We have the associated 
filtered bundle rj x . 

Lemma 11.7.8. — V^E^ is obtained from V*£ x by the procedure in Section 2.5.3.3. 

Proof It follows from the weak norm estimate for the acceptable bundles. □ 

For simplicity, we consider the case c = (0,0). In the case a\(vi) + a2{vi) > — 1, 
we put Vi := TT*Vi. In the case axivi) + a,2(vi) < — 1, we put Vi := ir*ViC,2 l - Then, 
v = (vi) gives a frame of Vq£ x compatible with the parabolic structure. We put 
cij{vi) := ^ deg F (Vi). We also put kjivi) := kj(vi). Let ho be the hermitian metric 
given as follows: 

^(^,%-)=^icir 2ai(5ri) iC2|- 2a2(iri) 

Let x be a non-negative valued function on R such that x(t) = 1 < 1/2) and %(i) = 
(t > 2/3). Let p(C) : C* — > R be the function given by p(() = -%(|C|) log |C| 2 - 
We set 

hifavj) := h {Vi,Vj) (1 + p(Ci) + p(C2)) fcl(?i) (1 + p(C 2 )) fe2 ^)- fc1 ^). 

Lemma 11.7.9. — 7r*/i and /ii are mutually bounded. The curvature R(ho) is 0. 
Moreover, R(hi) and 9jj — are bounded with respect to both (fi,hi) (i — 0,1), 
where ui denotes the Poincare metric of X — D. 

Proof The first claim follows from the norm estimate. The other claim can be 
shown by direct calculations. □ 

11.8. Regular meromorphic variation of twistor structure on a disc (Ap- 
pendix) 

Let X be the disc {z £ C| \z\ < 1}, and let D = {0}. We consider a regular 
meromorphic extension of a variation of pure twistor structure on P 1 x (X — D). In 
[93], we showed that if the variation of pure twistor structure is pure and polarized, 
then the limit twistor structure is mixed polarized. We shall study the converse 
Lemma 11.8.6. Although a similar result is given in [104], we would like to understand 
it from our viewpoint. 

We shall review the construction of the limit twistor structure (Subsections 11.8.1— 
11.8.3). Then, we study the characterization of pure and polarized property. 

11.8.1. Preliminary. — Let Ao £ C, and let AC be a neighbourhood of Ao in C. 
We put X := K, x X and T> := JC x D. In this case, V can be identified with K, 
naturally. 

Let (V*,D) be a good family of filtered A-flat bundles, which is regular in the 
sense V>( a V) C a V <8> f2 1 '°(log D). The restriction to X \ T> is denoted by V. Assume 
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that V* has the KMS-structure at A indexed by T C R x C, i.e., KMS(V*) = 
{t(Ao,it) | u <G T}. (See Section 2.8.) We have the natural Z-action on T given by 
n ■ u = u + (n, 0). We recall some objects induced by the KMS structure. 

11.8.1.1. The induced bundle Gu(V). — Recall that we have the induced filtration 
F( A °) of a V and the generalized eigen decomposition 

Grf A V)= g^Hv) 

ueT, 

£(Ao ,u)—a 

on /C, as in Section 2.8.2. Let M u denote the nilpotent part of the residue on Q^°\v). 

11.8.1.2. The KMS-structure of the space of multi-valued fiat sections. — Assume 
A ^ 0. The restriction of (V,B) to {A} x (X\D) is denoted by (V X ,B X ). Let U(V) 
denote the holomorphic vector bundle on JC, whose fiber over A is the space H(V X ) of 
the multi- valued flat sections of (y A ,D A '^). We have the monodromy automorphism 
M along the loop with the counter-clockwise direction. The restriction to A is denoted 
by M x . The set of the eigenvalues of M x is given by Sp^(V x ) := {e^(A, u) | u e 
T/Z}. (Recall e-^( A, u) = exp(— 27Tv / — TA _1 e(A, u)).) We have the unique monodromy 
invariant decomposition 

(250) H(V) = El x ^H(V) 

whose restriction to Ao is the same as the generalized eigen decomposition of M x ° . 

Let JC* := fC\ {Ao}. We may assume that any A 6 JC* is generic. We have the 
generalized eigen decomposition: 

H(V)\ K . = E t t(x,u)H(y)\ K . 
ueT/z 

Here, the fiber of E e / (x tU yH(V)\]Q* over A is the generalized eigen space of M x corre- 
sponding to z*{\,u). We put 

F ( b Xo) U{V)\ K , := E t{XiU) H(V)\v, 

p f (\ ,u)<b 

where pf (\,u) := Rc(Aa + A _1 a) = p(X,u) + Rc(A _1 e(A, u)) . Thus, we obtain 
a filtration indexed by {p^(A,it) \u € T} C R. It is extended to a filtration of 
H{V) on JC, denoted by J 7 ^ ^. It is monodromy invariant, and compatible with the 
decomposition E^ ^. 

We put G^H(V) := Gr^^ H(V) = Gr^ >u) E^ u) H(V) on JC. We 
have the automorphism M u induced by M, whose unipotent part is denoted by M^ m . 
We put N u := {-2^l^/^l)- 1 log M £ ni . 
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Remark 11.8.1. — J"^ is not related with Stoke filtrations. Because we consider 
this kind of filtration only in the regular case, there is no risk of confusion. □ 

11.8.1.3. The decomposition and the filtration of a V . — The decomposition (250) 
induces a ID-flat decomposition V* = ® ue spf{v x a) V»>,*- The filtration J 7 ^ ' of 
H(V) naturally induces a ID-flat filtration of V on X \ T), which is also denoted by 
jr(A ) gy construction, the subbundles J 7 ^ ^ of V are naturally extended to those of 
aV\x-{(\ ,o)}- Moreover, we have the following lemma. 

Lemma 11.8.2. — J 7 ^ ' are naturally extended to subbundles of a V on X . Namely, 
we obtain an induced filtration J 71 -^ of a V in the category of vector bundles on X. 

Proof It is easy to reduce the problem to the case Sp^(V x °) = {1}. First, let 
us consider the case in which (i) b is the minimum among the numbers c such that 
Grf <Ao> ^ 0, (ii) rank J" 6 (Ao) W(F) = 1. Let s be a frame of F^UiV). We 
have the element uq £ T such that p^(Ao,«o) = b and a — 1 < p(Ao,ito) < a - Then, 
t := s ■ exp(A _1 e(A, ito) log z) naturally gives a single- valued holomorphic section of 

•7-"^°' \aV\x\{(\ ,o)}) ■ It is extended to a section of a V. Let us show tu\ 0t o) m 
a F Ao | . Let t Xo denote the restriction of t to {A } x X. We have the relation B A °i A ° = 
t x " ■ z(X a ,u )dz/z. If t x ° = 0, there exists (c, e(A , u )) € ICMS(V X ") such that 
c < a. However, it is easy to show p(Ao, u) > p(Ao, uq) = a for any u G T such that 
e(A, u) = e(A ,w ), by using the relation p(A , u) - p(A , u ) = p / (A , u) - p f (\a, u ). 
Hence, we obtain t x ° Xo G ) 7^ in a V\(\.o)- Thus, .7^ gives a subbundle of a V on X 
in this case. 

We can reduce the general case to the above case, by using the exterior product. 

□ 

By construction, the filtration J r ( A °' is compatible with the decomposition a V = 
Q) a Vu)- Let us look at the restriction of the decomposition and the filtration to D. 
Clearly, we have the following: 

= 4 Ao) («V) 

exp( — 27Ty/— l(a/A))— w 

(See Remark 2.8.2 for Ei Ao) .) We take u G T such that a - 1 < p(A ,u) < a and 
e^(Ao,w) = oj. It is easy to show the following: 

(251) ^lu)W\V = F lt&u)< X (£, u) W © ^HaV lV ) 

Here, 5i := {exp(— 2-Ky/^l(a/\ )) — w, Aq 1 (a - e(A , u)) G Z <0 }. 
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11.8.1.4- The induced bundle Q U V and the isomorphism. — For any mgT, we set 

77(^0) ( v \ 

(Ao) _ ^pf(\ ,u){p(^^)y c f(\ a ,u)j 

'~ ( V V 

• r <p^(A ,ti) VP(^o,«) v ef(X ,u) J 

We have an induced family of flat A-connections D u on Gu X "^V, which is logarithmic. 
The eigenvalue of the residue Res(l\) is e(A,it). The nilpotent part is denoted by 

By (251), we have a natural isomorphism (Gu" ] V\ v , N u ) ~ (Gu o} (V), N u ). The 
space of the multi- valued flat sections H(Gu X °^V) with the monodromy is naturally 
isomorphic to Q^°^T-L{V) with M u . In this situation, we have an isomorphism $ can : 
(Gi Xo) n(V),XN u ) — > (Gi Xa) (V),Af u ) which is given as follows. (See Section 10.4.1 
of [93], for example.) Let F be a section of Gu X °^'H(V). We can regard it as a multi- 
valued flat section of Q U V on X \ T>. Then, we put $^ an (F) := Fq for the expansion 

m 

F = Y, f j cxp(-A- 1 e(A, w )logz) (logz) J , 
3=0 

where Fj are holomorphic sections oi G U V. 

11.8.2. Globalization. — Let X := C\ x X and V := C\ x D. If (V,D) is a 
family of meromorphic A-flat bundles on (X,T>), which has the KMS-structure at 
each Ao £ C\ indexed by T. For each Ao, we have a neighbourhood C/(A ) of Ao 
in C\ 1 and we obtain (Gu (V), j\f u ) on U(Xo). In the case Ao 7^ 0, we also have 
(Q ( u o) U{V), N u ) and the isomorphism $ can : (G [Xa) U(V), XN U ) — > (Gu X "\v) , j\f u ) . 
By using the uniqueness of KMS-structure (see Lemma 2.8.3, for example), we can 
glue them for various Ao, and so we obtain the following: 

— A bundle Q U (V) with the nilpotent endomorphism Af u on C \. 

— A bundle GuH(V) with the nilpotent endomorphism N u on C\. 

— An isomorphism $ can : {G U H{V), XN U ) — > (G u (V),jV u ) lcl . 

We also obtain a vector bundle GuV on C A x X with a family of logarithmic flat 
A-connections B> u , which is locally constructed as above. 

Remark 11.8.3. — The construction is functorial and compatible with dual, tensor 
product, and direct sum. □ 

11.8.3. Gluing. — Let X := C\ x X and X* := C M x X* . We use the symbols 
V and in similar meanings. For Ao <G C\, let X^ x °^ denote a product of X and a 
neighbourhood £/(Ao) of Ao- We use the symbols X>( Ao ', X^^, and pt(*«o) j n similar 
meanings. 

Let (V, D A ) be a variation of twistor structure on P 1 x (X\D) with an unramifiedly 
good meromorphic prolongment (Vq^Voo). Moreover, we assume the following: 
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— Vq has the KMS-structure at each Ao- Namely, we have locally free O X (\ )- 
lattices V ( a Xo) (V) C V (a e R) such that (vi X ° } (V ) : B Vo ) is a regular family of 
filtered A-flat bundles with KMS-structure indexed by T . 

— Similarly, for each fi , wc have locally free O^t 0*0 ^lattices Pa C 

(a e R) such that (V^ (V^) is a regular family of filtered /j,-flat bundles 
with KMS-structure indexed by T^. 

In that case, we say that (Vq, V^,) gives a regular meromorphic extension of (V,D A ). 



Lemma 11.8.4- ~ 

— T/ie map u = (a, a) i — > = (—a, a) induces a bijection To ~ Too. 

— W^e ftawe a natural isomorphism (GuHiVo), iV u ) ~ (S M t'H(V r 00 ), — A^ t ) . 

Proof Let (V" A , D A ) denote the restriction of (Vb, Dy ) to {A} x X. Let Sp(P a V x ) 
denote the set of the eigenvalues of Res(D A ), and Sp(V x ) := [J aeR Sp(V a V x ) . Let 
Spf (V X ) denote the set of the eigenvalues of the monodromy on the space of the 
multi- valued flat sections of Vq A , where the monodromy is taken along the loop with 
the counter-clockwise direction. Then, we have the bijective correspondence between 
Sp{V x )/Z and Sp f (V X ) given by a 4 — ► exp(-27T\/=I(a/A)). (The action of Z on 
Sp(V x ) is given by n-a = a + nX.) Hence, the set Sp(V x ) is determined by Sp^ (V X ). 

Note that Sp(V x ) is the image of T via the map e(A). There exists a discrete 
subset Z of C* x such that e(A) : T — > C is injective for any A € C* x — Zq. Hence, 
To is determined by the family of the sets {Sp' (V X ) | A g C* x — Zq}. 

Similarly, let V£ denote the restriction of V x to {^} x (X^ — Z)t), and let Sp f (V£) 
(/i 0) denote the set of the eigenvalues of the monodromy on the space of the multi- 
valued flat sections of V£, where the monodromy is taken along the loop with the 
clockwise direction. There exists a discrete subset Zoo C C* such that e(/i) : Too — ► 
C is injective for any /i G C M — Z^, and the set Too is determined by the family of 
the sets {Sp f {V£) | fi € C* — Z^}. 

For A = /Lt _1 , we have the natural bijection Sp^ (V$) ~ Sp'(V^) given by u < — > 
id" 1 . Then, we obtain the desired bijection To ~ T^ by the formal calculation. Note 
e(A,u) = e(A _1 ,u T ). Hence, we obtain the first claim. 

We have the natural identification H(Vo) — H(Voo) on C* x = C*. By using 
pf(\,u) = p^(X~ 1 ,u^) and e^(A,u) = e* (A -1 , u^) -1 , we can show the second claim. 

□ 

Then, we obtain the vector bundle S U (V) on P 1 by gluing Gu{Vq) and £7 u t(Voo)- 
We also obtain the nilpotent map W A : S U (V) — > S U (V) <g) T(-l), where A/j£ := 

N u ■ 4 _1) and = Ml ■ t { ~ 1] . 

Remark 11.8.5. — The construction is functorial and compatible with dual, tensor 
product, and direct sum. □ 
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11.8.3.1. Pairing. — Let S : V (£> <r*(V) — > T(0) be a symmetric perfect pairing. 
By the regularity, Sq is extended to a pairing Vo ® ct*14o — > Ox(*T>). Similarly, Soc 
is extended to a pairing Voo ® cr*Vb — >• 0;t(*X>), i.e., (Vo, V^,) gives a meromorphic 
prolongment of (V, D A , 5). By using the uniqueness of the KMS-structure, we obtain 
an induced pairings: 

- S u : g u (V ) g> g*Q uX (Ko) — > Oc A satisfying S U {M U g> id) - 5 u (id ®a*AT[ t ) = 0. 
(Sec Lemma 6.1.4 for the signature.) 

- s u ■. g u H(v ) ® C7*a„t H(yoo) — > o C j. 

- Su ■ G u Vo ® cr*^ t Voo ► Cc* XX- 

Then, we can show that the gluing of Q u {Vq) and 5 u t(V r 00 ) is compatible with the 
pairing. Thus, we obtain the symmetric pairing S u : S U (V) <S) cr*S u (V) — > T(0), 
which satisfies S u (Af^ ® id) + S u (id®a* (Af^)) = 0. 

11.8.4. A characterization of purity and polarizability. — A result similar 
to the following lemma was shown in [104] with a different argument. 

Lemma 11.8.6.-1} (S u (V),Af£,S u ) is a polarized mixed twistor structure of 
weight for each u £ T, then (V,B A ,<S) is a variation of polarized pure twistor 
structure of weight after X is shrinked around D. 

Proof We have the polarized variation of pure twistor structure (Vd , O^ 1 ^ , S^) 
induced by the polarized mixed twistor structure (S U (V), J^^,S U ). (See Sections 
3.5.3, 3.6 and 3.7.5 of [93].) We have the corresponding tame harmonic bundle 

a 

Let (V^^O^ 1 ^,^ 1 ^) be the corresponding variation of polarized pure twistor 
structure. We have the regular meromorphic extension (V ; , V£ ). We recover 
®(S u (V),Af^ ,S A ) by applying the construction in Sections 11.8.3-11.8.3.1 to 
(TA 1 -',]D>W A ) <SW A ). Namely, we have the canonical isomorphisms G u : S U (V^) ~ 
S U (V) compatible with the nilpotcnt maps and the pairings. 

Let us construct a C°°-map / : — > V. In the following, U(Xq) denotes a 
small neighbourhood of Ao £ C\. Note we have the isomorphisms: 
(252) 

Grf (A V«)c S u (V V) mXo) , Grf (Ao) (Vo)^ S u (V )\u(x ) 

p(Ao,u)— a p(Ao,ti)— a 

If Ao is generic, we have the unique flat isomorphism fu(\ ) '■ vi X °^ (Vq 1 ^) — > 
vi X °\Vo) with the following property: 
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— Under the isomorphisms (252), the induced map 

Gr Q (/c/(Ao)J : Gr a (Vq ) ^ Gr a (Vb) 
is equal to the restriction of (J)p(A u)=a Gu- 
Even if Ao is not generic, we can take a holomorphic (not necessarily flat) isomorphism 
fu(\ ) ■ vi Xo) (y {1) ) — > Vi Xo) {V ) of the filtered bundles on U(X ) x {X,D) with the 
above property. If fjjtx ) * s an °ther isomorphism satisfying the above condition, we 
have 

(253) \tt-fulx )°fu^)\ h u= O (\ z \ e ) 

Let U(no) denote a neighbourhood of fi E C^. We take isomorphisms /;j( Mo ) : 
V^iV^) — > V^iVoo) of filtered flat bundles on U(po) x (Jft, £)t) with a similar 
property for each /io S C M . Let us look at the morphism: 

J := ^ 1) -5 o(/ c/(Ao) ®a*4 ((T(Ao)) ) : P^M)®^^* "^) — ► O xi , o) (*V^) 

Because of the conditions for fu{\ ) an d fur a r\ ))> we have \ J\ = 0(\z\ c ) for some 
e > with respect to the metric 

We take compact regions W\ C C\ and W 2 C C M such that (i) WiUW 2 = P 1 , 
(ii) any A £ W% n W 2 is generic. We can take a finite covering W\ C [_J C7(Ao)- By 
gluing /c/(Ao) in we obtain f Wl . Similarly, we obtain ffa. Note f Wl \w 1 nw 2 = 
fw 2 \w 1 nw 2 - B y g luin g thcm in C °°> wc obtain /. 

Let f Q := f\ ¥ i xQ . Let Vq := Vj P i X Q and V£> := Vj^g- Then, we have 

fq 1 °dv Q ° f Q -d v g) =0(\z(Q)\ e ) 

with respect to ftA 1 ) due to (253). Hence, (V, D A ) is a variation of pure twistor 
structure if Q is sufficiently close to O, due to Lemma 11.3.5. Because of the estimate 
of J above, there exists a constant C > such that the following holds for any 

ueV \{x\ Q ) andv ^ v SU Q y 

\SW(U, **v) - S(f Q (u) ® <7*/q(«)) I < C • \z{Q)Y ■ \u\ hW ■ \v\ hW 

Hence, S gives the polarization due to Lemma 11.3.6. Thus, the proof of Lemma 
11.8.6 is finished. □ 

Remark 11.8.7. — Lemma 11.8.6 can be generalized in the higher dimensional case. 
We omit the details here. □ 

Remark 11.8.8. — The converse of Lemma 11.8.6 was proved in [93]. Namely, 
if (V,O a,,s ) is a variation of polarized pure twistor structure of weight ; then 
(S u (V),J\f^ ,Su) is a polarized mixed twistor structure of weight for each u £ T. 

□ 
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In this chapter, we consider the T^jsf-modulcs 2; and the TvL-triplcs 1(E) associated to 
unramifiedly good wild harmonic bundles (E,dE,0,h). In particular, we study their 
specialization along any monomial functions. These results are mainly preliminary 
for Theorem 19.1.3. (We refer to [104] for details on 7^-modules and 7^-triples. We 
will give a review on 7£-modules, 7?.-triples and variants in Chapter 22.) 

In Section 12.1, we construct 7?.-modulcs 2; associated to unramifiedly good wild 
harmonic bundles (E,dE,0,h). It is a natural generalization of the construction in 
the tame case which was studied in [93]. 

We investigate the basic property of such 7?.-modules in Sections 12.2-12.4. It 
is our basic strategy to reduce the study to the tame case. Hence, we review in 
Section 12.2 our previous result on £ for the tame case [93]. Then, we study in 
Section 12.3 the 7?.-module associated to the tensor product of a tame harmonic 
bundle and a rank one wild harmonic bundle. Applying these preliminary result, 
we show the basic property of <£ in Section 12.4. In particular, we show in Section 
12.4.3 the strict S'-decomposability of <£ along any monomial functions. And, we 
show in Section 12 .4.4 the strict S'-decomposability of FGrJ l '' A ''^ SiM ((£) along any 
coordinate function. Sections 12.4.5-12.4.6 are preliminary for Section 12.7. We study 
the specialization and the reduction. 

In Section 12.5, we construct a Hermitian sesqui-linear pairing £ of £, and thus we 
obtain an ^-triple 1(E) = (<£,<£,£). 

In Section 12.6, we give a characterization of 1(E) in the case dimA = 1. This is 
one of the main differences between the tame case and the wild case. In the tame case, 
such a characterization is given in a much simpler way, because of the uniqueness of 
meromorphic prolongment with regular singularity. However, we do not have such a 
nice uniqueness in the irregular case. So we need a more consideration. 

In Section 12.7, we study the specialization of TvL-triplcs 1(E). By Proposition 
12.7.1, we give a comparison between the specializations of the original 7\L-triple 1(E) 
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and the reduced one. By using this proposition, we can conclude that the direct 
summands of P Gr^^ N ^ ip gjU C%(E)) generically come from unramifiedly good wild 
harmonic bundles. Then, by Proposition 12.7.3, we show that they come from un- 
ramifiedly good wild harmonic bundles. 



12.1. TvL-module associated to unramifiedly good wild harmonic bundle 

Let X := A", D { := { Zi = 0} and D := (J?=i A- Let (E,d E ,0,h) be an un- 
ramifiedly good wild harmonic bundle on X — D. We assume that the coordinate 
system is admissible for the good set Irr(6*). We use the notation X := C\ x X 
and T> := C\ x D. We obtained the family of meromorphic A-flat bundles (Q£,B) 
on (X,T)) in Section 11.1. We can naturally regard Q£ as a left TZ x -module. Let 
£/(Ao) be a sufficiently small neighbourhood of Ao- Let 8 = (1, . . . , 1) G R n . For any 
a G R n , let Q^S be the union of Q { b Xa) £ for b G R n such that b t < a* (i = 1, . . . , ra). 
It is equal to Q^_ e g£ for some e > 0, and hence it is a locally free Oj/n^wjf-lattice 
of Q( A «)£ := Cf| U( Ao)xx- 

In particular, wc have the lattice Q^^S. Let g( A °' denote the 7?.x-submodulc of 
q(a )£ generated by Q^S over 

€ (Ao) := Tlx ■ Q^S 

Lemma 12.1.1. — (£( A ») is a coherent IZx -module. 

Proof Since Q£ is a locally free Ox(*'D )-module, l£( Ao ) is a pseudo-coherent Ox~ 
modulc. Since (£( A °) is finitely generated over IZx, the claim of the lemma follows. 
See Proposition 22.1.4 below, for example. □ 

Let us take Ai G U{\i) C 17 (Ao). 

Lemma 12.1.2. — We have £|j7(ii)xX = ^' Al ' ) - ^ 5 a result, we obtain the global 
IZx -module <B on X . 

Proof Wc have Q^Wi)** C Hence, <sfy° ( i l)xX C <£ (Al) . Wc would 

like to show the reverse implication. The composite of the following morphisms are 
denoted by Tti for i = 1, . . . , n: 

n( A o)c- v n (A °)p s'r/ i(1 Vr) ,A »V ^ 

y 6 t >• <d s C|(7(Ao)xD i ► l ^r 1 [L) s t\ u{Xo )xDj 

Here 4 Gr^ 1 o) is taken with respect to the naturally induced filtration l f ( A °) of 
Qs Xo) £\u(x )xD t - Let £(l,Ao) := {u G /CMS(£ , i) | p(A , u) = l}. We have the 
generalized eigen decomposition with respect to the induced endomorphism Rcsj(0): 

4 Grr o, (Qi A ^£ |[/(Ao)xDi )= % 

ue/c(i,x ) 
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Here, ReSi(B) — e(A, it) is nilpotent on l E u . We put 

m n 

^n:=n^ rl ( l E«)n f) 7^(0). 

i=l u#(l,0) i=m+l 

We have /Co = Q<a^, and hence /Co C (£( A °). It is easy to see Q<^£ C ^^(a^xx- 
Hence, we have only to show K. m C We put fC m := K. nT rr~Tr> an d <£^ A °' := 

g(Ao) — ^ ^ nave on jy |- snow c g( A o). We use an induction on m. 

|C/(A )xO 

Let us show m — 1 => m. Since Q ^g £ is an unramifiedly good lattice, we have 
the irregular decomposition 

(254) Q™S := Q^£ ]u( ^~ x0 = Ggj^. 

aGlrr(e) 

Let Do denote the family of logarithmic A-connections of Q<s£ given as follows: 

D :=B- da-id Q (Ao)g. a 

aelrr(6) 

Note ReSi(Do) = Res,(B). Let v be a frame of Q^j £, which is compatible with 
the above irregular decomposition (254), the parabolic nitrations i F^°\ and the 
decomposition l K^ x °\ We also assume that the induced frame of m Gr F< ° (Qf£g*£) is 
compatible with the weight filtration of the nilpotent part Af m of the endomorphism on 
m Gr F ° (Q<g £) induced by Res m (B). (Note that the conjugacy classes of J\f m \i a, q) 
are independent of (A, Q) £ U(Xi) x D m . It can be reduced to the tame case, by using 
the map in Theorem 11.7.2, or the completion at (A, O). The tame case was argued in 
[93]. See Lemma 12.47 of [93], for example.) Let Uj be determined by Vj £ Q^g £ aj - 

Let I(vj) be the set of i such that Meg E ° (i>j) 7^ and l deg F< 0> (vj) = 0. For 
/ = m — l,m, we put 

i<l 

Then, v^ m ' is a frame of K m . We have only to show £ £( A °). If m ^ I(vj), 
we have Vj £ /C TO _i, and thus there is nothing to prove. Let us consider the case 
m £ I(Vj), i.e., Vj = z" 1 t;j m_1 ^ . Because D K. m -i C fCm-i ® f2 1,0 (log D), we have 
2iSi^ m " 1) -(2;i9ia j )^ m " 1) G £ m _i. Therefore, z ord K) ^ m_1) G <£ (Ao) . If the m-th 
component of ord(aj) is not 0, we are done. Let us consider the case in which the 
m-th component of ord(aj) is 0. We have the following: 

Since we have already known 2; ord ( a j) ^. m ~ 1 ' g g( A °) 7 we have (9 m Oj)5^ m_1 ^ G £^ A °'. 
We also have 9 m (^ m_1) ) £ & x °\ and thus B> (<9 m )^ m ~ 1) G eK A °). 
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Let [vj] denote the induced section of m Gr^' 0> (Q<g^£)- If Nm[vj\ = 0, we have 
the following: 

(» (cU£f ^ - c(X,u m (v 3 )) ^ 1 ^ m - 1) ) |zm=o e m F^\Q^% m=0 ) 

Hence, Oo(<9 m ) trf*" — e(A,it m («j)) z" 1 vj TO_1 ^ is contained in /C TO _i C (£^ A °\ and 
we obtain 

In general, we have the number p(vj ) determined by the following condition: 
(Rcs m (D) - t^u^)))^^- 1 ^ = 

(Res m (D) - t^umivj)))^- 1 ^- 1 ^ ± 

The induced section [Bo^)^™ -1 ) - e(A, u m { Vj )) 2" 1 v ( ^ 1] ] of m Grf ( " o) (Q { s Xo} £) 
is contained in the subbundle generated by [?)J m '] such that p(v q ) < p(vj), by our 
choice of the frame v. Then, we can show <G 2;( Ao ) by an induction on p{vj). 
Thus, the induction on m can proceed, and the proof of Lemma 12.1.2 is finished. 

□ 

Remark 12.1.3. — We have considered the IZ-module associated to the good wild 
harmonic bundle on X — D, where D = U" =1 {^i = 0}. Let us consider the case that a 
harmonic bundle (E' ,8e' ,6' , h') is given on X — D', where D' = Ui=i{ z i = 0}- We 
put (E,dE,Q,h) := (E',dE',9',h')\x-D- We have the IZ-module <£ on X associated 
to (E,d E ,0,h). 

We can construct an H-module (£' on X from (E' ,8e' ,0' ,h') in the same way. 
Namely, let 5 = (1,...,1) G Z and let \q G C\. We consider the TZ-submodule 
g'(Ao) j Q£' generated by Q ^g £' . By varying Xq and gluing them, we obtain 
the IZ-module 

Note that we have a natural isomorphism £' — > (£. Indeed, we have natural 
isomorphisms Q£ = Q£'(*V) and Q^£ = Q { ^£', and hence £< Ao ) = £ ,( - x °\ which 
induces the desired isomorphism. We will use it implicitly. □ 

12.2. Review of some results in the tame case 

12.2.1. Some nitrations of <£. — Let X := A™, A := {z l = 0} and D := U"=i A- 
We put n := {1, . . . , n}. Let (E, 8e,&, h) be a tame harmonic bundle on X — D. We 
have the associated 7?-x-module € on X. For Ao G C, let A?( A °) denote a small 
neighbourhood of {A } x X in X. Note that W^ Xo) ( a £) and D £ in [93] are equal 
to Q£±}g(£) and Q£ in this paper, respectively. Here S = (1, . . . , 1). We also have 
W^ o) (€) = 2-V^ ] ( D £) = Q^g\£). We will not distinguish them in the following 
argument. 
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Let / be any subset of n. Let qi denote the projection of R n to R 1 . We have the 
filtration { J V^ ( a £) | b G R 1 } of a £\ X (\ ), which is equal to the following in the 



notation of this paper: 



b'eR" 
qi(b')=b 



It is also equal to Q^ s £ (8 0(* v j) for any b' € R n such that gj(b') = b. We 
also have the filtration (Jv£ X °^<£ | b G R 1 ) of (E^a,,) given by 

'V^C) := <£nV 6 (Ao) ( D £). 

(See Section 15.2.4 and Corollary 15.63 of [93].) We recall the following lemma. 
Lemma 12.2.1. — Let I C n and J := n — I. Let b G ii< and c G H^e sei 



7 T (Ao) (c,b) := 



-ffere, d < c means "d < c and d ^ c". FKe pwi := maxjc^ — n < | n G Z>o} /or 
any i £ J , c 1 := (cj | i € J), and 

'f(*°)(c,&) :=Im(n3r C * : J Gr^ 0) 'V^^S) — > J Grf Ao> V„ (Ao) ( D £)). 

Then, the following holds: 

— The multiplication ofdi induces the surjection I T^°'(c — o";, b) — 5- / T^ A °^(c, b) 
*/ Cj > 0, where Si denotes the element of R 1 whose j-th element is (j ^ i) 
or 1 (j = i). 

— We have the natural isomorphism I T^ x °\c,b) ~ I T^ x °\c,b). 

Proof The first claim is clear from the construction. The second claim is Lemma 
15.46 of [93]. □ 

For a subset I C n, let TZxj denote the sheaf of subalgebras of IZx generated by 
Ox and dj (j G /). We remark the following lemmas, which implicitly appeared in 
[93]. 

Lemma 12.2.2. — Let I C n and b G -R<o- Let e be any sufficiently small positive 
number. Then, we have the following equality on X^°\- 

(255) Z V™ (<£) = Kx,n-i ■ («) 

Proof It is clear that the right hand side of (255) is contained in the left hand 
side. Hence, we have only to show that —Vf^{&) 1S contained in the right hand side 
of (255) for any c G R-' 1 , where we regard b + c G R 1 x R-~ ! = R n . 

Let c G R-~ ! , and let / be a section of — v£° (<£). Let us show that / is contained 
in the right hand side of (255). We put q(c) := G l\cj > 0}. We use an 
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induction on q(c). If q(c) = 0, there is nothing to prove. Assume q(c) > 0, and let 
Ci > 0. Due to Lemma 12.2.1, we have a section g € — V^°J_ S . ((B) such that 

c'<c 

We remark that the set of the parabolic weights is discrete. Hence, we can reduce the 
number q after finite steps. Thus, we obtain (255). □ 

Lemma 12.2.3. — Let I C n and b <G -R<o- Let i € n — I and c G R. Then, we 
have the following: 

(c',m)eU 

U := {(c',m) G fi <0 x Z> | c' + m < c}. 

Proof If c < 0, there is nothing to prove. Assume c > 0. We have only to show 
the following equality: 

(256) iy c (*o)/yK*o)(g) = *^ )j y,, (Ao) (C) + ^(V^'V^C 2 )) 

Clearly, the right hand side is contained in the left hand side. We put K := n— ({i}UJ). 
Let d 6 i?^, and let us show that — V^Jg . +d (<£) is contained in the right hand side. 
Let q(d) := #{j | dj > 0}. We use an induction on q(d). In the case q(d) = 0, 
i.e., d G -R<o, the claim easily follows from Lemma 12.2.1. Let / be a section of 
-Vb+ c l,+d(£)- Due t0 Lemma 12.2.1, there exists a section g of w£f c _ 1)s . +d (<t) 
such that the following holds: 

/ - B i9 = hx+Y, h *> h G v£ o)/ vf o) («): h d , G a ^ j+d ,(«S) 

d'<d 

Since the set of the parabolic weights is discrete, we can reduce the number q after 
finite steps. □ 

For any subset I C n :— {1, . . . , n}, we put Dj := f] ieI -Dj, and let X denote 
the conormal bundle of D] in X. 

Lemma 12.2.4- — * s holonomic, and the characteristic variety of <£ is contained 
mS:=\J IC JC x xN^X). 

Proof It is shown in Proposition 15.68 of [93] and its proof. We give an outline. 
For any a = (a,) G -R>o? we sc ^ \ a \ = S a «- for any non-negative integer m, we set 

F m (<£):= J2 - V <a\<£) 

| a | < m 

on ;f( A °). It can be shown that F m (lZx) ■ -Fo(€) = i 7 ' m (£) by using Lemma 12.2.1. 
It implies that © m G m ((£) is finitely generated over the Rees algebra m F m (1Zx )• 
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Hence, F(<£) is a coherent filtration of £. It is easy to see that the support of Gt f ((£) 
as an Oc A xT* x -module is contained in S. □ 

12.2.2. Push-forward i g f<£ and the F-filtration U^ Xa \ — Let g be any function 
of the form z p = Yljei ^ f° r Pi > (j G /). Let i g : X — > X x Ct denote the 
graph. It is very important to investigate the push- forward £ s |(£ on X x Ct- The 
support of is the graph of g, which is naturally isomorphic to X. And, i g ]& is 
identified with (i ff *(£)[(3 t ] on X x Cf (or simply denoted by *£[3t]), where i g \ (resp. 
ig*) denotes the push-forward of 7?.-modules (resp. sheaves). The action of TZxxc t is 
given by general formulas: 

a ■ (dl ® u) = 9? ® (a ■ it) (a G Ox) 

3, • (8| ® u) = Si' ® (3,u) - 3^' +1 ® (%) • u 
[ ' t ■ (pi ® u) = 3| ® (3 ■ u) - jAc^' -1 ® u 

g t (g? ®u) = 3| +1 ®it 

We will implicitly use the following formula for i G J: 

(258) (piS t t + 3,z;) (6^ 0u) = — • j • A3^ ® u + 3^' ® S l (z 4 u) 

Let 7r denote the projection X x Ct — > X. Let VoR-xxc t denote the sheaf of 
subalgebras of lZxxc t generated by ir*7Zx and 3 t i. Recall that we have the In- 
filtration [/ (Ao) of i gt € on X*- Xo > given as follows (Section 16.1 of [93]): 

C/ b (An) ( lgt €) := n*K x ■ (V 6 ( p Ao) (<S) ® l) (b < 0) 
ul Xo) {i gi £)= Yl 9?-^ o) (»"flt«) (6>0) 

c<0,n£Z> o 
c+n<6 

They are locally finitely generated Vo7£xxC t -modulcs, which immediately follows 
from Lemma 12.2.2. Since they are contained in a pseudo-coherent Oxxc t -module 
i g *QSpt], they are 7?.xxc t - c °herent. (See Proposition 22.7.2.) The following prop- 
erty can be checked by a direct calculation: 

- t ■ U [ b Xo) C for any b G R, and * ■ U^ o) = for b < 0. 

- 5tC/ b (Ao) C Uf$ for any b E R, and the induced morphisms 3 t : Gr b _ x — > 
Gr^ 0> are surjective for any b > 0. 

As in (16.3) of [93], we set 

(259) JCMS(i g ^) :={J{u€ RxC\ Pi -uelCMS(S ,i)} 

(260) /C(i 3t £,A ,6) := {u G K.MS{i g ^°) |p(A ,u) = 6} 

Here <£° means the specialization of £ at A = 0. The following lemma is proved in 
[93]. 
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Lemma 12.2.5. 

— The following endomorphism is nilpotent on Gr^ ( o) (i g j<£}: 

JJ (-3tt + e(A,u)) 

uG/C(i 8 t £,Ao,fc) 

fSee Corollary 16.13 o/[93].J 

tt(Aq)/ \ 

— M^e a/so obtain that Gr fc (*gt^v * s s ^ r * c ^ *- e -; ^ e multiplication of A — Ai is 
injective for any Ai. f5ee Proposition 16.47 o/ [93] .j □ 

More strongly, we have the following proposition. 

Proposition 12.2.6 (Proposition 16.49 of [93]). — For any Ao, « 9 f£ is strictly 
S -decomposable along t at Ao with the above V -filtration U^ x °\ (See Section 22.3 for 
the notion of strict S-decompos ability.) □ 

Remark 12.2.1. — When we would like to know some property of ipg,u{£), we have 
only to look at llf; Xo ' for b < 0. (See Section 22.3 for the functor ip g , u .) □ 

12.2.3. Filtrations l V [Xa) . — Let J V n x be as in Section 22.7.2. Let J '*Vb^xxc t 
denote the sheaf of subalgebras of lZxxc t generated by tt* ( J VolZx) and dtt. 

Let 6 < 0. As in Section 16.1.4 of [93], for any element c G i?< x R-^ 1 , we put 

n. V ^U^\i^) := K*(?Vo1lx) ■ (^>(<S) ® l). 
For any c <G U n , we put 

where 5 := {(n,a) eZ^ x (J?^ x R-^ 1 ) \ n + a < c} and 5" := II 3?- Note that 
they are -''Vb'ftxxCt-niodules, which can be checked by using (257) and (258). For 
1 < i < n and c € R, we put 

vi A «)c/ h (Ao) ( lfft e:) := ^ *-v^uj; Xo \i gt £), 

c6K" 

g»(c)=c 

where g, denotes the projection of R n onto the z-th component. It is easy to check that 
they are finitely generated over %,t VR-xxCt > an d pseudo-coherent C^ x c t -modules, 
and hence coherent l ' t VlZxxc t ~ m °d'u\cs, as remarked in Proposition 22.7.2 below. 
Thus, we obtain the filtration on J7 b (Af,) (i gt <£) for b < by coherent '^VTZxxCt- 

modules. 

We have the induced filtrations on Gr^ ° (i g f£) which are also denoted by l V^ x °\ 
Since the filtrations *T/( A °) are preserved by the action of — drf, they are compatible 
with the decomposition Gr^ ° (i g f£) = © P (a u )=b V't.u (*st^)- Hence, the filtrations 
of ijjt,u{ig^) on A"( A °) arc induced, which are also denoted by l V t - :Xo \ Note that 
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l \a i()t tU (ig^) are coherent l VoTZx[^tt]-modvles. Since — d t t + e(X,u) is nilpotent 
on l vi A °Vt,«(*gt^)' tne y are a ^ so coherent 'Vo^x-modules. 

Let N denote the nilpotent part of the action of — Btt on ipt >u (i g j(£.), and let 
W(N) denote the weight filtration. We obtain the induced filtration l y( A °) of 
Grjf (A ° i> t ,u(igi€) by coherent %ft x -modules n X^ x °\ 

Proposition 12.2.8. - 

- The filtrations (i = 1, . . . , n) are compatible with the primitive decompo- 
sition of Gr^ ^ ^pt,u{ig^£) (Lemma 17.37 of [93]). 

— The primitive part PGrJ^ V't,«(*st^) * s strictly S -decomposable along Zi = 
wi£/i £/ie filtration l T/( A °) /or any i f Corollary 17.45 and Corollary 17.55 o/ [93] 

□ 

We give another description of the filtration on [/ fc (Ao) (i fft <£) (6 < 0). Let 

:= I U {i} and if 2 := n — K\. Let (5j denote the element of R n such that (i) 
the j-th component is 1, (ii) the other component is 0. For any subset J C n, let 
s J = Ejej s j- 

Lemma 12.2.9. — Let b < 0. Let c < in the case i £ I, or c < in the case i I. 
We have the following for a sufficiently small e > 0: 

(261) w'fVoKx) ■ ( a v£i 4 _ rfjta ((£) ® 1) = V c ^)[/ h (Ao) ( lfft £) 

Proof Let us consider the case i £ 7. Let Ci e i?< = i?<Q. We have the 
following: 

(262) J2 ,± V^lK°\h^)= E «*(-VoK x )-^v£ll +bp (<£)®l) 

c 2 €R K2 c 2 £R K2 
= 7T* (BV Kx) ■ ( Kl ® l) = 7T* ■ ^X,K 2 ) • («) ® l) 

Here, we have used Lemma 12.2.2. Even in the case i $ I, we have the formally same 
equality as (262) for c\ £ i?< x R <0 C R Kl . Then, it is easy to derive (261). □ 

Lemma 12.2.10. — Let b < 0. In the case c > and i £ I, we have the following 
description: 

(263) V c ^)t/ fc (Ao) (z 9t (£)= £ grCK ( ' Ao) ^ Ao) (* 9 t<S)) 

(c',m)eU 

U = {(c', m) € R< Q x Z> I c' + m < c) 
In the case c > and i ^ I , we have the following description: 

(264) Vi A °)t/ h (Ao) ( Jgt (£)= 2 grCK (Ao) C/ b (Ao) (z gt £)) 

W = {(c', m) £ R <0 x Z> I c! + m < c] 
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Proof The case i £ I is easy by the construction of 'V^ ' on U^ ' (i g -f&). Let us 
consider the case i (/L I. For C2 € i?^ 2 , we have the following: 

(265) E- F Sc 2 ^ (Ao) (M«) = E" y o^ ' (-KSc 2+6p («) ® 1) 

(c'.m)eU 

{c',m)eU 

Here, we have used Lemma 12.2.3, and we omit to denote it* . By using the description 
in Lemma 12.2.9, we obtain (264). □ 



12.3. The case in which Irr(6*) consists of only one element 

12.3.1. The splitting of the associated fax-module into the tensor product. 

— Let X, D, and (E,d B ,0,h) be as in Section 12.2.1. Let m e Z'<i - {0}. We 
put s(m) := {j 1 77i j < 0}. Let a be a meromorphic function of the form FJ z ■ 1 ■ a! 
where o' is holomorphic and nowhere vanishing. Note ord(o) = m. Let L(a) be 
the unramifiedly good wild harmonic bundle on X — D, which consists of the line 
bundle Ox-d with the Higgs field da and the trivial hermitian metric. We have the 
unramifiedly good wild harmonic bundle (£", dE>,6', h!) := (E, <9 B , 9, h) ® L(a). The 
associated coherent fa x -module is denoted by 

Let £(a) be the coherent fax-module Ox (* Ilies(m) Zi ) ' e w ^ n ®J e = i^j a ) ' e > 
which is the 'fax-module associated to the unramifiedly good wild harmonic bundle 
L(a). We obtain the fax-module £®o x £( a )- 

Lemma 12.3.1. - 

- On X( x °\ £® £(a) is generated by ^V^"\e) <g) e over ir*K X - 

— We have the natural isomorphism £' ~ € <E> £(<*)■ 

Proof Since we have the natural isomorphisms QE' ~ Q£ (E> £(a) and Q<$ ~ 
— V^°\<£) (8 e, the second claim follows from the first claim and the definition of (£'. 
Let us consider the morphism 

$ : 7r*fa x g> (^o o) (£) (g) e) — -> 2 ® £(0) 

induced by the inclusion —VQ°\(£.) (8 e C £ <8> £(0) and the fax-action. Let F m (lZx) 
denote the submodulc of fax which consists of the differential operators of at most 
order m. On X^ x °\ we define 

F m (<£) := Im(F m (K x )®^ 0) (5 — > <£). 

Since |J m F m (l£) = (£ on A"( A °) by construction of (£, we have only to show F m ((£) £S 
£(a) C Im$ for any m. Let us consider the following claims: 
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(a m ) : F m («)®eC Im$. 
(b m ) : F m ((£)®£(a)clm$. 

The claim (ao) clearly holds. Let us show (a m ) =>■ (6,„). We have only to show 
z Nm (F m (<E) (8 e) C Im($) for any iV, which we show by an induction on N, In the 
case A" = 0, the claim directly follows from (a m ). Assume we have already obtained 
z Nm (F m (€) ® e) C Im($). Take i G s(m). Let / G F m (£). We have the following: 

Im($) 9 ^(z"*" • / ® e) = ^(z^™ ■ /) ® e + (z^™ • /) ® (z^a) • e 

Because Zidi(z Nm ■ f) G F m (<£), we have z^Si (z Nm • /) <E> e G Im($) . Hence, we obtain 
/ m / <8 (z 4 a 4 a) • e G Im($), which implies ® e G Im($). Therefore, we 

obtain (6 m ). 

Let us show (6 TO _i) =>■ (a m ). For / G F m (&), we have Sj(/ <8 e) = 3j/ <8 e + 
{diO)f <8 e. By the assumption, 5\(/ <8 e) and (c^a)/ (8 e are contained in Im($). 
Hence, 3j/ ® e is also contained in Im($). Then, (a m ) follows. Thus, the proof of 
Lemma 12.3.1 is finished. □ 

For any subset I C n := {1, . . . , n}, we put Dj := Di, and let X denote 
the conormal bundle of Dj in X . 

Corollary 12.3.2. — (£' is holonomic. The characteristic variety of (£' is contained 
mS:=\J IC JC x xN* D X). 

Proof We use the notation in the proof of Lemma 12.2 A. We set F m (C(a)) := 
F m {H x ) ■ e. Let F m (<£ <g> £(a)) be the image of the following naturally defined map: 

F p (C)®F g (£(a)) — > <£<8£(a) 

Let us show that F m (l>; <8 £(<*)) is finitely generated. Let % denote the image of 

Fi (Tlx) ■ F m _i (<S <8 £(a)) — ► F m (g <8 £(a)) 

We have only to show H = F m ((£ (8 /3(a)). A section / of F m (£ <8 £(a)) has an 
expression J2 p+q<rn a p ®b q , where a p G F P (<B) and 6 9 G F g (£(a)). There exist sections 
b' m G F m _i(£(a)) and u G F\(TZx) such that u • b' m = b m . Then, / is equivalent to 
E g <m-2 8 p ® b q + (oi ® 6 m -i + (vao) ® 6^) modulo By an easy descending- 
induction, it is shown that / is equivalent to a section of F m (<&) (8 Fo(£(— a)) modulo 
H. 

Take i G s(m). Any section of F m (€) (8 i<b(£(— a)) has an expression 

a TO ® (z _Tn • z^a • e). 

It is equivalent to —Zidia m (8 (z _m e) + a m <E) (miZ~ m e) modulo "H. Hence, we have 
only to show z~ m ■ F TO ((£) (8 e is contained in %. It can be shown by using Lemma 
12.2.1 as in the proof of Lemma 12.2.2. 
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Therefore, F m gives a coherent filtration of (£ ® £(o), due to Proposition 22.1.2. 
It is easy to check that the support of Gr F ((£ ® £(a)) as an Oc A xT*A-module is 
contained in iS. □ 

12.3.2. Strictly S-decomposability of the associated TvLx-niodules along a 
monomial function. — Let 1 < I < n. We put I := {1, ...,/}. Let g = z p for 

some p G ^>o- We have the natural isomorphism i g \(f£ ® £(fl)) — « 9 f2; ® 7r*£(a), 
where f : X x Ct — ► X be the natural projection. Take Ao G C\. Let us consider 
the following for any b G R on A"^ ) x Ct- 

(266) t/ fc (Ao) (z fft (<£® £(o))) := U^ o) (*„ t C) <g> 7r*£(a) 
Note that we have the isomorphisms: 

(267) Grf Ao) (z 9t (<£ ® £(a))) ~ Grf Ao) (i gt <£) ® £(a) 

Proposition 12.3.3. 

— i g j (l£(g)£(a)) is strictly S -decomposable alongt atanyXo, andU^ x °^ (i g f(£®£(ci)) 
is i/ie V -filtration. As a result, € ® £(a) is strictly S -decomposable along g. 

— We have natural isomorphisms: 

iJt,u(i g i(£®£(a))) ~^t )U (« fft e) ®£(a) 

Under the isomorphisms, the nilpotent parts N of —dtt are the same. In par- 
ticular, we have natural isomorphisms for the primitive parts: 

PGr^W^ t , u (i flt (<S®£(a))) ~ PGr™^ t , u (i fft (E) ® £(a) 

Proof The second claim follows from the first claim and the isomorphism (267). 
By construction of the filtration, we have the following: 

(268) t ■ U ( a Xo) (i gf (£®£(a))) = t ■ U ( a Xo) (i flt g) ® 7r*£(a) C 

®^£(a) = C/^ 1 ) (z 5t ( l £®£(a))) 

(269) 3t ■ U^(i g ^(£® £(a))) = 3 t • t/^ ' (i gt g) ® 7r*£(a) C 

Moreover, we have t • l^ Ao) = E/^ (a < 0) and o= t : Grf A °' ~ Gi"+f (a > -1). 

From Lemma 12.2.5 and the isomorphism (267), we obtain that the following en- 
domorphism is nilpotent on Gr^ ( 0> (i ff f<£ ® £(a)): 

J] (-9 t t + e(A, U )) 

uexr(i st e,Ao,6) 

We also obtain that Gr^ ( 0> (i g ^<E<gi £(o)) is strict. 
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Let us prepare to show that E/ b (i g ^<£ (8> £(a)) are Vo7?.xxC t -coherent. We have 
only to consider the case b < 0. We have the natural inclusion —V^p_ eS (<B) ® 1 C 
E/j (igffi). It induces the inclusion 

(^p-U^) ® 1) ® e C L/ 6 (Ao) (i fft C ® £(a)). 
Then, the Vo7?-xxCt" ac ti on induces the following morphism: 

$6 : V TZ XxCt ® (^V£ \_ L (€) ® 1 ® e) — > [/f o) (i flt C <g> £(a)) 
Lemma 12.3.4- — * s surjective. 

Proof For J = (ji,...,j n ), we put 9 J = n"=i S f and l J l = Y,k- Let 
^(Vb^A-xCt) be as follows: 

F m (V n XxCt ) := { aj(z,t,Q t t)-d J } 

\J\<m 

The inclusion n V^ e g n _ i (<£) (8 1 C [/ fc (Ao) (i gt £) and the 7£xxC t -action induce the 
following map: 

F m (v&fcxxc t ) ® (^l^O*) ® 1) c/f G> (i 9t e) 

The image is denoted by F m U^ Xo ' (« fl t<£)- 

Lemma 12.3.5. - 

- We have 3 4 • F m [/( A «' (i st <S) C F m+l U^\i^£). 

- We have d iZi ■ F m U^\i g ^) C F m U^°\i g ^). 

Proof The first claim is clear. For / G -V^"^ (<£), we have 

Si* ■ P(z,t,d t t)d J (f®l) - P( Zl t,d t t)d J • 9iZi(/ ® 1) G F m [/ b (Ao) (i 9t <£) 

We also have Sj.^/® 1) = (S^/) ® 1 — p$tt(f ® l)i where ft := if i ^ Z. Thus the 
second claim of Lemma 12.3.5 follows. □ 

Let us return to the proof of Lemma 12.3.4. According to Lemma 12.2.2, we have 
the following: 

L v£°\<S)®lc\jF m ul; Xo) (i g i<*) 

77 1 

Since U^ X °\i g ^) is generated by -V^ ((B) ® 1 over 1Zx, we obtain 

\jF m uj; X °\i gt <Z) = ul > X °\i g ^). 

in 

Therefore, to show the surjectivity of we have only to show F m U^ X °^ (i g -\<£) ® 
7r*£(o) C Im($f,) for any m. 

Let us consider the following claims: 

(P rn ) : F m U^°\i g ^) ® e C Im($ b ). 
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(Q m ) : F m f/ 6 (Ao) (i st «) ® C(a) C Im($ b ). 
The claim (Po) is clear. (Note the action of St on C(a) is trivial.) Let us show 
(Pm) =>■ {Qm)- We show z Nm ■ F m Ul X °\igj&) <g) e c Im($ 6 ) by an induction on 
N. The case AT = is (P m ). Let us show N =S> AT + 1. Take i G s(m). Let 
/ G F m [/ 6 (Ao) (i fft <£). We have the following: 

Im($ h ) 3 Zi3i(z Nm f®e) = Nm t z Nm f®e + z Nm {z$if) ®e + z Nm f ® {zAa) e 

We have z Nm ■ f ® e G Im($ 6 ). By Lemma 12.3.5, we have z^f G F m uf?°\i g j&), 
and hence z Nm (z l d i f) ® e G Im(<3> fc ). Wc obtain z Nm f (g> (z^a) ■ e G Im(<f> b ), which 
implies 

z <w)m /«ee Im($t). 

Thus, we obtain (Q m ). 

Let us show (Q m ) =*> (P m+ i). Let / G F m U^ o) (i g ^). We have 3<(/ ® e) = 
® e + / <8> 9;e. By the assumption, we have 9,(/ ® e) G Im($ b ) and / ® 3,e G 
Im(<f> b ), and thus <£> e G Im($ b ). Then, the claim (P m+1 ) follows. Thus, the 

induction can proceed, and the proof of Lemma 12.3.4 is finished. □ 

Let us check that uj; ® ^( a )) i s Vb7^xxc t - co h eren t- We have the inclusion 

U^ o) (i gf e®L{a)) C i flt (Qf) ®Tr*C{a). 

Hence, it is easy to check that Ud (i s f2:®£(a)) is a pseudo-coherent Oxxc t -module. 
According to Lemma 12.3.4, ui X °^ U g ^ (£ ® £(a)) is finitely generated over VqT^xxCV 
Thus, the desired coherence follows from Proposition 22.7.2. □ 

Remark 12.3.6. — Let M. be an unramifiedly good meromorphic flat bundle with a 
unique irregular value. By applying the above argument, we obtain that the V -filtration 
of Ai along g is described as (266). □ 

12.3.3. Decomposition by the support. — Let n = {1, . . . , n}. For each J C n, 
we put Dj := |") . £ 7 Dj and Dj := £>,/ \ \J i( ^j(Dj n £>.;). Recall the decomposition in 
Proposition 17.56 in [93]: 

JCn 

Here, M. p , u .j arc the 7?-x-modulcs which come from tame harmonic bundles 
(E p ,u,j, dp,u,J>6 P ,u, J> h PlUt j) on The strict supports of M p , u ,j are X>j := C\XDj. 
According to Proposition 12.3.3, we obtain the following decomposition: 

(270) PGrJf W ^„(i gt l£®/;(a)) = M p , u , j ® £(o) 

JCn-/ 
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We use the notation in Section 12.2.3. For any b < and c G R, we consider the 
l '*F 7^xxC t -module: 

Vi Ao ^ h (Ao) (z fft ((£®/;(a))) := Vi A °)C/ fc (Ao) (z fft (£) ® n* £(a) 

We would like to show that M. pu j ® £(a) are strictly S'-decomposable along at 
Ao with the induced filtration l V^ x °\ 

Lemma 12.3.7. — The induced subsheaves l Vc X °^ of Gr^ ( 0> (i 9 f<£ ® £(a)) are 
1 VqTZx -coherent. 

Proof Let K := n — (I U {£}). Let 6 < 0. Let c < in the case i < I, or c < in 
the case I < i < n. We have the following naturally defined morphism: 

* : "VoKxxC* ® ( a <+L i -e5 K ( , £) ® 1 ® e) — ► Vj A °)C/ 6 (Ao) (i st g ® 7r*£(a)) 

Lemma 12.3.8. — The map $ is surjective. 

Proof Since the argument is similar to that in the proof of Lemma 12.3.4, we 
give only an outline. Let Fm^VoR-xxCt denote the intersection of F m Vo7Zxxc t and 
l ' t VolZxxc t - For b and c as above, we have the following naturally defined map: 

The image is denoted by F m l V c (Ao) f7 b (Ao) (i 9t £). As in Lemma 12.3.5, the following 
holds: 

- For j £ i, we have ^FjV^U^ (i flt C) C F m+1 ^ c (Ao) f/ fc (Ao) ( ist €). 

- For any j, we have a^F^V^ET^i^C) C ^ m l y c (Ao) [/ & (Ao) ( lfft £). 

By the description in Lemma 12.2.9, l V c iXo) U^ Xo) (i g1 €) is [j F m { l V^ Xo) U ( b Xo) {i g ^)) . 
Hence, we have only to show F m (V c (Ao) [/ fc (Ao) (i fft (£)) <g)£(a) C Im($) for any m, which 
can be shown using an inductive argument as in the proof of Lemma 12.3.4. Thus, 
we obtain Lemma 12.3.8. □ 

Lemma 12.3.9. — Ifies(m), l V^ Xo) U { b Xo) (i gf € <g> £(o)) = U { b Xo \i gf £ ® £(o)). 

Proof If a < 0, we have z, • l I4 (Ao) £/ h (Ao) (i fft €) = ^^^(i^g). Hence, they 
are the same after tensoring £(o). □ 

Lemma 12.3.10. — In the case (c > andi <l), we have the following description: 

(271) Vj A ^ fc (Ao) (z st <£®£(a)) = £ V^V^U™ (i gi <£ ® £(a))), 

(c',m)£U 

W = {(c', m) G fi< x Z> | c' + m < c) 
In the case (c > and I < i < n), we have the following description: 

(272) Vi A °)^ Ao) (z gt <£®£(a))= £ 9™ (Vj A °^ Ao) (i 5t <* ® £(a))), 

(c',m)SW 
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U = {(c', m) e R <0 x Z> | c' + m < c] 

Proof By Lemma 12.3.9, we have only to consider the case i ^ s(m). In the case 
(c > and i < /), or (c > and I < i), we obtain the following equality from Lemma 
12.2.10: 

% (Ao) ^ Ao) (M<£) ® C(a) = ^(X^M^iig^) ® £(o)) + V^ o) t/ 6 (Ao) ( i9t €) ® £(a) 
Then, we obtain (271) and (272) by an easy induction. □ 

Let us return to the proof of Lemma 12.3.7. According to Lemma 12.3.8 and 
Lemma 12.3.10, the induced subsheaves l Vc of Gr^ ° (i g j (£ ® C(a)) arc finitely 
generated over 1 VqTZx- It is easy to check the pseudo- coherence of , y(*o) as Ox- 
modules. Hence, they are 1 VqR-x- coherent by Proposition 22.7.2. Thus, the proof of 
Lemma 12.3.7 is finished. □ 

As a consequence, the induced subsheaves % V C of 

$ t , u {i gt £®C{a)) and Gr w{N) ^ u (i gi €®£(a)) 

are also 'VoT^x-coherent modules. Then, the following claim immediately follows 
from Proposition 12.2.8 and Proposition 12.3.3. 

Proposition 12.3.11. — 

— The filiations (i = 1, . . . , n) are compatible with the primitive decompo- 
sition ofG^ {N) ^tAig^® A"*))- 

— For each i, the primitive part PGr^'^' ipt,u(ig}& ® £{ a )) * s strictly S- 
decomposable along Zi = at any Ao with the induced filtration l V^ x °\ 

— In particular, -M PjU .,/®>C(a) are strictly S- decomposable along zi at any Ao with 
the induced filtration l V r ( A °). □ 



12.4. Specialization of the associated Tv^-module 

12.4.1. Completion of (£ along 2?„. — We use the setting in Section 12.1. Let 
T>n denote the completion of X along 2?„. Let l : P„ — > X denote the canonical 
morphism. Recall that we have the irregular decomposition: 

(273) l*Q^£= Q^£ a , l*Q { ^ ] £= Q^£ a . 

oGlrr(S) aelrr(6() 

It is easy to see that i*(£( A °) is generated by b*Q^£ in i*Q( A °)£ over TZg^. Hence, 

we have the decomposition t*€' A °- ) = (J) a (£„ corresponding to (273), where the 
TZq -submodule € a C Q^°^£ a is generated by Q^g^£ a on U(Xq) x D n . By varying 
Ao and gluing them, we obtain 

(274) t *€ = 0£.. 
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For each a £ Irr(#), we have the wild harmonic bundle (E a ,d a ,9 a ,h a ) such that 
lrr(0„) = {o}, which is obtained from (E,dE,0,h) as the full reduction (Theorem 
11.2.2). 

Lemma 12. 4-1- — We have the natural isomorphism (2 a ~ i*(£ a - 

Proof By construction, we have the natural isomorphisms Q£ a ~ L*Q£ a . The 
KMS-structure at Ao is unique, if it exists, which can be shown by using an argument 
similar to that in the proof of Lemma 2.8.3. Hence, we have the equality of the 
filtered bundles Ql £ a = i*Q* £ a for each Ao under the above isomorphism. Then 
the claim of the lemma is clear by construction in Section 12.1. □ 

12.4.2. Holonomicity. — For any subset J C n := {1, . . . ,n}, we put Dj := 
Die/ and let Np X denote the conormal bundle of Dj in X. Let S denote the 
union CxxU^N^X. 

Proposition 12.4-2. — The characteristic variety of £ is contained in S. In par- 
ticular, € is holonomic. 

Proof For J = ( ji , . . . , j„) £ Z| , we put 9 J = flUi °f and |J| = Let 

F m K x = {E|./|< m «J ' S J }- We put F m (€) := F m U x ■ Q ( ^\S) around {A } X X. 
Thus, we obtain the coherent filtration of £ around {Ao} x X. 

Let Gt f (<£) denote the associated 0c A xT*x-module. Let us show that the support 
of Gt f ((£) is contained in S, when we shrink X. We have the coherent nitrations of 
{F m (<£ a ) | m = 1, 2, . . .} of & a constructed in the same way. Then, we have L*F m (<£) ~ 
©t*i 7 ' m (£ ) under the isomorphism (274) and Lemma 12.4.1. Let y denote C\ x 
(T*X Xx {O}). Let Ch(€) and Ch(€ a ) denote the characteristic varieties of £ and 
<S a . Because l*Gt f (€) ~ ©t*Gr F (£ ), we obtain that the completion of C/i(<£) 
along y is the union of the completions of Ch(€ a ) along y. Hence, the above claim 
follows from Corollary 12.3.2. □ 

12.4.3. Strict S'-decomposability along any monomial function. — Let us 

consider a monomial function g = z p for some p £ Z" . 

Proposition 12.4-3. — (£ is strictly S -decomposable along g. We have natural iso- 
morphisms: 

(275) t> fli „(e)~ t> s ,„(<Sa) 

aelrr(e) 

It is compatible with the nilpotent part N of —dtt. 

Proof We put s(p) := {i\pi ^ 0}. For any b < 0, we define 

(276) U { b Xa} ^£) := V K XxCt ■ M^_ s{ JQ£) ® l). 
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For any b > 0, we define 

(277) £/ b (Ao) (z gt <£):= £ S^ Ao) fet<£)- 

c<0,mEZ> o 
c+m<b 

They are Vo7Z.xxc t -coherent modules. By construction, they satisfy the following 
conditions: 

~ UaeH ^» (*fft = <£. For any b e ii, there exists e > such that 
C/ b (Ao) fet«) = ^° e ) (i g te). 

- * • u!i Xo) (i gt £) C ^(iflfC) for any a e and t • C/i Ao) (i st £) = ^(itfC) 
for any a < 0. 

— 3t : Ua (igt <£) C fa+°i (iflt^) fo f an y a € i?, and the induced morphisms 
9t : Gr^ ( 0> (i ff |(£) — »• Gr^ +1 ° (£ fl f(S) are surjective for any a > —1. 

The induced morphism 2?„ x Ct — > X X Ct is also denoted by t. Let us look at 
i* (igt<£) and the induced filtration l*U^ x °' (i g ^<B). We have the decomposition: 

(278) t *(* fft (S) = 0, st € o , ft ^^ w (G£) = 0^-k_ 5(p) (2£a) 

a 

We have £/ b (Ao) (i gt £ a ) defined as in (276) and (277) for <£„ instead of g. Then, we 
have the decomposition for any 6 corresponding to (278): 

aSIrr(0) 

We have natural isomorphisms: 

g ~ ^ b ( p A ^_ s(p) (Q£ a ) c ^< A ^_ s(p) (Qf a ) 

Note the surjectivity of $b in Lemma 12.3.4. Hence, we have the natural isomorphism: 

u^\i gi Z a )-L*u^(i g ^ a ) 

Therefore, we have the following equality of the filtrations under the isomorphism 

i*i g f<B ~ 0aelrr(9) l>*hi&a- 

(279) L*ul X ° ) (i gi <Z)= t *[/ b (Ao) ( J3t <S a ) 

oSIrr(e) 

Recall that <B a is strictly S'-decomposable along g at any Ao with the ^-filtration 
U^ x °\i g ^a) (Proposition 12.3.3). Hence, we can conclude that € is strictly S- 
dccomposablc along g at Ao with the ^-filtration L/( A °)((£), due to Proposition 22.5.8 
below. We obtain the isomorphism (275) from (279). □ 

We have the tame harmonic bundles (E' a ,d a ,9' a ,h' a ) such that (E a ,d a ,6 a ,h a ) ~ 
(E' a , d a ,6' a , h' a ) ® L(a). The associated 7\!.-modules are denoted by €' a . 
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Corollary 12. 4-4- — We have isomorphisms: 

(280) C Grf W ^,„(<S) ~ C Grf W ^ U (K) ® £(<0 

a 

(281) t^Grf™' ~ t'PGrf^ ^ S)U (0 ® £(o) 

a 

Proof It follows from Proposition 12.4.3. □ 

Recall the notion of *4-good wild harmonic bundle in Definition 7.1.3. 

Corollary 12.4-5. — If(E,dE,0,h) is an unramifiedly A-good wild harmonic bun- 
dle, then we have the vanishing P Gr^ w ' ip gtU (<£) = unless u e Rx A. 

Proof Under the assumption, (E' a , d a , 6' a , h' a ) are .A-tame harmonic bundles. 
Hence, we obtain the vanishing of l* P Gr^^ ipu (itf&' a ) = unless u g A by 
the argument given in Section 19.5 of [93]. Although we considered only the case 
A = \/—\R in [93], the other cases can be shown with the same argument. □ 

12.4.4. Strict S-decomposability of P Gif {N) i> g>u {&) along a coordinate 

function. — Let b < 0. We use the notation in Section 12.3.3. For 1 < i < n, we 
put K := n — (s(p) U {«}). In the case (c < and i g s(p)) or (c < and i s(p)), 
we define 

Vj^ Ao) (i 5t <£) := Tm^VoKxxC, ® M^_ cSk (Q£) ® l) U^^)). 
(See Section 12.2.3 for ht VoTZx xC t -) In the case (c > and i £ s(p)), we put 

*K (Ao) t/ b (Ao W) := E 3r-Vi Ao) f/ b (Ao) (i 9t e), 

(c',m)e« 

U := {(c',m) g i?< x Z> | c' + m< c}. 
In the case (c > and i g" s(p)), we set 

Vi A °)c/ 6 (Ao) (i fft e):= E bt-'v^u^^), 

(c'.m)eU 

U := {(c', m) g i?< x Z> | c' + m < c}. 
Thus, we obtain a filtration i y( A ") of [/ fc (Ao) (i st <£) for each b < 0. (Note that we have 
only to consider the case b < to investigate the property of tp t ,u{ig^)-) The induced 
nitrations of Gr^' o) (i g j<t), tp t>u (i g j&) and Gr v ^^ jv ^t ! „(i g |£) are also denoted by 
iy(Ao), They are ^o^jf -coherent. 

Proposition 12.4-6. — 

- T/ie filiations l V<- x °*> (i = l,... , n) are compatible with the primitive decompo- 
sition o/Gr^W^ u ( ifft <£). 
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— For each i, the primitive part P Gr? r ^ ■0t,«(« £ ,t^) * s strictly S -decomposable 
along z% = at any Ao with the filtration l V^°\ 

Proof We also have the induced filtration T (Ao) of Gr^ (A ° ^ 9l „(£ a ). Under the 
isomorphism (280), we have the equality of the filtrations l V^ x °\ by construction and 
Lemma 12.3.8. Then, the claim of Proposition 12.4.6 follows from Proposition 12.3.11 
and Proposition 22.5.8 below. □ 

12.4.5. Comparison of the specializations. — According to Proposition 12.4.6, 
we have the decomposition: 

(282) P Gxf W ^ g u (£) = Mu , p ,i 

i 

Here, the support of M. u , P ,i is an d the support of any non- trivial coherent 
7?.-submodule of M u _ p j is not contained in T> j (J D /). Since M u , P ,i ar e strictly 
^-decomposable along any z i: it is the push- forward of the 1Z d z -module M' u j. Let 
1° := n — I and zjc := IX/g/c z j- The localization M' up j ® O(*zjo) is a family of 
meromorphic A-flat bundles. 

We take an auxiliary sequence m(0), . . . , m(L) for Irr(£>). By shrinking X, we 
obtain harmonic bundles (£r (i) ,9r (i) .C (i) ,C (i) ) onl-i) for a £ E?(0,m(i)) 
as the reductions in the level m(i), which induce T^x-niodules (5™^ . We have the 
decomposition: 

PGrf W =®^,/(C (i) ) 

i 

Lemma 12-4-7. — Let k be determined by m(0) € Z< x 0„_fc. // Dj C -D(< A;), 
we have the natural isomorphism: 

(283) * : M u , PiJ (P m(0) ) ~ A4 U , P>J 

Proof We may assume that C <7 _1 (0). Let : Dj — > X be the natural 
morphism. We have the following natural isomorphisms: 

(284) 

$PG% W ~ PGr^W ^,„( t J«£) ^ PGrf W ^, u ( 4 jC (0) ) 

aeIrr(0,m(O)) 

~ PGrfW ^, U (^C (0) ) - ^PGrf W ^ U (C (0) ) 

Since the support of A^ UlPl i and M. u . p .i(E™^) are contained in I?/, we obtain the 
desired isomorphism. □ 

Corollary 12-4-8. — We have natural isomorphisms : M. u , P ,n — ■M-u, P ,n{E^ 1 ) 
for i = 0,1,..., L. □ 
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12.4.6. C°°-lift of a section. — This subsection is a preparation for Propositions 
12.7.1 and 12.7.3. Let Ao be generic with respect to 

n 

\J{v e Rx C\m q -v e KMS(V£°,i)}. 

i=l 

Let K, be a small neighbourhood of Ao in C\. 

We take an auxiliary sequence m(0), . . . , m(L) for In (9). Let / be a section of 
M u ,p,i{E™ ) onKxI. We would like to consider a C°°-lift of / to M u , P j- Let k 
be determined by m(0) G Z^ x n -k- For simplicity, we consider the case in which 
m(i) <G Z< x O ra _fc. We may assume b ;= p(Ao,w) < 0. We will shrink X and JC 
without mention. 

We have a section / G ^ (vt-^a ) on K, x X with the following property: 

— The induced section /M of Gr^ ( 0> is contained in W p (N^ g>u (<&^ 1 ^). 

And, the induced section /' 2 ' of Gt^^ i> g ,u(&a ) is equal to / which is 

contained in PGrJ W ^ ff , u (<C W ). 
Recall g = z p for some p G Z™ . We set If := {l < i < n | = 0}. By the definition 
of the filtration U^ x °\ we have the expression of / as a finite sum 

where d A = UU $ for B = (6i, . . . , &„), P B G C[i9 t ], and a B G w£°} cSk (QC W ) 
for some e > 0. 

Let 5 be a small multi-sector in /C x (A" — D(< k)). Since Ao is assumed to be 
generic, we have a D-flat splitting of the Stokes filtration in the level m(i): 

^_\ Sk {Q£)- s = *v£ll SK (Q£) bS , Q£ rs = Q£ b . s 

belrr(e,m(j)) &elrr(0,m(i)) 

They induce a decomposition of the TvL-module £|g = ©G;^ 1 '', and each 0:™^ is 
naturally isomorphic to (<£™^)\ S . Let as, 5 G a V^} e g K (Q£) a s be the lift of as- We 
have the lift fs of the restriction /|g to ig^™^ on S X Ct'. 

If we are given another D-flat splitting 

aelrr(e,m(i)) 

we obtain another lift: 

The following lemma is obvious by construction, which is stated for the reference in 
the subsequent argument. 
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Lemma 12.4-9. — We take a frame w of —V^} e g K {Q£), and let h\ be the 

hermitian metric for which w is orthonormal. Then, we have as,s — a' B s = 

0(exp(— Tyl^" 1 *- 1 ) |) ) for some i] > with respect to h±. □ 



Shrinking X and JC appropriately, we take a finite covering JC x (X — D) = (J Si by 
small multi-sectors. We take a partition of unity {xt} subordinated to the covering 
{Si} such that Xi depend only on arg(zj) (j = 1, . . . , k). For each Si, we take a lift 
fSi as above. Let "(giC 00 " denote the operation to take the tensor products with the 
sheaf of C°°-functions. (Note that it is faithfully flat, according to [80].) Then, we 
obtain the following section: 



7c°° =J2xi-fs i e (i g ^®C c 



1 \Kx(X-D{<k))xCt 



Lemma 12. 4- 10. — /c°° gives a section of [/ fc (Ao) (i s f£) <8 C°° on JC x X x C t . 
Proof We have the following: 

Xi ■f Si =Y, P B-Xi- 3 B (a B ,S, ® 1) = J2 P B ■ E ® L ( C B,L, Si ® 1) 
B B L 

Here, CB,L,Si are the product of gib,^ and -Rb,l(Xi)j where -Rb^l € IZx are indepen- 
dent of Si- By using ^ %j = 1 and Lemma 12.4.9, we obtain that J2i c A,L,Si is a 
C°°-section of -V^ a) Si< (Q). Then, the claim of the lemma follows. □ 

Because of Lemma 12.4.10, we obtain an induced section JqL of Gr^ ( 0> (ig^)®C°° 
on K x I. 

Lemma 12-4.11. — 

— /^i zs contained in W p (N)ipg tU (<8) <E> C°°. Hence, it induces a section ofJ^L 
of GrfW^,„(<S) . 

— /p 2 i is contained in P Gr^( N ^ ipg,u{£) <8 C°°. Moreover, it is contained in 
M u , p ,i®C°° for the decomposition PGr^W ^((g)® C°° = ,M„, P , j ® C°° . 

~ (fc° c )\icxD(<k) * s eoua l t° f\KxD!<k) unc ^ er ^ e isomorphism 

(M u , P j®C°°) lKxBi < k) ~ (-M u , P ,/(i?r W )^^) |Kx5( < fc) . 

belrr(6, m(i)) 

~f 2} 

— /n particular, if Dj C -D(< fc). we /lave f c L = *&(/)• f-See Lemma 12.4.7 /or 

Proof Let us show the first claim. Let v ^ u, and let /^i denote the ip giV ((£) (g> 
C°°-component of /^i for the decomposition Gr^ ( 0> (i 9 |£) (X) C°°. Assume that it 
is not 0. Then, there is an integer I such that /^i u is contained in Wi(N)ip giV ((£) ® 
C°° but not in W 7 i_i(iV)^ s ^(g) ® C°°. Let [f£lj denote the induced section of 
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Gr, (N> i> g , v {<t) <g> C°°. According to Proposition 12.4.6, we have the following de- 
composition as in (282): 

.7 

Let \JqL v ] = J2lfc°° v\j denote the corresponding decomposition. To show the first 
claim, we have only to show [JqL v ]j = for any J. If Dj C D(< k), we can 
calculate [f^L v ],j after taking the completion along D{< k). Hence, it is easy to 
check [fj^L v ]j = in this case. 

Let us consider the case Dj <£ D{< k). Let f s denote the section of 
Grj^ ° (igt<E|s) induced by fg. By our choice of fs, the restriction of fjp to 
SO (JC x (A — D(< fc))) is contained in W p -i(N)il> gtU (<E)\s ■ Hence, the restriction of 
f£l to K x (X - D(< k)) is contained in W p - 1 (N)i> gtU (£) ® C°°. As a result, the 
restriction of [f^i j to JC x (X - D(< k)) is 0. 

We have the inclusion Mj — > Mj := Mj <E> 0(*D(< k)). It induces the inclusion 
Mj®C°° — > M®C°°. Recall that Mj is the push-forward of a family of meromorphic 
A- flat bundles on Vj to X . Since the restriction of [f£l J j G Mj <g> C°° to /C x (X - 

fc)) is 0> we can conclude that [f(jL v ]j is 0. 
The second and third claims can be shown by the same argument. The fourth 
claim follows from the third one. □ 

12.5. Construction of the /^-triple (<£, g, <£) 

12.5.1. Statement. — We continue to use the setting in Section 12.1. Let a : 
C\ — > C* x be given by cr(A) = -A~\ We set S := {X G C | |A| = l}. Recall that 
we have the naturally induced Hcrmitian scsqui-lincar pairing 

(285) C : £ lSx{ x-D) ® °-*£|Sx(x-o) — ► C°°(S x (X - D)) 

given by C(/i ® a* fa) := h(f\, <J* fz)- We show the following proposition in Sections 
12.5.2-12.5.5. 

Proposition 12.5.1. — We have a unique sesqui-linear pairing 

£ : <S|SxX ® cr*<S|Sxx — ► Sbsxx/s, 

whose restriction to S x (A — D) is egitaZ to C. 

.As a result, we obtain an TZx -triple %{E) := ((£, €, (£) associated to the unramifiedly 
good wild harmonic bundle (E,dE,0,h). 

12.5.2. The induced pairing of V^S and a*V^g Xo) £. — Let A G S. Note 
cr(Ao) = — A 1 = — Ao- Let U(Xq) be a sufficiently small neighbourhood of Ao- Let 
J(A ) := U(Xo) n S. We put U(-X ) := <r(U(X )) and J(-A ) := <r(/(Ao)). 
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Lemma 12.5.2. — The restriction of (285) to J(A ) X (X — D) is extended to the 
following pairing: 

(286) V^ ] £\ I{Xo)xX ® ^T/ o) £|/(-Ao)xX — ► 

n 

|F g C°°(l(A ) x (X - £>)) |F| = o(j[ \zi\-' 2+ ^ for some e > o} 

i=l 

Proof We use the notation in Section 9.1.1. As a preparation, we show that 
<?irr(— X + Ao)^ o gi TI (— A + Ao) _1 is bounded with respect to h on J(Ao) X (X — D), if 
C/(Ao) is sufficiently small. We put 

5irrO):=exp Y A "'4 =II exp ( Y -7r™ Wt 

\aGlrr(0) / i=0 beEr(0,m(t)) 

We have the boundedness of 

3irr(-A + A ) f o ,C(-A + Ao)- 1 = exp(^ 27=1 Im( (A - A )o) • tt+ 



with respect to h. By the argument in the proof of Lemma 7.6.8, we can show the 
boundedness of <?[ rr (— A+Ao)og ilT ( — A + Ao) -1 with respect to h if |A — Ao| is sufficiently 
small. Thus, we obtain the boundedness of gi ir (— A+Ao)To<j irr (— A+Ao) -1 with respect 
to h. 

Then, we obtain the following estimate for fx e V<g £\i(\ )xx an d fi € 

-r>( — ^o) c 

1 <S t |/(-A )xX- 

(287) \C(fx,a*f 2 )\ = \h{fx(X,z),f 2 (-X,z))\ 

= \h( 9ilI (X - A )/i(-A, z), <? irr (-A + A ) t / 2 (-A, *)) | 

< |/l|p(Ao) h -|/2| T ,(-Ao) /i -|.9irr(-A + Ao) t O i gr irl .(-A + Ao) _1 | /l < C\ fx |-pP>o) fc - 1 /2 |-p(-Xo) ft 

Thus, we obtain Lemma 12.5.2. □ 

12.5.3. Some estimates. — Recall that the coordinate system is assumed to be 
admissible for Irr((9). We take an auxiliary sequence m(0), . . . ,m(L) for Irr(#). Let 
k be determined by m(0) € Z< x 0„_fc. Let Di denote the restriction of D to the 
Zi-direction. Let S be a small multi-sector in U(Xq) x (X — £>(< fc)). Note cr(S) gives 
a small multi-sector in U(— Ao) x (AT — D(< fc)). We take ©i-flat splittings of the full 
Stokes nitrations by the procedure in Section 3.7.5: 

OGlrr(e) aGlrr(e) 

Let v a be frames of Gi^iV^^S) . We have the natural lift v a ,s of v a ^ to P^g'£ a ,s- 
Similarly, let w a be frames of Gr^('P^ Ao ''£ ) , and let u? a ,s denote the lift to 

' <(5 <--a,S- 
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Lemma 12.5.3. - Let S I[Xa ) ■= S H (l(A ) x X). 

— We Ziawe f/ie vanishing h(v a ,s,p, o~* (u>b,s,q)) = unless a — b >s 0. 

— In the case a — b >s 0, we have the following estimate on Si for some positive 
constants C , N and e: 



h{v a>s , P , <J*w b , s , q ) ex P (-(A- 1 + A )(a - b)) = o(\ Zl \- N ■ JJ 



J 

— In the case a = b, we have h{y aj s rP ,a*w at s,q) = o(Y[™ =1 |^|" 2+c ^ for some 
e > 0. 

Proof For fixed a, b G lrr(0), we put C P;9 := h(v a ,s, P ,o-*w bt s,q) , and then we 
obtain the matrix valued function C = (C Pi9 ). 

Lemma 12.5.4- — We have the estimate \C\ = o(j]™ =1 \zj\~ 2+e ^j for some e > 
on J(Ao) x S". In particular, the third claim of Lemma 12.5.3 holds. 

Proof Let v and w be frames of V^ s a '£ \u(x )xx and V< s £\u(-\ )xx, respec- 
tively. Let vs and ws be the frames of V<^£ig and 'P^s^ ^\<r(s) gi ven by v a> s and 
w 0i s (a G lrr(0)). Let Si and B2 be determined by i>s = v ■ B\ and tw^ = w ■ B 2 . 
Then, andS^ 1 (i = 1,2) are bounded. Let C be the matrix valued function whose 
(p,q)-entry is given by h(y p ,a*Wq). By Lemma 12.5.2, \C'\ = OMIj=i l z il _2+e )- 
Then, the claim of Lemma 12.5.4 follows. □ 

Let us return to the proof of Lemma 12.5.3. Let A a be the matrix-valued holomor- 
phic function determined by the following: 

(288) Of v a = v a • ((A" 1 + A ) • d ± a ■ dzi + A a ■ dzi/zj) 

Similarly, let B b be the matrix-valued holomorphic function determined by the fol- 
lowing: 

(289) H{w b = w b ■ ((X- 1 - A ) • dib ■ dz% + B b ■ dzi/zi) 

Put n := \z\\. From (288) and (289), we obtain the following relation on Si(\ y. 
dC 



ri— = (JA + X Q )z 1 d 1 a - (A" 1 + A )z 1 5ibj • C + f A a ■ C + C a* B b 

Then, the first and second claims of Lemma 12.5.3 follows from Lemma 12.5.4 and 
Lemma 20.3.2 below. □ 

Corollary 12.5.5. — The pairing of T% £ ]s ) and a* T° (S) (V^g Xo) £ \ a (s)) wO 
unless a — b >s 0. □ 
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12.5.4. The induced pairing of Q^£ and a*Q { <s X " ] £. — 

Lemma 12.5.6. — The pairing C of £\i(\ )x(x-d) an d a * ' £\i(-\ )x{X-d) * s ex- 
tended to the following: 

(290) Q^ ) f| / (A )xA®a*Q^ At)) f| J( _ Ao)xX — ► 

n 

|F g C°°(I(A ) x (X - £>)) |F| = 0(j[ |2;r 2+e ) for some e > o} 

i=i 

Proof Let 5, tvs and to a ,s be as in Section 12.5.3. We put 

v a ,s ■= v a . s ■ cxp(-A a), w atS := uv.s ■ exp(A a). 

They give frames vs and Ws of Q<g £|s and £|cr(,S)) respectively. If ?7(Ao) is 

sufficiently small, we have the following estimate for some e > on >Si(a ), according 
to Corollary 12.5.3: 

n 

h(v s , p ,a*w s , q ) = ofUlzj]- 2 ^ 



o 

Let v and w be frames of Q<g £\u(\ )xx an d 2<6 A °^|c/(-a )xXi respectively. Let 
B\ and i?2 be determined by v$ — v ■ B\ and wg = w ■ B^. Then, as remarked in 
Lemma 4.5.8, B\ and B^ 1 are bounded on 5j(a )- We have a similar estimate for 
£>2- Hence, we obtain h(v p ,a*w q ) = 0(J\™ =1 \zj\~ 2+e ) for some e > on Sj^ )- By 
varying S, we obtain Lemma 12.5.6. □ 

12.5.5. Construction of <£. — We can regard (290) as the pairing 

£ : Q { <?£\T(X )XX ® ^Q^ A0) f|/(-A„)xA- — > Sb/(Ao)xX//(A )- 

We would like to extend it to the lZ\sxx 65 cr*7£|s x x-homomorphism 

£:€[^®a*£[- x A ^S)b SxX/s . 
The argument is essentially the same as that in Section 18.1 of [93]. 

Lemma 12.5.7. — Assume A G -f(Ao) is generic. IfYliLi-F* ' u ' = * n 2^ A / or 
€ Q^ X g^£ x and Pi G 72. x (* = 1, • • • , m), then we have Y^Li Pi ' C(wii = m 

Db x /or any u G Q^/ o) £- A . 

Similarly, if Qi ■ Ui ~ Q in Q£~ x for U{ G Q<a A ° £ -A Qi G 72-x (i = 

1, . . . , m), then we have YliLi a * (Qi) • C(v,o*Ui) =0 in Tib x for any v G Q<g £ x . 

Proof Let v be a frame of Q^ Ao) £ A . We have £ PiC(ui,o-*Vj) = on X - D. 
We set 2 JV<5 := nj=i ^j^- There exists a large number TV such that 

-C( Ui ,a* (z NS v j )) = 

for any j. Hence, there exists a large N such that we have Pi ■ C(ui, a*v) = for 
any v G Q [ ^ s £ x . 
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Since we have assumed A is generic, any v G 2<5 £ x have the expression v = 
<3' 7 • Vj, where vj G Q < L^ C s^ X - Then, the claim of the lemma can be shown easily. 

□ 

Lemma 12.5.8. — If YhLi p * ' u i = in £|i(A )xx f or "« S Q^> £|z(a )xX and 
Pi € Ux (i = 1, ...,m), tften we /icwe ' C*(m 4 ,ct*v) = m £>br(A )xX/j(A ) 

for any v G Q< 5 o) £ |j(_a )xX- 

Similarly, if YnLi Qi ' u » = £|i(-Ao)xX / or u i € Q</ o) £ |i(-A )xX a7 ^ Q» € 
(i = 1, ...,m), iften we Ziaue cr* • C(v, cr*Wi) = m 2>br(Ao)xX/.r(Ao) / or 

any u G 2< 6 o) f|/(A )xx- 

Proof It follows from Lemma 12.5.7 and the continuity. □ 

Let us finish the proof of Proposition 12.5.1. Let v and w be frames of 
Q<5 £ \U{\ )xX and Q ( ~g a) £ \u(-x )xX, respectively. For any / € £\i(\ ) x x and 
g G £|i(-A )xx, we have the expressions / = Pj • Uj and g = J2Qj ■ Wj for 
some PjjQj G 7£x- We put €(f,a*g) := ^Pi- cr*Qj ■ €{vi,a*Wj). We can check 
the well-defincdncss by using Lemma 12.5.8. It is easy to check the morphism is 
TZx ® <7*7£x-lincar. Thus, we obtain a sesqui-linear pairing 

(291) £ : £|j(A )xX ® er*<£|J(-A )xX > ®&/(A )x A//(A ) 

whose restriction to -T(Ao) X (X — D) is equal to C . 

Let £' be another such 7^x®^*^x-homomorphism. Then, we have £' = £ because 
of the strict 5-decomposability of £ along the function n"=i Zi (Proposition 12.4.3). 
See [104], [93] or Proposition 22.10.7 below. 

Hence, by varying Ao and gluing (291), we obtain the global scsqui- linear pairing 

£ : <S|sxx ® cr*£| Sx x — ► £>b S xx/s 

with the desired property. Again, the uniqueness follows from the strict S- 
decomposability of £ along the function n"=i z *- Thus, we obtain Proposition 
12.5.1. □ 

12.6. A characterization of the prolongment in the one dimensional case 

12.6.1. Statement. — We give a remark on the uniqueness of 7?.-triples extending 
a variation of polarized pure twistor structure in the one dimensional case. 

Let X := A and D := {O}. Let T = {M,M, C) be a strictly specializable 1Z(*z)- 
triple on X such that S = (id, id) : T — > T* is a Hermitian sesqui-linear duality of 
weight 0. Recall that the underlying family of meromorphic A-flat bundles M. has the 
KMS-structure at each Ao G C due to a lemma of Sabbah [106]. (It is reviewed in 
Lemma 12.6.7.) For simplicity, we assume that it is unramified. Let X denote the set 
of irregular values. 
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To simplify the claim, we assume that the restriction of T to X \ D comes from 
a harmonic bundle (E,dE,9,h). By the assumption, we obtain that {E,dE,6,h) is 
unramificdly good wild. According to Proposition 12.5.1, we have the 7£(*z)-triplc 
r Z(E)(*z) := (Q£, Q£, associated to (E,dE,9,h). We would like to compare 

%(E)(*z] and T. 

Theorem 12.6.1. — Assume that (P GrY ipz.u,a{T), S atU j) are polarized pure 
twistor structure of weight I for any o£l, u £ R x C and £ £ 1>q. Then, we have 
a natural isomorphism T(-E)(*z) ~ T ■ 

Remark 12.6.2. — Conversely, if T — c Z(E)(*z) , (P Gt^ ^p z , u ,a(T), S ajU j) are po- 
larized pure twistor structure of weight I for any a £ T, u £ R X C and i £ Z>o- <See 
Corollary 12.7.2. □ 

Remark 12.6.3. — According to a result by Sabbah in [106], we do not have to 
assume that (T ,S)\x\d comes from a harmonic bundle. Namely, if (T ,S)\x\d comes 
from a variation of twistor structure with a pairing of weight 0, and if the assumption 
of the theorem is satisfied, the variation of twistor structure comes from a harmonic 
bundle. (It also follows from our argument below.) □ 

12.6.2. Reduction of 7?.(*z)-triples. — Let T = (M, M, C) be an ^x(*^)-triple 
on X such that S = (id, id) gives a Hermitian sesqui-linear duality of weight 0. We 
set X := C\ x X and T> := C\ x D. Assume the following: 

— Ai is an unramifiedly good meromorphic prolongment of M\x\v m the sense 
of Definition 6.2.1. The set of irregular values is denoted by T. 

— (T, S) \x\d comes from a variation of twistor structure with a pairing of weight 0. 
Namely, M.\x\t> comes from a family of A-flat bundles, and C is the restriction 
of a A-holomorphic scsqui-lincar pairing. 

For any a € I, we have the full reduction M a ■= Gr^(M) on the product of C\ 
and a neighbourhood X' of D. For simplicity of description, we replace X with X' . 

12.6.2.1. Let A G S. Let denote a small neighbourhood of {A } x X in X. We 

use the symbol 2?( A °) in a similar meaning. Let S be a small sector in A" ( A °) \ 2?( A °). 
Then, a(S) is a small sector in X^"^ \ V^ Xo) . Note that a < s b if and only if 
o ^cr(S) & for any j and any o£l. By Lemma 12.6.10 below, we obtain an induced 
Hermitian sesqui-linear pairing 

Co,o : M° a \ Sx ( X \D) ® V*M° a \ Sx ( X \D) ► ®b S x(X\D)/S- 

In particular, we obtain an 7?.-triple Gr (T)° := (M° a ,M.° al Co >0 ) on A \ D for o e 1, 
which is equipped with a Hermitian sesqui-linear duality Gr a (5)° := (id, id). We will 
prove the following lemma in Subsection 12.6.2.4. 
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Lemma 12.6.4- — Co, a * s naturally extended to a Hermitian sesqui-linear pairing: 
C a ■ M a \ S xX ® v*M a \s x x — > ®t> SxX/s (*z) 

In particular, we obtain an 1Z(* z) -triple Gr a (T) := (-M a , -M a , C a ) on X for a£l 
with a Hermitian sesqui-linear duality Gr a (S) = (id, id). 

12.6.2.2. We assume that M. is strictly specializablc and unramified. (See a remark 
in Subsection 12.6.1.) Since we have the natural isomorphism Ai^ ~ (B a(E x-^a|©> 
the induced 7?.-triples Gr„(T) are also strictly specializable along z = 0. Moreover, 
we have natural isomorphisms 

(292) A, a .u{M)^ii z , a AGr a M) 
We will prove the following lemma in Subsection 12.6.2.5. 

Lemma 12.6.5. — Under (292), we have ip z ,a.uC = ip z .a,uC a . Namely, we have a 
natural isomorphism ip z , a ,uT — ip z ,a,u(Gr a (T)) for any a € I. 

12.6.2.3. Let VW V denote the dual of M. as a family of meromorphic A-flat bundles. 
Let T(T°,iS>°) be the variation of twistor structure with the pairing of weight 0, 
obtained as the gluing of M.\x\t> an d c* 'M-Yx\v ^ ^he isomorphism induced by C. 

Lemma 12.6.6. — The Stokes structures of M and a*M v are the same in the 
sense of Definition 6.2.2. Namely, (M,a*M v ) is an unramifiedly good meromorphic 
prolongment of T (7~° ,S°). 

Proof Due to the existence of C and Lemma 12.6.10 below, the Stokes nitrations 
of M. and a* M. are mutually dual on S x X(D). Hence their Stokes nitrations of M. 
and a*Ai v are the same on S x X(D). Then, it is easy to observe that they are the 
same on C* x x X(D). □ 

We have a variation of twistor structure with an induced symmetric pairing 
Gr (T(T°,S o )) on P 1 x (X \ D) as explained in Section 6.2. By construction, it 
is naturally isomorphic to T(Gr (T°, 5°)) , and (M a , a*M„) gives a meromorphic 
prolongment of Gr a (T(T°, <S°)) . Note that M a are a-regular. 

12.6.2.4- Proof of Lemma 12.6.4- — Let Ao € S. Let / be a section of M. a \ X (\ )i 
and g be a section of M. a \x(-*o)- We shall show that Co, a (f, cr*g) gives a section of 
£bsxx/s(*z) on I(A ) x X, where J(A ) := U(X ) n S. 

Let E( x °} be a good lattice of A4\ X (* ). We may assume that / is a section of 
Gr a (£ (Ao )). Let us take a covering X^l = \J? =1 Si by small sectors on which 

we have flat splittings E^ o) = ae:r E { ^\ of the full Stokes filtration T s ' of E^ o) . 

We have the natural isomorphism E^g] ~ Gr a (i?(* ))f^.. Hence, we obtain a lift of 
frg. to E^gK By gluing them in C°° as in Section 3.6.8.2, we obtain a C°°-section 
/of E^ x °\ which is called a C°°-lift of / to E<- x °\ Similarly, we take a good lattice 
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E(~ x o) of M\ X (-\ ) such that g is a section of Gr a (i?(~ Ao) ), and we take a C°°-lift g 

of 3 to £(- A °). 

Let £^ and E ( ~* a) denote the sheaf of C°°-sections of E^ and £^ Ao ), respec- 
tively. The pairing C : E^ <g> er*i?(~ Ao ) — ► S&sxx/st*^ can naturally be extended 
to C : £^ ® (t*Eq^ — ► Db Sx x/s(*2;)- Hence, we have the section C{f,a*g) of 
Sf'sxx/st* 2 )- Because C(f,a*g) = C a (f,a*g) by construction of / and <?, we are 
done. □ 

12.6.2.5. Proof of Lemma 12.6.5. — By considering tensor product with C{— a), we 
may reduce the problem to the case a = 0. We obtain the isomorphism of the under- 
lying 7?.-modules tp z , u (M.) — ipz,u(Mo) from the isomorphism M^-q ~ © a6 T ^ a \3- 
Let us compare the specializations of sesqui-linear pairings C and Co- Let Ao € S. 
Let [/i] be a section of ■tfz,u(M )^ Xo) . Let [f 2 ] be a section of ^, u (A^o)| X , ( -a )- We 
would like to show $ z , u C(\fi], ct*[/ 2 ]) = ^,«Co([/i], a*[/ 2 ]). 

We take /i £ ^p^ujCMoiar^o)) which is a lift of [/i] in the sense that fx 
induces the element [/i] e ip z ,u(-Mo) C Gr^ < Ao ° ) u )(.Mo)- We also take / 2 € 
^p^Ao «)(-^o|A'<- A o)) which is a lift of [f 2 ]. Let x be a test function on X which 
is constantly 1 around 0. Wc put luq := \/— 1 dz dz/2-K. By definition, we have the 
following: 

(^,uC ([h},a*[f 2 ]),p)= Res (C (f 1 ,a*f 2 ), \z\ 2s x (z) puo) 

We take a lattice £ (Ao) of Mi^Oo) such that (i) f x is a section of Gr^ (E^), (ii) 
£( A °) is contained in V^°Km ]x ^ ). We take a C*°°-lift /i of f x to £< A °) as in the 
proof of Lemma 12.6.4. Similarly, we take a lattice £K _A °) of M\ X (-\ ) such that (i) 
f 2 is a section of Grjf (£(- A °)), (ii) £(" A «) is contained in vd~^ )U) (>t|*<-Ao))- Wc 
take a C°°-lift / 2 of / 2 to Ej~ x °\ Then, wc have C (fi,a*f 2 ) = C(f 1 ,a*f 2 ). 

Wc have the section [/i] of - 02,m(-^)|'d< a o) induced by [fi] and the isomor- 
phism ip z ,u{M) — ipz,u(Mo)- Similarly, [/ 2 ] naturally induces a section [/ 2 ] of 
V'z,ti(-^)|'D(- A o) ■ Let us show the following equality: 

(293) Res (C(/i, <r*/ 2 ), \z\ 2s xP"o) = (^,«C([/i],<7*[/ 2 ]), p) 

s+e(A,-u) 

Wc can take a lift /{ of [fx] to ^( A °) such that f{-fx = 0(\z\ N ) forjomc sufficiently 
large N. Similarly, wc can take a lift f 2 of [J 2 ] to £(~ A «) such that f 2 -f 2 = 0(\z\ N ) 
for some sufficiently large N. Then, it can be shown that both sides of (293) are equal 
to the following: 

Res (CifLa'fA, \z\ 2s XP oj ) 

s-\-z(\,u) 

Thus, we obtain ifc ZyU C = ip z ,uCo- D 
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12.6.3. Proof of Theorem 12.6.1. — Let us return to the setting in Subsection 
12.6.1. According to Lemma 12.6.5, PG^Y ip z ,a,u(T a ) and P&Y ipz,a,u(T) arc 
naturally isomorphic, compatible with the naturally induced Hermitian sesqui-linear 
dualities. Hence, we obtain that T(Gr a (T°, 5°)) = Gr (T(T°, 5°)) arc variations of 
polarized pure twistor structure from the assumption in the theorem, according to 
a result by Sabbah [104], (It also follows from Lemma 11.8.6 and Corollary 22.12.5 
below.) Then, the claim of Theorem 12.6.1 follows from Theorem 11.2.2. □ 

12.6.4. Strictly specializable holonomic 7^(*z)-module on a disc (Ap- 
pendix). — We recall a lemma due to Sabbah. It relates strict specializability 
of an IZx -module with KMS-structure of the corresponding family of meromorphic 
A-flat bundles. Let X := A and D := {0}. Let K, be a neighbourhood of Ao G C\. 
We put X := K x X and V := IC x D. 

Let M. be a strict coherent holonomic 7?.x(*z)-modulc on x whose characteristic 
variety is contained in JC x (N^X U N'^X), where N^X denotes the 0-section and 
NpX denotes the conormal bundle of D in X. Then, M. gives a family of meromorphic 
A-flat bundles. Moreover, we assume that it is strictly specializable along z with 
ramification and exponential twist. (See [104] or Sections 22.4.1-22.4.3 below.) We 
would like to show the following lemma. Although it was already shown by Sabbah 
in [106], we would like to give a partially different proof based on the arguments in 
[84], [103] and [106], just for our understanding. 

Lemma 12.6.7. — M. has the KMS-structure at Xq, i.e., we have the locally free 
Ox-submodules vi Xo) (M) C M (a E R) such that (i) {J a T { a X " } M = M, (ii) 
vi Xa) M = (vi Xo) M | a G R) is a good family of filtered X-flat bundles with the 
KMS-structure at A . 

Proof For any Ai, let M. Xl denote the restriction A^/(A— Ai)AL For simplicity, 
we assume that Ai x ° is unramificd. (The general case can be reduced to this case 
easily.) We have the irregular decomposition M X ~ — (B a ez-^a° w ith the good set 
of irregular values IcM (X, D) /H(X). 

Lemma 12.6.8. - 

— A4 X is also unramificd for each X. 

— The set of the irregular values of A4 X is given by I. 

— Let M-^q = ©aez^a ^ e the irregular decomposition. Then, rank(A / J„) = 



Proof We give only an outline. See [106] for more details. The following equality 
can be shown: 



J? 
rank(Ai^ ) 






ueRxC/Zx{0} 
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Then, the claim of the lemma follows. □ 
Let us return to the proof of Lemma 12.6.7. We put 

V& o) (M) := (M ® £(-a)) ® £(a), 7><*°>(.M) := f| V^M). 

We shall show vi X °\Ai) is a good lattice of M.. Using the arguments in [84] and 
[103], we can show the following general result: 

— If we shrink JC appropriately, we have a ramified covering (j> e : Kl x X' — > JCxX 
given by <j) e {\,z) = (Ao + (A — \ ) e ,z e ) such that the restriction of (j)* e M. to 
JC'* x X' has an unramifiedly good lattice, where JC'* := JC' \ {Ao}. 

We have already known that each Ai x has a good lattice, and the set of the irregular 
values is T. Hence, it can be shown that we do not have to take a ramified covering, 
i.e., M\/c*xx nas an unramifiedly good lattice, where JC* := IC\ {Ao}. Then, it is 
easy to see that vi X "\M.)\ic*xx is a good lattice of M.\tcxx- 

Take small numbers < e\ < e 2 such that /Co := {A | c\ < |A — Aq | < £2} 
is contained in K.. We can take a locally free Ox-submodule £ C M. such that 
\ic xx ^ £-\k xx- Because of the O^-local freeness of C, we obtain 
vi Xo) (M) C C by using Hartogs theorem. Because vi Xo) (M) is the limit of Ox- 
coherent submodules of vi X °\M), we can conclude that V^ \M) is Ox-coherent. 

Let V { a o) {MY v denote the Ox-submodule of M generated by T (Xo) {M). It is 
Ox-locaUy free, and V (Xo) (M)^_ {{Xo 0)} = V (Xo) \M)\ x . {{Xo ,o)}- We have already 
known that Va X ° (M. ) [^X x x 1S a g°°d lattice. Then, by using the non-degeneration 
of the irregular values and a well established argument in [77] , it is easy to obtain 
that V { a X " ] (M) vv is a good lattice of M. Once we know that M. has good lattices, 
it is easy to show V {Xq \M)^ = T {Xa) (M). By construction, the family V {Xa \M) 
of good filtered A-fiat bundles has the KMS-structure at Ao- Thus, we obtain Lemma 
12.6.7. □ 

12.6.5. Preliminary for sesqui-linear pairing (Appendix). — 

12.6.5.1. Preliminary for the compatibility with Stokes structure. — Let S be a small 
sector {re v/ ~ Te | 9\ < 9 < 9 2 , < r < r } in A*. Let 0, b S C^z -1 ] such that 
Rc(a+ b) > on S. 

Lemma 12.6.9. — There does not exist a distribution F on A such that F\ s = 
exp(a + b + alogz + /31ogz) . 

Proof Let e > be a sufficiently small positive number. Let 9' 1 ,9' 2 be 9\ < 9[ < 
9' 2 < 6*2- Let 5 C C°°(A) be the subspace generated by the functions of the following 
form: 

cx p(-^) 'Pi )' ^aQ( z > J ) 
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Here, (i) p(9) is a C°°-function whose support is contained in [6^,# 2 ], (ii) Q is a 
polynomial, (iii) A £ R. The space $ is preserved by d z and 3^. 

For n £ Z<o, let denote the space of distributions which are contained in 
the dual of the Sobolev space L 2 _ n on A. Let F be a distribution on A such that 
F\ S = exp(a + b + a log z + f3 log z) . We have some n £ Z<o such that F £ L^. For 
any 5 £ 5, we have g ■ F £ L 2 n . We have the following: 

' *V' = ' F !A* + 9 ■ (d,F)\ A . = 8g ■ F {A . + (g ■ (d z a + a ■ z" 1 )) • F {A . 

Note that d z g and g ■ d z a are contained in By a similar calculation, there exist 
a £ "5 such that dd(g ■ F)^ A _ t = a ■ F\ A , on A*. Hence, there exist large integer N 
and (3 £ $ such that dd(z N ■ g ■ F) = j3 ■ F on A. Using an inductive argument, we 
can show that there exist large number N(i) and (3^ e ' £ $ for each £ £ Z >0 such that 
(Bd) e (z N ^g- F) = -F £l? n . Then, wc obtain z N Wg ■ F is locally L 2 n+2i . Hence, 
if I is sufficiently large, z N ^g ■ F has to be locally L 2 . But, we can directly show that 
z N ■ g ■ F is not L 2 for any N if g ^ 0. Thus, we have arrived at the contradiction. 

□ 

The lemma can also be shown by a more direct argument to take a sequence of 
test functions p n satisfying (i) the supports of p n are contained in S, (ii) p n — > 0, (iii) 

(F,pn) ->• 00. 

12.6.5.2. Compatibility of sesqui-linear pairing with Stokes filtrations. — Let(Vi,Vi) 
(i = 1,2) be meromorphic flat bundles on (A, O), i.e., Vi are locally free 0(*0)- 
modules with connections V< : V, — > Vi <£> f2 A . For simplicity, we assume that they 
are unramified. Let T>b A (*0) denote the sheaf of distributions on A* with moderate 
growth at O (sec [103] or a review in Section 22.8 below), and let T> A (*0) denote 
the sheaf of meromorphic differential operators on A whose poles are contained in O. 
Let A^ denote the conjugate of A. Let C : Vi <g> Vi — > Qb A (*0) be a sesqui-linear 
pairing, i.e., (2?a(*0) <g> T> A f (*0))-homomorphism. Let 5* be a small sector in A*, 
and let S denote the closure of S in the real blow up of A along O. We take a V,-flat 
splitting of the full Stokes filtration F s : 

(294) V i{ s= V il0 ,s 

aelrr(Vi) 

Then, we obtain an induced T>s ® P^t-homomorphism C a ,b ■ Vi,a,S £3 V2,t>,S — > Qbs 
on S. 

Lemma 12.6.10. — We have C a ^ = unless Re(a + b) < on S. 
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Proof Let O denote the completion of A along O. We take a meromorphic frame 
of v' 1 ' = (y^' | a £ Irr(Vj)) of V^q which is compatible with the irregular decompo- 
sition: 

Here, A$ are constant matrices with Jordan forms. For each small sector S' in A*, let 
1)^ be the lift of to V,g,, which is compatible with the decomposition (294). By 
varying S' and gluing them in C°° as in Section 3.6.8.2 below, we obtain a C°°-frame 
VqL = (»[ ! ' C oo). We may assume that C^'J^, ^PgC 00 ) a ^ so S^ ve distributions 
on A. On the sector S 1 , we may also assume that v^ pCao , s are holomorphic and 
compatible with the decompositions (294). Let us consider the distribution F p , q :— 
C(«£,c«>41c7^)onA. 

First, we consider the case in which v^ p Coo and v^' c<x are contained in the the 
bottom part of the weight filtration W associated to the nilpotent parts of and 

(2) 

A b , respectively. Then, we may assume to have the following equality on S: 

We have Fp, q \s = B ■ cxp(a + a p log z + b + (3 q log z) for some constant B. Due to 
Lemma 12.6.9, we have B = 0, i.e., C a ^(v^ p C oo| S , v^ q C oo| S ) = 0. 

We show F p ^ s — in general by using an induction on the degree with respect to 

the filtration W. We put d^ip) := deg w (v^ Coo]s ) and S- 2 \q) := deg w (v ( ^ q iCao{3 ). 
We will show F p>q \ S = assuming F p , q ,\ S = for any d (1) (p') < d ( ~ 1 \p) and d^(q') < 
d( 2 \q). In that case, F pq \g satisfies the differential equation: 

( dz dz\ 

dF P ,q\s = [da + db + a p — + (j q — j ■ F p ^ q \ S 

Hence, we obtain F p q \ s = B ■ cxp(a + b + a p logz + /3 log 2?) for some constant B. 
And, by Lemma 12.6.9, we have B = 0. Similarly, we can show F p q \s — assuming 
Fp',q>\S = for any < d^(p) and d^{q') < d ( ^(q). Thus, we obtain C 0i6 = 0. 

□ 



12.7. Specialization of the associated TvL-triples 

12.7.1. Reduction and specialization. — Let X := A n , Di := {zi = 0} and 

D = UiLi B>i- Let (E, 8e,9, h) be an unramifiedly ,4-good wild harmonic bundle on 
X—D. According to Proposition 12.5.1, we have the 7?. jf -triple 1(E) := ((£, <£, £). Let 
us study its specialization along a monomial function g = z p , where p = (p,) £ Z> - 
We use the notation in Section 12.4. According to Proposition 12.4.6, we have the 
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decomposition: 

(295) PGrf W ^, u ((£) = ®M u , p ,i 

i 

Here, the support of M. u ,p,i is 2?/, and the support of any non-trivial 7?.-submodulc 
of M u ,p,i is not contained in Vj (J D I). Since M u , P ,i is strictly S'-dccomposable 
along any Zi (i G I), it is the push- forward of the 1Z o t -modules M' u p I . We have the 
sesqui-linear pairing 

C u ,p,i ■ M Ut pj\sxx ® cr*M UjP j\sxx — > Qbsxx/s, 

induced by f/'g,ti(£) ° ((\ / —lN) p ^l) . We would like to know a more detailed property 
of the TvL-triplc 

T u ,p,i{E) := (M u ,p,i, M-u, P ,i, C UyP j), 
with the Hermitian sesqui-linear duality S UyP j = ((— l) of weight p. 

For a subset J C n, let Irr(#, J) denote the image of Irr(6*) by the natural map 

M(X,D)/H(X) — > M(X, D)/M(X,D(n — J)), 

where D(n — J) := U ien _ j Di- We have the unramifiedly ,4-good wild harmonic 
bundles (Ej^ a ,dj, a ,0j :a ,hj^ a ) for a G Irr(0, J) on X — D, which is obtained as the 
reduction of (E,dE,@,h). (See Section 11.2.) We have the associated 7?-x-triplc 
(<Ej,a, &j,a, 0,a) on X. We have the decomposition as in (295): 

PGif w 4„(e,/, a ) = 0M W|/ (£j,,) 
J 

We have the induced sesqui-linear pairing 

Cu,p,l(Ej, a ) '■ M u , p ,t(Ej^)\SxX ® cr *-^«,p,/(-Bj,a)|SxX ► ®&SxA/S- 

Thus, we obtain the 7?-x-triplcs 7~ u ,pj(Ej, a ). 

Proposition 12.7.1. — We have the natural isomorphism T u ,p,i(E) ~ T u ,p,i{Ej 

Proof We may assume Di C <? _1 (0). Let t/ : D] — > X be the natural morphism. 
We have the following natural isomorphisms: 

(296) 4PGr^W^, tt (e)~PGrfW4„(4g)~ PGr^W ^(^Cj.a) 

oSIrr(e,J) 

~ PGrf W ^(iJC/.o) - tJPGr^W ^ )U (<S/,o) 

Since the support of A4 u _ p j and M. u ,p,i{Eifi) are contained in 2?/, we obtain the 
natural isomorphism .Mu^i ~ Mu.p,i{Eifi). In the following, we may and will 
implicitly identify them. Let us compare the sesqui-linear pairings. For simplicity of 
description, we put C' up I := C u , v j(Ei$). Because of the strict S'-decomposability of 
M-u.p.i and M u ,p,i{Eifi) along any Zj (Proposition 12.4.6), we have only to compare 
C u ,pj and C' upI on X - U^/Ar Tne restrictions of M u , P ,i and M UtPl i(E Ifi ) 
come from the family of A-flat bundles M.' u j and M! u r (Ei t o) on C\ x D°j, where 
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D°j := Di \ 1J /C j Dj. We have only to compare the restrictions of C u . p j and C' u j 
to M' upI and^M' upI (Ei fi )- (See Proposition 22.10.7.) Let ir : X — > Di be the 
natural projection. By considering the restriction to ir (P) for P G D°j, we may and 
will assume I = n. 

We take an auxiliary sequence m(0), . . . , m(L) for lrr(0). We have the reductions 
(E™^ % \l?^ % \6™^ 1 ' 'h™^) for a G Irr(#,m(i)). We have the associated 7^-triples 
(£a , <£q , <£™^) on X. We have the decomposition: 

pgxJ w ^,„(<c (i) ) = 0^«,p,j(£;r (i) ) 

We have the induced sesqui-linear pairings C UiPi j{E™^). We have the natural iso- 
morphisms M u , P ,n{E™^) ~ A^ u ,p,„(£'^ rl ^ +1 '), as remarked in Corollary 12.4.8. We 
have only to show C UtPtn (E™^) = C„ ! p.„(-E™ ( ' 1+1 ' ) ) for i = —1, . . . ,L under the iso- 
morphisms. (We put E™^ ^ := E, formally.) By an easy inductive argument, we 
have only to compare C UtPj „ and C UiPi „(£ , ^ rl< ' '). To make a description simpler, we 

nnt r m ^ — r (F m (°h 

Take a generic Ao G S. We take a small neighbourhood U\ of Ao, and we put 
Ui := <j(Ui) which is a neighbourhood of — Ao- We put E/j R S = Ii (i = 1,2). 
Take fi G M' upniu . xDn = M' UfPA (E™ (0) )|c/ iX D»- We would like to compare the 

distributions C UjP! „(/i, <J* $2) and C™ p °n(fi, v* !?)■ We may assume p(Ao,tt) < and 
p(-A ,w) < 0. 

We take a lift fi G (vt^o Jit^xpfxCt) of fi as in Section 12.4.6, i.e., (i) /1 G 
Lfp(Ao „)(«3t < ^o l ^°^)' ( n ) the induced section of Gr^ °' u ) (m^cT^) i s contained in 
iy p (iV)4 A l " ) C (0) , ("i) the induced section f} 2) of Gr^W Vg A « o) C (0) is ec i ual to A- 
Similarly, we take a lift / 2 G (*5t ( So rl ' ' l )|[/ 2 x(A'xc ) °^ X be a test function on 

Ct which is constantly 1 around t = 0. Let luq := (2tt)^ 1 ^ —ldt ■ di. By definition, 
we have the following: 

(297) <C$°> (A, **(/*)). P ) = <^C (0) ((^^) P A (1) , **% 1) ),P) 

= (^l) p Res /C (0) ((-3t*+ e(A, a* / 2 ), If^X'P^o) 

We take a lift of /j to [7 (Af,) (i st <£) ® C°°, as in Section 12.4.6. Similarly, we 

take a lift / 2 , c ~ of / 2 to [/•(-*") (i fft <£) C°°. By construction, / b , C oo (6 = 1,2) are 
contained in F^ m ^ for each small sector 5. By using Corollary 12.5.5, we obtain 
the following equality on I\ x (X — D): 

(298) e((-9 t t + e(A, u))*7i l0 ~, <t*/ 2 ,c~) = C (0) ((~3t* + e(A, u)) p /i, <t*J 2 ) 
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Due to Lemma 12.4.11, the following holds: 

(299) (V=I)* Res (e((-9 t t + t(\,u))*h,c-, o-*f 2 ,c°°), \t\ 2s - X - p-u ) 

= (^(^((V^lNff^, <j*J^), p) = C u ^{h,cj*h) 

From (297), (298) and (299), we obtain C U;Pi „ = C™p\n around generic A . By 
continuity, we obtain C U;PiI i = C^p\n ■ Thus, the proof of Proposition 12.7.1 is finished. 

□ 

Corollary 12.7.2. — The restriction of 7~ UlP j to X \ (JjVi Dj comes from an un- 
ramifiedly A-good wild harmonic bundle (E UlPt i, d UtP j, U , P ,I, h u ,p,i) on Dj with the 
twist by T s (— p/2). The set of the irregular values of 9 u , p j is contained in {o £ 
lrr(0) | o = in Irr(0,/)}. 

Proof Note that (Eifi,dE,o,Oi,o,hi t o) is tame with respect to the divisors Di 
(I G 7). Hence, T u .p.i{Eifi)\u° comes from the harmonic bundle with the twist by 
T s (-p/2). (See Section 18.4.9 of [93].) By considering the restriction to {0} x X, we 
can easily check the other claims. □ 

12.7.2. The specializations come from wild harmonic bundles. — Let 

^{Eu.p.i) denote the 7?-x-triples (<£ u , P ,i, &u, P ,i, £u,p,i) associated to the reductions 
{E u ,p,i,d u ^pj,8 u ^pj,h U: pj^ (Corollary 12.7.2) with the natural Hermitian scsqui- 
linear duality. 

Proposition 12.7.3. — There exists an isomorphism T(E UtP j) ~ T u , P j <8> I s (p/2). 

Proof Their restrictions to X \ (Jwi Dj are the same. We have only to show 
£u,p,i — M. u , p j. (Note Proposition 22.10.7.) Since both of them are strictly S- 
decomposable along G := Yij&i z ji we nave oru y to compare their meromorphic struc- 
tures, i.e., we have only to show & u ,p,i §5 0(*G) = M. u ,p,i ® 0(*G). (See Lemma 
22.4.10 below.) Note that they come from families of meromorphic A-fiat bundles on 
C \ x £)/, which we have to compare. For that purpose, we have only to compare their 
restrictions to ttJ^P) in Dj for j <£ I and P £ (Dj n Dj) \ \Jk<£{j}ui( D i n D k n D i), 
where 7Tj : Dj — > DjPiDj denotes the projection. Therefore, we have only to consider 
the case dim Dj = 1. Because of Proposition 12.7.1, we may assume I = {2, . . . , n} 
and lrr(0) C C[z^ 1 ]. We have the ^-triples Gr a (T u ,p,i <8 T s (p/2))° for a G lrr(0) on 
DI obtained from T u> p,i <8 T s (p/2) as the reductions (Section 12.6.2). Because of the 
uniqueness (Theorem 11.2.2), we have only to show that Gi a (T u ,p,i <S> T s (p/2))° arc 
variations of polarized pure twistor structures of weight 0. For that purpose, let us 
show that Gr a (Tu,p,i)° are isomorphic to the restriction of T u ,p,i(Ei, a ) to D°j. 

We have the isomorphism: 

FGi^)^^^))^^ PGr p v W^,4£i,a(^i)) |5l 

aelrr(e) 
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Thus, wc have the isomorphism: 

(300) Mu^Vi)^ ~ M, )P) i(£7i, tt )(*Hi)| Si 

aelrr(e) 

Note that A / i M ,pj(*I?i) and .A'fu,p I j(.Ei,a)(*2?i) come from families of meromorphic 
A-fiat bundles on T>j, which are denoted by V and V a . We regard them as Ox(*T>i)- 
modules. By (300), we have the isomorphism 

(301) $ : V a{3l ~ Gr (V) |Si = 

a 

Lemma 12.7.4- — The reduction Gr (V) is naturally isomorphic to V a for each 
a G lrr(0). 

Proof By considering the tensor product with rank one harmonic bundle, we may 
assume that a = 0. We are given the isomorphism: 

*:Gro(V),— cV 0| — 

Let A 0. The restriction of $ to {A = 0} is denoted by $ A . Since the restrictions 
Gro V|{a}xD/ an d Vo|{a}xd 7 ar c A- flat meromorphic bundles with regular singular- 
ity, $ A is convergent, and it gives the holomorphic isomorphism Gr V|{A}x.Di — 
Vo|{A}xr>/- Then, it is easy to see that $|{a/o} comes from the flat isomorphism: 

(302) Gr V| C jxD 7 — > Vo|cjxr> 7 

Let us show that the isomorphism (302) is extended on C\ x Dj. We take local 
frames v and w of Gro V and Vo on some neighbourhood U around (0, O) in T>j. The 
morphism (302) is expressed by the matrix A with respect to v and w. We may 
assume that the entries aij of A are holomorphic on U \ {A = 0}. Moreover, a,i,j has 
the formal expansion ^ «ij,fe(A) • z\ : where Oj^kfA) are holomorphic with respect to 
A. (Recall that we are given $ on C\ x {z\ = 0}.) The power series are absolute 
convergent on {\zi\ < Ri} x {<5i < |A| < 62}- Hence, we have the following for any 
I > and \zi\ < Ri: 

I di,j-\ l -dX = y] [ aij.k(X) ■ A' • z k ■ dX = 

J\\\=S 2 I J\\\=&2 

Then, we can conclude that a^j are holomorphic on {\z\\ < R\} x {|A| < 62}, which 
implies that the morphism (302) is extended on C \ x Dj. Since the completion along 
{z\ =0} is isomorphic, it is isomorphic if we shrink X appropriately. □ 

Take a generic Ao, and its small neighbourhood U(Xq). We have another direct 
construction of the flat isomorphism Gr a V\u(\ Q )xX — "^a|£/(A )x x- Let b = p(Xo,u). 
Let S be a small sector in U(Xq) x (X — D±). Because we have assumed that Aq is 
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generic, we can take a D-flat splitting of the full Stokes filtration (Proposition 3.7.18): 

(303) s V^_ mW (QS)\S= ^Is^JQ^s 

aelrr(0) 

It induces the flat decompositions Q£\s = © a Q£ a ,s and 

(304) l^ 9t <S(*^) |SxCf = U^^Vr))^ 



aelrr( 



We have the corresponding decomposition of Gr . Since the decomposition is 
compatible with the action of — 3*t, we also obtain the decompositions: 

( 305 ) V>^ o) («(*^))|5=© ^S ) ( c (* 2? i))«,s 

oelrr(6») 

(306) P Grf ^ 4^ («(*©!)) | fl = P Gr^W (<S(*^)) 0>g 

oelrr(e) 

(307) V| S = V a . s 

oelrr(e) 

By the order <g on the set lrr(0) associated to the sector S, we obtain the filtrations 

b<so 

^o)( g( ^ l))|g= *£>(e(*i>o) tifl 

b<so 
b< s a 

^ V |5 = Vb.5 
b<sa 

Although the decompositions (304), (305), (306) and (307) depend on the choice of a 
splitting of Q£, the filtrations J 7 are well defined. 

By construction, we have the natural isomorphism F at s ■ V a \s — Va.s- 

Lemma 12.7.5. — If we shrink S, F$ '■= ©f a ,s * s extended to the isomorphism 
© V a \s ~ V|-g, and Fg,-% = ir^ 1 o ty. The filtration T (V| <?) is egitaZ to the full Stokes 
filiation ofV\s- 

Proof Let / be a section of V a . We take a lift / to uj; (vt^i,«) - Namely, 
the induced section f Gr^ 0> (« 9 t£i, a ) is contained in W p (N)ip u>g (<£i ta ), and it 
induces / e V a C Gr^ (Ar) Vv ff (£i,„). Note that C/ b (Ao) (i gt l£i iCl )(* J Di) (6 < 0) is the 
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VoHxxC t (*£>i)-submodule of i fft Q^£ ha generated by {Q£ ha ) ® 1 over 

TZxi^i)- Hence, we have the expression 

/ = ^P r (a,®l), 

where P, g 7J x (*Di) and a t G "V^i^ ^ (Q£i, a ). 

Let a^s be the lift of a/ to —V^} eSn (Q£) a ,S- We obtain the section fs of 
uj,^ (i 9 |£(*2?i)) a s given as follows: 

/s := ^ ' (oi,s 8) 1) 

It induces a section fs of V a ,s, which is equal to P n ,s(/|s)- To show the first claim 
of the lemma, we have only to check that fs induces the section of V|g, and that 

fs\z = 7r_1 (*(/|-g 1 )) J after shrinking S. 

We take a finite covering U(Xq) x (X — D{) = [JSj by small multi-sectors 
such that Si = S. We take a partition of unity subordinated to the cover- 
ing (Si) such that Xi depend only on arg(zi). On each Sj, let ai,Sj be the lift 
of ai to — V^p_ eS ( ) (Q£) a -s j - As m Section 12.4.6, we obtain a section of 
C/ 6 (Ao) (^ t €(*2? 1 )) <g> C*°° given as follows: 

As in Lemma 12.4.11, the induced section of Gr b («gt^ ® C°°) is contained 
in Wp(iV)^ ffjU (£) (g) C°°, and moreover it induces the section of V ® C°° C 
Gr^ (Ar) ^g,u(<S) ® C°° whose restriction to 2?i is equal to ^Cfi-gJ. Note that 
we have fc°°\s — fs after £ is shrinked. Hence, we can conclude that fs gives a 
section of Vrg, and / s| g = 7r" 1 ('J'(/ |Si )). □ 

Then, we obtain the isomorphism ©V a |g ~ Gr(V)ig. It is independent of 
the choice of a D-flat spitting. By gluing them, we obtain the isomorphism 
@V a \u(A )xx — Gr(V)\u(x )xx ■ Since its restriction to T>i is equal to ^, it is equal 
to the isomorphism in Lemma 12.7.4. 

Note that the underlying 1Z d 1 -modules of Gr a (7i, p j) and T u ,p,i(Ei ya ) are 
Gr a (V)| CAXD o and V | CaxD o, respectively. To show that Gv a {T u ,p,i) and T UtPt i(E lta ) 
are isomorphic, we have only to compare the sesqui-linear pairings. By the continuity, 
we have only to compare them on I(Xq) x S, where I(\o) denote the intersection of 
S and a small neighbourhood of some generic Ao, and S denotes a small sector in 
X — D. Such a comparison can be done easily by using the splittings (304), (305), 
(306) and (307). Thus, the proof of Proposition 12.7.3 is finished. □ 
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12.8. Prolongation of ramified wild harmonic bundle on curve 

12.8.1. The family of meromorphic A-connections Q£. — Let X := A and 

D := {0}. Let (E,dE,0,h) be a wild harmonic bundle denned on X — D, which is 
not necessarily unramified. We take an appropriate ramified covering cp : (X', D') — > 
(X,D) such that (E' ,8e' ,0' ,h') := Lp~ 1 (E,dE,0,h) is unramified. The ramification 
index is denoted by e. We have the associated family of meromorphic A-flat bundles 
(Q£',W) on C\ x (X',D'). Since it is Gal(A"/X)-equivariant, we obtain the family 
of meromorphic A-flat bundles (Q£ , B) on C\ x (X, D). 
We have the irregular decomposition: 

(Q£',®'W )xS'= {Q-KA) 

aGlrr(e) 

We put Q£? rr := a#o Q£' a . Since Q£! TT and Q£' are Gal(X'/X)-equivariant, we 
obtain the decomposition 

Q£ = Q£ ®Q£i„. 

12.8.2. The good lattices. — For each Ao, we have the good lattices Q^ ^ £' of 
Q£' on J7(Ao) x X'. They are Gal(X'/AT)-equivariant. The descents are denoted by 
Q^°V. It has the KMS-structure at A with the index set KMS{Q£°). We have 
the decomposition Qa^E'.^ = © a Qa X °^£' a , which induces a decomposition 

C \U(X )xD — ^Wy c Cut- 



12.8.3. The 7?.-module (£. — We naturally regard Q£ as an 7?.x-module. Let 
(£( A °) be the ft x -submodule of Q£ on U{\ ) x AT, generated by Q^E. The following 
lemma is clear from the construction. 

Lemma 12.8.1. — We have the decomposition <£ X °) ~ = QE lX r® Q^in^Oj where 
2min^o denotes the IZ^-submodule of Q£q generated by Eq. □ 

We have the wild harmonic bundles (E' a , <9e>, 6' a , h' a ) for a £ lrr(0') on X 1 - D' , 
obtained as the full reduction of (£" ,8e',0' ',h'). Note that (E' ,dE' ,8' ,h' ) is equiv- 
ariant, and we have the descent (Eq, 8e , 8qj ^o)- We have the family of A-flat bundles 
(V£o,^o) an d the 7£x- m °dulc l£ , associated to (E a , dE ,9o, ho)- Note we do not have 
to consider deformations because (Eo,dE ,Oo,ho) is tame. 

Lemma 12.8.2. — We have the natural isomorphisms 

V£ 0[S ~ Q£ , e 0[B ~ Q^Eo 

Proof We have the natural isomor phisms Qi Xo) £ ~ vi Xo) £' Then, the first 

isomorphism is obtained. Since & \g and Q^°^£q are generated by Eq, the second 
isomorphism is obtained. □ 
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Lemma 12.8.3. — For Ai G E/(Ai) C E/(A ), we have £( Al > = <£^ l)x;¥ on E/(Ai)x 

Proof Wc have only to compare the completion of them along U(\i) x D. Both 
of them are isomorphic to the direct sum of Qi r[ £ and the completion of (£ - Hence, 
the claim of the lemma follows. □ 

Therefore, we obtain the global 7^-module (£. 

Lemma 12.8.4- — £ is strictly S -decomposable along the function z n . 

Proof We have only to show that the completion <B^q is strictly 5-decomposable 
along the function z n . It follows from the strict iS-decomposability of €q ([104] and 
[93]). □ 

12.8.4. The sesqui-linear pairing £. — Recall that we have the pairing for each 
XoES: 

° ■ ^<1 C \I(\ )xX> 89 a »<1 C |7(-A )xA" ' 

{/ G C°°(l(A ) x X') I \f\ = 0(|z'|- 2+£ ) 3e > 0} 

It induces the pairing: 

C : Q<^£\I(\ )xX ® cr*Q^ 1 A ° ) £|7(„Ao)xA' > 

{/ g c~(i(Ao) x x) 1 1/| = o(M- 2+£ ) a e > o} 

It induces £ : <£|sxa ® 0"*£|Sxx — > ®b Sx x/s, as m Section 12.5.5. Thus, we obtain 
the 7?.-triple 1(£') := (<£, £, £) even if (£", 9^, 0, h) is ramified, in the case dim AT = 1. 
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This chapter is a collection of miscellaneous preliminary for our study in Part III. 

In Section 13.1, we recall some generality of filtered flat sheaf in [94] related to 
/Lti-stability, with minor generalization. 

In Section 13.2, we study Mehta-Ramanathan type theorem for filtered flat sheaves. 
This kind of result is always fundamental for the study on //^-stability condition. Note 
that we do not have to assume that the filtered sheaf is good. This result will be useful 
in Chapter 16. 

In Section 13.3, we construct hermitian metrics for good filtered A-flat bundles in a 
standard manner, which have some nice property, although not pluri-harmonic. This 
is preliminary for Sections 13.4 and 13.5. 

In Section 13.4, we collect some results related to wild harmonic bundles on pro- 
jective curves. We review in Section 13.4.1 the Kobayashi-Hitchin correspondence for 
wild harmonic bundles on curves, due to O. Biquard and P. Boalch [12]. Sections 
13.4.2-13.4.4 are preliminary for the proof of Theorem 16.1.1. We show in Section 
13.4.2 a convergence of the sequence of harmonic metrics for e-perturbations. Then, 
we study in Section 13.4.3 the convergence of a sequence of hermitian metrics, whose 
pseudo-curvatures converge to in some sense. We also argue the continuity of har- 
monic metrics for a holomorphic family of stable good filtered flat bundles. 

In Section 13.5, we give a sufficient condition for a harmonic bundle to be good 
wild. Proposition 13.5.1 can be regarded as a kind of "curve test". 

We explain in Section 13.6 some basic property of the good filtered flat bundles 
associated to good wild harmonic bundles. Since the arguments for the proof are 
essentially the same as those in [92] and [94], we give only outlines. 

In Section 13.7, we explain a method of perturbation. The point is to kill the 
nilpotent part of the action of the residues on graded pieces. The content is almost 
the same as that in Section 2.1.6 of [94]. 
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13.1. Preliminary for /i^-polystable filtered flat sheaf 

13.1.1. Filtered flat sheaf and parabolic flat sheaf. — Let X be a complex 
manifold with a simple normal crossing divisor D with the irreducible decomposition 
D = [J ieA Di. A filtered flat sheaf on (X, D) is defined to be a pair of filtered 
sheaf E* = | a £ J2 A ) on (X, D) and a meromorphic flat connection V of the 
Ox{*D)-modu\e E = [j aeR A a E. (See Section 3.2 of [92] or Subsection 2.5.3 in this 
paper for filtered sheaf. We use the symbol °E instead of oE.) If E* is a filtered 
bundle, it is called a filtered flat bundle. Recall that (2?*,V) is called regular, if 
V(a-E) C a E® ft 1 (log D) is satisfied. 

In this paper, a c-parabolic sheaf with a meromorphic connection is called a c- 
parabolic flat sheaf. By the operation to take the c-truncation, a filtered flat sheaf is 
equivalent to a c-parabolic flat sheaf. 

Remark 13.1.1. — Usually, the logarithmic property is contained in the definition 
of parabolic flat sheaf or parabolic Higgs sheaf. For example, in our previous paper 
[92] , a parabolic Higgs sheaf means a pair of parabolic sheaf V* with a Higgs field 
satisfying 0( a V) C a V <E> ftjl (log-D). It would be more appropriate that such an 
object is called a regular parabolic Higgs sheaf. □ 

13.1.2. /iL-Stability. — Let X be a smooth irreducible n-dimensional projec- 
tive variety with a normal crossing hypersurface D and an ample line bundle 
L. The p,L- (scmi)stability condition for filtered flat sheaf (2£*,V) on (X,D) is 
defined in a standard manner. Namely, we say (2£*,V) is /i^-stable (resp. 
semistable) if we have hl(F*) < ^l{E^) (resp. ^ll(F^) < hl(E*)) for any 
sub-object (-F*,V) c (E*,V) such that < rankF < r&ukE, where ^l{E^) := 
(rankE 1 ) -1 J x C\{L) n ~ 1 par-Cj We say that (25*, V) is /i^-polystablc, if it is 
a direct sum of ^-stable ones 0(-Ei*,Vj) such that ^l(E^) = ^l{E^). By the 
correspondence of filtered sheaves and parabolic sheaves, we define the ^-stability, 
/Lti-semistability and /XL-polystability conditions for parabolic flat sheaves. 

As in [92], we say that (22* , V) is ^-polystable with trivial characteristic numbers, 
if it is ^-polystable and if each /^-stable component (2?j„, V,) satisfies = 
J x par-c 2 i = 0. 

13.1.3. Canonical decomposition. — Let {£ * , V*^) (i = 1,2) be /i^-semistable 
c-parabolic flat sheaves such that ) = Mi(^-* 2 ')- Let / : (£* , V^ 1 ') — ► 
(fi 2) ,V( 2 )) be a non-trivial morphism. Let (/C*, Vjc) denote the kernel of /, which 
is equipped with the naturally induced parabolic structure and the flat connection. 
Let X denote the image of /, and X denote the saturated subshcaf of £^ generated 
by X, i.e., X/X is torsion, and £^ /X is torsion-free. The parabolic structures of £* 

(2) — 

and ; induce parabolic structures of X and X, respectively. We denote the induced 
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parabolic flat sheaves by (I*, Vx) and (X*, Vj). The following lemma can be shown 
using the argument in the proof of Lemma 3.9 of [92]. 

Lemma 13.1.2. — (/C*,Vyc), (I*,Vx) and (I*,Vj) are also [i^-semistable such 
that /Ul(/C*) = /ii(X*) = jUi,(X*) = )• Moreover, I* and I* are isomorphic 

in codimension one. □ 

Lemma 13.1.3. — Let {E^\w^) (i = 1,2) fee fiL-semistable reflexive saturated 
parabolic flat sheaves such that ^(ff 1 ^) = ^,l{£* 2 ^)- Assume either one of the fol- 
lowing: 

1. One o/(fi i;) ,VW) is fi L -stable, and rank(fW) = rank(£< 2 )) ZioZds. 

2. Boi/i V (l) ) (i = 1,2) are fi L -stable. 

If there is a non-trivial map f : (£* (1) ,V (1) ) — ► (£i 2) ,V (2) ), i/ien / is isomorphic. 

Proof If (^.VW) is /i^-stable, the kernel of / is trivial due to Lemma 13.1.2. 
If (£* , V^ 2 - 1 ) is /^-stable, the image of / and £' 2 ' are the same at the generic point 
of X. Thus, we obtain that / is generically isomorphic in any case. Then, we obtain 
that / is isomorphic in codimension one, due to Lemma 3.7 of [92]. Since both 8^ 
(i = 1,2) are reflexive and saturated, we obtain that / is isomorphic. □ 

Corollary 13.1.4- — Let (£*, V) be a hl -poly stable reflexive saturated parabolic flat 
sheaf. Then, we have the unique decomposition: 

(£*,V) = 0(£i i) ,V^)®C m(j ' ) . 
j 

Here, (£* , V^) are [i^-stable with (/il{£# ) = t l (£*)> and they are mutually non- 
isomorphic. It is called the canonical decomposition. □ 



13.2. Mehta-Ramanathan type theorem 

13.2.1. Statement. — Let X be an n-dimcnsional smooth irreducible projective 
variety with an ample line bundle L over a field k of characteristic 0, and let D be a 
simple normal crossing divisor of X. 

Proposition 13.2.1. — Let V* be a parabolic sheaf on (X,D) with a meromorphic 
flat connection V. Then, it is //£,- (semi) stable, if and only if the following holds: 

— For any mi > 0, there exists m > mi such that (V*, V)iy is [i^- (semi) stable, 
where Y denotes a l-dimensional complete intersection of generic hypersurfaces 
ofL m . 

The proof will be given in Sections 13.2.2-13.2.4. It is essentially the same as that 
in [92], where we closely follow the argument of V. Mehta, A. Ramanathan ([88], 
[89]) and Simpson ([115]). So, we will indicate only how to change in some points. 
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Before going into the proof, we give a remark on a characterization of semisimplicity 
of meromorphic fiat connection. Let {£, V) be a meromorphic flat connection on 
(X, D). We recall the following lemma, which we use implicitly in many places. 

Lemma 13.2.2. — (£,V) is simple (resp. semisimple) if and only if the associated 
Deligne-Malgrange filtered flat sheaf (E® AI , V) is fir, -stable (resp. fi^-polystable). 

Proof We have only to show the "if" part. It was essentially observed by C. 
Sabbah [104]. Namely, we obtain (Ff M , V) C (E? M , V) for any flat subshcaf T C £. 
Because fx(F^ M ) = pl{E® m ) = 0, Ff M breaks the stability of (E? M , V) if T is non- 
trivial. □ 

Corollary 13.2.3. — (£)V) is simple, if and only if (£,VW is simple, where Y 
denotes a complete intersection of generic hyper surf aces of L m for arbitrary large to. 

Proof The "only if" part is trivial. The "if" part follows from Proposition 13.2.1 
and Lemma 13.2.2. □ 

13.2.2. Preliminary. — The following lemma can be shown by using the argument 
in the proof of Proposition 3.2 of [88]. 

Lemma 13.2.4- — Let So be any bounded family of torsion-free sheaves on X. 
There exists a large integer tuq with the following property: 

— Let Y\ , . . . , Y r be generic hypersurfaces of L mi for to.; > mo . Let Y = Yi l~l • • • PI 
Y r . Let p > too, and let J- be any member of So- Then, H°(Y,J-®L~ P ^J = 0. 

□ 

Lemma 13.2.5. — Let Si be a bounded family of torsion-free sheaves onX, and let 
S2 be a bounded family of line bundles on X . There exists a large integer mo with the 
following property: 

— Let Y\ , . . . , Y r be generic hypersurfaces of L mi for mi > too . Let Y = Y± l~l • • • PI 
Y r . Let J- € Si and C € £2- Let <f> be any morphism L — > J- ® fl l x . Then, (f> 
vanishes if and only if the induced morphism 4>' : Ciy — > J~\y ® ^y vanishes. 

Proof We put yW := Y\ H • • • H Yi. If mo is sufficiently large, we have 
H° (yW ,C~ 1 ®J 7 ® fl x (g) L~ p ) = and H°(Y {i \ Cr x <g> J 7 ® L~ p ) = for any i and 
P > wo, according to Lemma 13.2.4. We have the exact sequence: 

— > L-" H + 1 <EiC- 1 <EiJ r <Ein 1 xlY(l) — > C^ 1 ®^®^^ — > £ _1 ®J"(8)0^|y( i+1) — > 

Thus, the maps H (y W , C' 1 ® F® fl x ) — > H° (Y ii+1 \ C 1 ®J 7 ®fl 1 x ) arc injective, 
if Too is sufficiently large. Hence, we have only to show that cf>' = implies that 
<f>\Y : C\y — > J 7 ® Q X \y 1S trivial. We have the exact sequence: 

> CT 1 ®T® L"" 1 ' > £^ ® T ® fiyO-l) |y > £~ 1 ® T ® fiyOf) |y > 0. 
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Hence, the maps H°(Y, C' 1 ® F ® £I yU) ) — > H°(Y, C" 1 <g> ) are injective, 

if mo is sufficiently large. Thus we are done. □ 

Let E be a torsion-free sheaf on X with a meromorphic flat connection V : E — > 
E®D,x(*D). We remark the following obvious lemma as a reference for the subsequent 
argument. 

Lemma 13.2.6. — Let G be a subsheaf of E, and let G be the saturated subsheaf 
of E generated by G, i.e., G/G is torsion, and E/G is torsion-free. Then, V(G) C 
G ® Qj[ (*D) if and only if V(G) C G ® 17^- (*-D). In this case, we say that G C E 
generates a flat subsheaf. □ 

Fix a constant C. Let 5 denote the family of the couples (£, (ft) of line bundles £ 
with deg(£) > C and a non-trivial morphism (ft : £ — > E. 

Lemma 13.2.7. — S is bounded. We also have the boundedness of the family of 
C6k(<j))tf, where C6k(<p) t f denotes the quotient of Cok(^)) by the torsion-part. 

Proof Let S' be the family of torsion-free quotient sheaves Q of E which are of the 
form C6k(4>)tf for some (£,</>) £ S. Note that deg(Cok(0) t y) is bounded above. Due 
to a result of Grothcndicck (Lemma 2.5 of [44]), the family S 1 is bounded. Hence, we 
have the boundedness of the family S" of saturated subshcaves JC of E generated by 
</>(£) for some (£, (ft) £ S. By construction, for any (£, (ft) £ S, we have a member IC 
of the bounded family S" such that <f>(C) C IC. We have < deg(/C) - deg(£) < C" 
for some constant C' . Hence, we obtain that the family S is bounded. □ 

Lemma 13.2.8. — There exists an integer mo, depending only on {E, V) and the 
constant C , with the following property: 

— Let mi > too. Let Y = PL=i Yi, where Yi denotes general hypersurfaces of L mi . 
Let (£, (ft) £ S. Then, (ft(C) generates a flat subsheaf of E ® 0{*D), if and only 
if 4>{C\y) generates a flat subsheaf of E g) 0(*D)\y 

Proof There exists a large integer N such that W(E) C E <g> fJ^(AZ'Z)). Then, 
V o (ft induces the Ox-homomorphism : £ — > Cok(0) t / ® ri^-(TVD). According 
to Lemma 13.2.6, vanishes if and only if </>(£) generates a flat subsheaf of E. Due 
to Lemmas 13.2.5 and 13.2.7, if tuq is sufficiently large, vanishes if and only if the 
induced map F^y : £iy — > Cok(0) t j:|y fiy(ATD) vanishes. The latter condition is 
equivalent to that (fti Y (£i Y ) generates a flat subsheaf of E <g> 0(*D)i Y . Thus, we are 
done. □ 

13.2.3. Family of degenerating curves. — We recall the setting in [88], [89] 
and Section 3.4 of [92]. For simplicity, we assume H l (X, L m ) — for any m > 1 and 
i > 0. We put S m := H°(X,L m ) for m £ Z> i. For rn = (mi, . . . ,m„_i) £ Z^ 1 , 
we put S'm := 11"=/ ^™ denote the correspondence variety, i.e., Z m = 
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{(a;, Si, . . . , s„_i) £ X x S m | Sj(x) =0, 1 < * < ^ ~ l}. The natural morphisms 
Z m — > S m and Z m — > X are denoted by q m and p m , respectively. We put 
:= Z m x x D and Z m 3 := Z m x x Dj. Let K m denote the function field of S m . 
We put Y m := Z m x Sm K m , Y% := Z% x Sm K m and Yg := Z m x Sm K m . The 
irreducible decomposition of Z m x$ m K m is given by Z m 3 x$ m K m . 

We fix a sequence of integers (ai, . . . , a„_i) with on > 2. We put a := LJ a i- For 
a positive integer to, let (m) denote (a™, . . . , a™^). Let 14 be a coherent parabolic 
sheaf on (X, D). For each m, we can take an open subset U m C Sr m -\ such that 
(i) 9(~n)( s ) are sm0 °th ( s G U m ), (ii) Q^^s) intersects with the smooth part of D 
transversally, (iii) 14 is a parabolic bundle on an appropriate neighbourhood of each 
9(m)( s ) C X . In the following, we will shrink U m , if necessary. 

Mchta and Ramanathan constructed a family of degenerating curves. Take integers 
I > m > 0. Let A be a discrete valuation ring over k with the quotient field K . Then 
there exists a curve C over Spec A with a morphism (p : C — > X x Spec A over 
Spec A with the properties: (i) C is smooth over fc, (ii) the generic fiber Cr- gives 
a sufficiently general if -valued point in Ui, (iii) the special fiber Ck is reduced with 
smooth irreducible components CI (i = 1, . . . , a l ~ m ) which are sufficiently general 
A;- valued points in U m . We use the symbol Dc to denote C Xx D- 

Then, we obtain the parabolic bundle <p*(14) on (C, Dc), which is denoted by K|c- 
The restriction to Ck and C\ are denoted similarly. Let W4 be a parabolic subbundle 
of 14 \ c K - Recall that W can be extended to the subsheaf W C V\ C , flat over Spec A 
with the properties: (i) W is a vector bundle over C, (ii) W^c* — ^ Vfc* are mjective. 

We put Q c / A ■= r^(logCfc)/f2g peCj4 (log£), where t denotes the closed point of 
Spec A We have the induced meromorphic flat connection of 14 relative to A: 

V c : 14 — -> 14 <8> tt c/A (*D c ) 

The restriction to C\ are equal to the connection induced by the inclusion C l k C X. If 
W is a flat subbundle with respect to Vc^, then, Vc preserves W, and hence l^c* 
are also preserved by V C i . 

13.2.4. Proof of Proposition 13.2.1. — 

Lemma 13.2.9. — (14, V) is fiL-semistable, if and only if there exists a positive 
integer mo such that (14, V)|y, m) is fi^-semistable for any m > mo. 

Proof We have only to show the "only if" part. If (14, V)|y.. is /i^-semistable 
for some m, then (14, V)|y (i) is /^-scmistablc for any / > to, which we can show by 
an argument in [88]. (See also the first part of the proof of Lemma 3.31 of [92].) 

We will show that 14 is not semistable if 14|y (m) arc not semistable for any to. 
By shrinking U m appropriately, we may have the subsheaf W m * of P(fn)^*|g -1 u 
such that (i) it is preserved by the induced relative connection of P* m )K|g _1 u > (") 
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W m ^ q -i ( s ) is the /3-subobject of (14,V)| g -i ^ for any s G C/ m . By an argument in 
[88] (see also the proof of Lemma 3.31 of [92]), we can show the existence of subsheaf 
W of V such that W,-i , % = W_i„-i c„\ for a sufficiently large m and for some 

s £ Sr m -\ . We can make m arbitrarily large. Then, is preserved by V according to 
Lemma 13.2.8. Thus, W contradicts with the ^-semistability assumption of (14, V). 

□ 

Now, Proposition 13.2.1 follows from the next lemma. 

Lemma 13.2.10. — (14, V) is /il- stable, if and only if there exists a positive integer 
mo such that (14, V)|y, m . is (iL-stable for any m > mo. 

Proof First, let us remark that (14,V)| 9 -i ^ has only obvious automorphisms 
for any sufficiently large m and general s, if (14, V) is /i^-stablc. To show it, we 
have only to consider the case in which 14 is reflexive and saturated in the sense 
of Definition 3.17 of [92]. Then, the sheaf 'Hoto(14 , 14) is also reflexive. For any 
Vi -i /.•i-flat / <G Hom(14, 14)i„-i we can take a lift F 6 "Hom(14,14) such that 
F\ q -i ( s ) = / if m is sufficiently large. We would like to show V(F) = 0, which is a 
section of Hoto(14, 14) ® &x{N D). Because V(F)| ? -i ^ = 0, the claim follows from 
Lemma 13.2.5. Hence, F is an automorphism of (14, V), which is a multiplication of 
some constant. Thus, / is also a multiplication of some constant. 

Assume that (14,V)|y(m) is not stable for any m. Then, by an argument in [89] 
using the socle, we can show the existence of a subsheaf 7^ W m , C 14 for an 
arbitrarily large m, such that (i) W m ^ q -i ^ is preserved by V^-i ^ for some general 

s e U m , (ii) ^L(11 / m*) = Ml(14). (See also the proof of Lemma 3.32 of [92].) Due to 
Lemma 13.2.8, W is preserved by V. □ 

13.3. Auxiliary metrics 

In this section, we fix a non-zero A. 

13.3.1. Regular case. — We recall a construction of a hermitian metric for a 
regular filtered A-flat bundles, which are not harmonic but satisfy some finiteness 
conditions. We put X := A and D := {O}. For any e > 0, let g e denote the 
metric of X — D given by \z\~ 2+2e dz dz. We put fi m := {uj e C\uj m = 1}, which 
acts on X by the multiplication (to,z) 1 — > uiz. Let (£^,0^) be a /x m -equivariant 
regular filtered A-flat bundle. The restriction to X — D is denoted by (E, D A ). We 
have the parabolic filtration F of °E\q- For each a E Var^E), we have the gener- 
alized eigen decomposition Grf (*E| ) = © qGC Gr^ E Q) (°£| ). Recall K.MS(°E) := 
{(a,a) I Gr^fj* E lo ) ^ 0}. For any (a,a) £ K,MS{°E), we have the model bundle 
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(Eo.a.a, do. a . a , 9 . a . a , ho. a . a ) associated to Gi,^ J* E\o) with the nilpotcnt part N a , a 
of Res(D A ). (See Section 6.2 of [93].) Namely, we set 

F E dz 

Eo,a,a '■= G r (a,a)( ^\o) ® &X-D, $0,a,a = N a<a —, 

and then there exists a model metric ho. a ,a f° r {Eo,a,a, %,a,a) such that the parabolic 
structure is trivial. 

We take u(a,a) = (b, (3) <G R x C such that t(X, u(a, a)) = (a, a). We have the 
model bundle L(u(a, a)). (See Section 6.1 of [93].) Namely, L(u(a, a)) is a line 
bundle 0.y_£> • e with the Higgs field f3dz/z and the metric |e| = |z|~ fc . 

Then, we obtain the harmonic bundle: 

(E ,d ,d ,h ) := Q)(Eo, a , a ,do,a, a ,9o,a,a,ho,a, a ) <& L(u(a,a)) 

(a, a) 

It is naturally equipped with the /x m -action. Let (V*£q,U)q) denote the associated 
filtered A-flat bundle. By construction, we can take a /it m -equivariant holomorphic 
isomorphism <3> : Vq£q — > °E with the following property: 

— $ preserves the parabolic filtration. 

— The induced map Gr F ($) : Gr F (V £^ o ) — > Gr F ( E l0 ) is compatible with the 
residues. 

We obtain the induced /i m -equivariant metric of E, which is also denoted by ho- 

Lemma 13.3.1. - 

— (E, ho) is acceptable. 

— Norm estimate holds for (_E*, B A , /io), i.e., let v be a frame of^E such that (i) it 
is compatible with the parabolic filtration F , (ii) the induced frame of Gr F (° E\o) 
is compatible with the weight filtration W of the nilpotent part o/Res(B A ). We 
put a(v,i) := deg F (w.j) and k(vi) := deg w (vi). Let hi be a hermitian metric 
of E given by hi(Vi,Vj) := Sij \z\~ 2a ( Vi ^ (— log |z|) fc ' , ' , \ Then, ho and hi are 
mutually bounded. 

— B A — D A is bounded with respect to ho and g e for some e > 0, under the identi- 
fication of the bundles given by $. 

— Let 8 denote the section of End(E) <E) Q 10 associated to ho and D A . (See [114], 
[115] or Section 2.2 of [94] .) Then, 9 — 6o is bounded with respect to ho and g e 
with respect to h , under the above identification of the bundles. 

— G(B A , ho) is bounded with respect to h and g e for some e > 0. 

Proof The first and second claims follow from the property of tame harmonic 
bundles [93]. The third claim is clear by construction. The fourth claim follows from 
the third one and the relation 6-9 = (l + |A| 2 )" 1 (D A - D A ). (See Subsection 2.2.1 
of [94].) We have 9 = 0(1) dz/z with respect to ho- Hence 9 = 0(1) dz/z. 
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Let R(ho) denote the curvature of the holomorphic bundle E with the hermitian 
metric ho . Because dim X = 1 , we have the relation 

G(B A , h Q ) = (1 + \X\ 2 )R(h) + (1 + |A| 2 ) 2 [6, 0t] . 

(See Subsection 2.2.3 of [94].) We have similar relation for G(B A ,/io). Hence, we 
obtain the equality 

G(B\M = G(B x ,h ) -G(© \M = (1 + |A| 2 ) 2 ([M f ] - [0 O ,0$]). 
Then, the last claim follows. □ 

Corollary 13.3.2. — If there exists a tame harmonic metric h of (i?,B A ) adapted 
to E* , the metrics h and ho are mutually bounded. □ 

We put X := A" and D := {z\ = 0}. We have the /^ m -action on X by the 
multiplication on z 1; which preserves D. Let 0E*,1D) A ) be a // m -equivariant regular 
filtered A-flat bundle on (X, D). The restriction to X - D is denoted by (E, B A ). For 
any e > 0, let g e denote the metric of X — D given by |2i| + dz\ d~z\ +X)j=2 d%r 

Lemma 13.3.3. — There exists a fi m -equivariant hermitian metric ho of E with the 
following property: 

— (E, h ) is acceptable. 

— Norm estimate holds for D A , ho), i.e., letv be a frame of^E such that (i) it 
is compatible with the parabolic filtration F, (ii) the induced frame o/Gr F (°i?) 
is compatible with the weight filtration W of the nilpotent part o/Res(B A ). We 
put a(vi) := dcg F (vi) and k{vi) := deg (v,). Let hi be a hermitian metric 
of E given by hi(vi,Vj) := Sij \zi\~ 2a ^ (— log |zi|) . Then, ho and hi are 
mutually bounded. 

— G(B A , ho) is bounded with respect to ho and the metric g t for some e > 0. 

— Let 8 denote the section of End(i?) ® O 1 ' associated to B A and ho- Then, 
9 = 0(l)dzi/zi. 

Proof There exists a ^ m -equivariant regular filtered A-flat bundle (2£*,O a ) on 
(X,D) such that (i?*,B A ) is the pull back of (-E*,B A ) by the projection (X,D) — > 
(X,D). Hence, the claim follows from Lemma 13.3.1. □ 

13.3.2. Good filtered A-flat bundle. — Let X := A" and D := {zi = 0}. 

Let g e denote the metric of X — D given by |zi| _2+2e dzi dzi + Y^j=2 ^5- Let 
(-E*,B A ) be a good filtered A-flat bundle on (X, D). The restriction to X — D is 
denoted by E. We take a ramified covering <p e : (X',D') — > (X,D) given by 
f e {z'i , Z2, ■ ■ ■ , z n ) = (z[ e , 22, • ■ • , z n ) such that </3*(.E»,B A ) is unramified. We have 
the irregular decomposition: 

(308) <p* e (E*,B x ) lS , = (^,D' A ) 

a£lrr(D A ) 
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Here, the filtration of Lp* e E„ is given as in Section 2.5.3.3. We have the natural 
Gal(X'/X)-action on Irr(B A ). For a <E Irr(B A ), let Stab(o) denote the stabilizer of the 
Gal(X'/X)-action. Since B' A — da is logarithmic, we have a Stab(a)-equivariant good 
filtered A-flat bundle (E'„, D' A ) on (X',D') such that (E' m , B' A ) |5 , ~ (E a ,, D' A ). 
The restrictions to X' — D' are denoted by E a . We obtain an isomorphism: 

(£;' a *,D' fl A )|i3^^(^^ A ) |5 , 

aeIrr(B A ) 

We may assume to have the Gal(X'/X)-action on 0(-E' o+ , D' A ) which is equal to the 
natural Gal(X'/X)-action on ^p* e E^ after the completion. Let N be any large number. 
We can take a Gal(X'/^)-equivariant holomorphic (not necessarily flat) isomorphism 
%pN : 0-^' a * — V*eE* which is equal to ip on the iV-th infinitesimal neighbourhood 
5'W of D'. 

We have the induced action of Stab(a) on {E' ait , D' A ). Let D' a A rcg := D' A - da. 
Applying Lemma 13.3.3 to (E' a ^, B' a rcg ), we can take a Stab(o)-equivariant hermitian 
metric h' a of E' a with the property as in Lemma 13.3.3. We may assume u*h' a = h' u] » a 
on E' w , a . Hence, the metric 0/i' a of E' a is Gal(X'/X)-equivariant. We obtain the 
induced metrics h'^ and of (p* e E and E, respectively. The metric is called 
an auxiliary metric. 

Lemma 13.3.4- — Let N be sufficiently large. By construction, we have the follow- 
ing: 

— (E^h 1 -- ^) is acceptable. 

— The norm estimate holds for (E*,U) X , h^). (See Lemma 13.3.3-j 

— G(D A , h^) is bounded with respect to h^ and g t for some e > 0. 

— Let 9 h (a) denote the section o/End(£') ® fl 1 ' induced by h^ ' and D A . Then, 
\0 h (o)\ h (a) is of polynomial order with respect to Z\. More precisely, 

<P*M°> -0(l + |A| 2 )- 1 da id^ (B ,) 

is 0(1) dz' 1 /z[ + YTj=i °(!) dz ] with respect to h'^ . 

Proof The claims hold for 0(-E' o „, D' a A ) with the metric h' a by construction of 
h' a . Under the identification of E' a ^ and <p* e E* via if), we have 

^D A -0D' A = O(zf/ 2 ). 

a 

Since N is sufficiently large, the claim of the lemmas are clear. □ 

13.3.3. Family version. — We put X := A and D := {O}. Let (£*,0 A ) be a 
good filtered A-flat bundle on (X, D). The restriction to X — D is denoted by (E, B A ). 
We take a real number c ^ 'Par(E^). We have the induced parabolic structure F of 
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C E. Take r\ > such that 10ry < gap( c -E*). (See Section 3.1 of [92] for gap.) For any 
e > 0, let oj e denote the metric of X — D given as follows: 

(309) ffe:= ( e » N a. + ^ W *i)^* 

Let denote e-perturbation of F for any sufficiently small e > 0, as explained in 
(II) of Section 13.7 below. 

Lemma 1 3. 3. 5. — If eq > is sufficiently small, there exists a family of hermitian 
metrics {h^ | < e < 60} of E with the following property: 

— G(0 A , hkQ ) are bounded with respect to iijf 1 and g e . The estimate is uniform for 
e. 

— Norm estimate holds for (E,F( e \h()). 

— {/ig I e > 0} converges to h^ in the C°°-sense locally on X — D. 

— Let t e be determined by det(h^)/ det(h^). Then, t e and t^ 1 are bounded, 
uniformly in e. 

Proof In Sections 4.2-4.4 of [94], we give the construction of such a family of 
hermitian metric for a regular A-flat bundle. The result can be extended to the case 
in which a meromorphic A-flat bundle is not necessarily regular but good, with the 
same argument in Section 13.3.2. □ 



13.4. Harmonic bundles on curves 

13.4.1. Review of a result due to Biquard-Boalch. — Let C be a smooth 
connected complex projective curve, and D be a finite subset of C. Let (E*, V) be a 
good filtered flat bundle on (C, D). The restriction to C — D is denoted by (E, V). 
We recall the following result due to Biquard-Boalch [12]. (See also [102].) 

Proposition 13.4-1- — {E*, V) is polystable with par-deg(-E*) = 0, if and only if 
there exists a wild harmonic metric h of (£7, V) adapted to E*. Such a metric is 
unique up to obvious ambiguity. 

Proof We give an outline of a proof based on Simpson's method, for our later 
purpose. The claim is easy in the rank one case. Hence, we take a harmonic metric 
hdet(E) of (det (£?*), V) . Let g e be a Kahler metric of C — D, which is given by |z|~ 2+£ 
around P G D for a holomorphic coordinate z such that z(P) = 0. 

Lemma 13.4-2. — There exists a hermitian metric M ' of E with the following 
property: 

— (Ejh 1 -- ^) is acceptable. 

— The norm estimate holds for (E,V ,h^) at each P G D. (See Lemma 13.3.1J 

— G(V, h^) is bounded with respect to and g € for some e > 0. 
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— Let denote the section of End(-E) (8 f2 1,0 induced by and V. Then, 
\0^\ h (o) is of polynomial order with respect to around each P G D, where 
z denotes a holomorphic coordinate around P such that z(P) = 0. 

- det(/i(°>) = h dct(E) . 

Proof Applying the construction in Section 13.3.2 around each P E D, we obtain 
a metric of Eii/_£>, where U denotes some neighbourhood of D. We extend it to a C°° 
hermitian metric hS°>* of E. Let s be determined by ft-dct(.E) 

= det(hW*)s. Then, s 

and s _1 are bounded on C — D. Hence, we obtain the desired metric h^ ' with an 
obvious modification. □ 

For any C E*, we have par-deg(F st ) = deg(F, h^) due to a result of Simpson 
(Lemma 6.2 of [114]). Hence, (.E*, V) is stable if and only if (E, V, h) is analytically 
stable. Then, due to a theorem of Simpson in [113] and [114], we obtain the harmonic 
metric h = s such that (i) s and s~ x arc bounded with respect to h(°\ (h) Vs 
is L 2 with respect to /i (0) , (hi) det(s) = 1. (Sec also Proposition 2.49 of [94].) Let 9 
be the Higgs field associated to h and V. Let d" denote the (0, l)-part of V, and let 
5' h(a) denote the (1, 0) -operator induced by d" and h^°\ Because of the L 2 -property 
of d"s and the self-adjointness of s, we obtain that S' hm s is L 2 with respect to fv- '. 

Let us show that (E,V,h) is a wild harmonic bundle. For any P € D, we take a 
coordinate neighbourhood (Up,z) with z(P) = 0. Let %p : H — > Up — {P} be given 
by ip(() = exp(27r v /z TC)- We put K n := {C| -KRe(<l, n - 1< ImC < n + 1}. 
Because 8 — 9^ + s~ 1 5' ho s/2 : there exists a constant C, which is independent of n, 
such that the following holds: 

/ \re\l<2[ \re { % m +c 

Since J K l^d^ is the energy of the harmonic map on K n corresponding to the 
harmonic bundle ^(E^yh) up to some positive constant multiplication, we obtain 
the following estimate (see [38]): 

sup\r o\i < a supiv*0 (o) i£ ( o> +c 2 

K' n K n 

Here K' n := {-2/3 < Re(C) < 2/3, n - 2/3 < Im(C) < n + 2/3}. Since the norm 
of is of polynomial order of l^l" 1 around P, the norm of 9 is also of polynomial 
order of In particular, the eigenvalues of 6 are also of polynomial order. Thus, 

(E,8e, 9, h) is wild. 

Conversely, we can show the "if" part by the same argument as that in Chapter 6 
of [114]. 

We know the norm estimate for wild harmonic bundles on curves (Proposition 
8.1.1). Hence, if hi (i = 1,2) are wild harmonic metrics for (E, V) adapted to 
they are mutually bounded. Then, by the same argument in the proof of Proposition 
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2.6 in [92], we can show the existence of a decomposition (E*, V) = V,) such 

that (i) it is orthogonal with respect to both hi (i = 1,2), (ii) hi = a; hi on Ei for 
some cij > 0. □ 

Remark 13.4-3. — We will also prove that if a harmonic metric h of (E, V) is 
adapted to E*, then (E,\7,h) is a wild harmonic bundle (Proposition 13. 5. 3). □ 

13.4.2. Convergence of a sequence of harmonic bundles. — Let (C, D) be 

as in Section 13.4.1. Let (E,F,V) be a stable good parabolic flat bundle on (C,D) 
such that par-deg(i?, F ) = 0. Let F^ denote an e-perturbation of F as in the case 
(II) of Section 13.7 below. We have det(E, F) = det(E, F {e) ). We take the harmonic 
metric hdetE of det(E, F, V). Let h^ be harmonic metrics of (E, V) adapted to F^ e ' 
such that deth^ = h^etE- Let 9^ denote the associated Higgs field. We have a 
straightforward generalization of Proposition 4.1 of [94]. 

Proposition 13-4-4- — We have the convergences h^ — > h^ and 6^ e ' — > 9^ in 
the C°° -sense locally on C — D. 

Proof Let r\ be a small positive number such that r\ < gap(S, F)/10. Let eo be 
a small positive number such that lOrank(-E) eo < V- For any < e < eo, let us take 
Kahler metrics g e of C — D with the following property: 

— Let P E D. Let {Up, z) be a holomorphic coordinate neighbourhood of P such 
that z(P) = 0. The restriction of g e is as in Section 13.3.3. 

— g e — > go in the C°°-sense locally on C — D. 

Lemma 13-4-5. — We can construct a family of hermitian metrics h\^ of Eic-d 
with the following property: 

— G(D A , h^) are uniformly bounded with respect to h^ and g e . 

— The norm estimate holds for each [E, F^ e \h^). 

— {h^ | e > 0} converges to h^ in the C°° -sense locally on C — D. 

— det(/i e) ) = h dct(E} . 

Proof It can be shown by using the argument in Section 4.5.1 of [94] together 
with Lemma 13.3.5 (instead of Lemma 4.11 of [94]). □ 

Then, the claim of Proposition 13.4.4 can be shown by using the argument in 
Section 4.5 of [94]. □ 

13.4.3. Convergence of a sequence of hermitian metrics. — Let (C,D) be as 
in Section 13.4.1. Let (E, F, V) be a stable good parabolic flat bundle on (C, D) with 
par-deg(.E, F) = 0. For each P e D, let (Up, z) be a holomorphic coordinate around 
P such that z(P) = 0. Let F^ be an e-perturbation as in the case (II) of Section 
13.7. We have h^ 1 ^ be a harmonic metric for each (E, F^ ei \ V) for some sequence 
{ei} such that e, — > 0. For simplicity of the description, we use e instead of e^. We 
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assume det h ^ = det . Note that the sequence Hq (e > 0) converges to h °^ in 
the C°°-sense locally onC-D (Proposition 13.4.4). 

Let iV be a large positive number, for example N > 10. We use Kahler metrics g e 
(e > 0) of C — D which are as follows on Up for each P E D: 

'JV+2| „|2e i x xi\dzdz 



N 2e + N 2 ) : 



M 2 

We assume that {g e } converges to go for e — > in the C°°-sense locally on C — D. 
By using the argument in Section 5.1 of [94] with Proposition 13.4.4, we can show 
the following lemma, which is a straightforward generalization of Proposition 5.1 of 
[94]. 

Lemma 13.4-6. — Leth^ (e > 0) be hermitian metrics ofE\c—D with the following 
properties: 

1. Let be determined by h^ = h s^. Then, is bounded with respect 
to h Q e \ and we have dets' e ^ = 1. We also have the finiteness of the I? -norm 
||Vs( e )|| 2 ^(s) < oo. (The estimates may depend on e.) 

2- ||G(& (6) )ia°hW, ff . < co and Um e ^o ||<?(/i (e) )||2,^) >9e =0. 
Then the following claims hold. 

— The sequence {s^} is weakly convergent to the identity of E in L\ locally on 
C-D. 

— |s^|,(«o and I (s( e )) -1 1 (e ) are bounded on C — D uniformly in e. □ 



Corollary 13-4.7. 

— The sequence {h^} is convergent to h Q ^ weakly in L\ locally on C — D. 

— The sequence {Vs^} is convergent to weakly in 1? locally on C — D. 

— The sequence {0^} is convergent to 8^ weakly in L 2 locally on C — D. 

— In particular, the sequences are convergent almost everywhere. □ 

13.4.4. Continuity for a holomorphic family. — Let C — > A be a holomorphic 
family of smooth projective curve, and T> — > A be a relative divisor. Let (E, F, V) be 
a good filtered flat bundle on (C,T>). Let t be any point of A. We denote the fibers by 
C t and V u and the restriction of (E, F, V) to (C t ,T> t ) is denoted by (E t ,F t ,X7 t ). We 
assume par-deg(£' t , F t ) = and that (E t , Ft,Vt) is stable for each t. For simplicity, 
we also assume that we are given a pluri-harmonic metric /idet(E) of dct(£', V)|c— z> 
which is adapted to the induced parabolic structure. 

Let fiH,t be a harmonic metric of (E t , F t ,Vt) such that det(/i^r ; t) = hd e t(E)\c t - 
They give the metric hu of E. Let 9n,t be the Higgs filed obtained from (E t , V, h^^), 
which is a section of End(-Ei) ® Cl c ' (log£>t). They give the section 6h of End(-E) ® 
fJ^,'° A (logI?), where Q^ A (logT>) denotes the sheaf of the logarithmic relative (1,0)- 
forms. The following lemma is a straightforward generalization of Proposition 4.2 of 
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[94], and it can be proved by using an argument in the proof of Propositions 4.1 of 
[94] with Lemma 13.3.4. 

Lemma 13.4-8. — andOfj are continuous. Their derivatives of any degree along 
the fiber directions are also continuous. □ 



13.5. Some characterizations of wildness of harmonic bundle 

We fix a non-zero A in this section. 

13.5.1. Statements. — Let X := A", D. t := {z. t = 0} and D := [f i=l D t . Let 
TTi : X — > Di denote the natural projection. We put D° := Di \ Uj^; i<j<e ^ e t 
(.E*,O a ) be a good filtered flat bundle on (X, D). Let h be a pluri-harmonic metric 
of (£,D A ) := (E*,B x )\ X -d, and let (E,d E ,6) be the associated Higgs bundle. We 
will prove the following proposition in Section 13.5.4, after showing the special cases 
in Sections 13.5.2 and 13.5.3. 

Proposition 13.5.1. — Assume that there exist subsets Zi C -D; (i = 1, ...,£) with 
the following property: 

— The Lesbegue measure of Zi are 0. 

— h^-i^ p) is adapted to E m > r i, p >. for any P e D° \ Zi. 

Then, the following holds: 

— The harmonic bundle (E,dE,0,h) is good and wild, and h is adapted to E*. 

— If (E* , B A ) is unramified, (E, 8e 7 d, h) is also unramified, and the following holds 
for any P G D: 

(310) Irr(0,P) = {(l + |A| 2 )- 1 a|aeIrr(ID) A , J P)}. 

We give a slightly different proposition. For simplicity, we assume that the deter- 
minant det(.E, dE,0,h) is good and wild, and det(h) is adapted to dct(£^ st ). We prove 
the following proposition in Section 13.5.5. 

Proposition 13.5.2. — If h is adapted to E*, then the following holds: 

— h^-i^ is adapted to E^ | ^-i/q) for any Q £ D° and for any i = 1, . . . , I. 

— (E,dE,0,h) is good and wild. 

— If (E* , D A ) is unramified, (E, dE,S,h) is also unramified, and the following holds 
for any P £ D: 

Irr(0,P) = {(l + |A| 2 )- 1 a|aeIrr(ID) A ,P)}. 
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13.5.2. A characterization of wildness of harmonic bundles on a punctured 
disc. — Wc put X := {z e C | \z\ < l} and D := {O}. Let {E*,B X ) be a good 
filtered A-flat bundle on (X,D). The restriction to X - D is denoted by (E,B X ). 

Proposition 13.5.3. — Let h be a harmonic metric of (Z?,B A ) adapted to E*. 
Then, (E,lB x ,h) is a wild harmonic bundle. If (E*, B A ) is regular, then h is tame. 

Proof The second claim follows from the first claim and the comparison of the 
irregular values of A-conncction and the Higgs field (Theorem 7.4.5). We can take an 
auxiliary metric ho for (_E*,B A ) as in Section 13.3.2, which has the property as in 
Lemma 13.3.4. Let 9h denote the section of End(-E) £§> fi 1 ' associated to h and B A . 
Let d" denote the (0, l)-part of D A , and let 5' h denote the (1, 0)-operator induced by 
d" and ho- Let s be determined by h = hos, which is self-adjoint with respect to 
both the metrics h and hg. Because h is adapted to E*, we have \s\h = 0(|z| _e ) for 
any e > 0. 

Lemma 13.5.4- — l s U * s bounded. 

Proof Wc have the inequality Alogtr(s) < C \AG(ho)\ h on X — D. (See Section 
2.2 of [94], for example.) Hence, we have A(logtr(s) + elog|z|) < C \ AG(ho)\ h on 
X — D for any e > 0. Since logtr(s) + elog \z\ is bounded above, the inequality holds 
on X as distributions. Hence, the values of logtr(s) + elog|z| is dominated by the 
values on the boundary. By taking e — > 0, we obtain the boundedness of tr(s). Then, 
the claim of the lemma follows. □ 

Lemma 13.5.5. — Let (L, D A ) be a flat X-bundle on X — D of rank one. Let h\ be 
a harmonic metric of (L,B A ). Let u be a holomorphic section of L on X — D with 
the following property: 

— Let f be determined by B A u = ufdz. Then, f is meromorphic. 

— \u\h < C \z\ a for some a € R. 

Then, there exist b £ R and Cj, > (i = 1, 2) such that C\ < \u\h \z\ b < C%- 

Proof Taking the tensor product with an appropriate wild harmonic bundle on 
X — D of rank one, and replacing u with e 9 u for some holomorphic function g, we 
may assume B A it = 0. Let d" denote the (0, l)-part of B A . We put A := \u\l. Due to 
rankL = 1, we have the following: 

(311) dd log A = R(d", h) = (l + IAI 2 )" 1 G(B A , h) = 

Hence, we have the expression log A = —b log \ z\ + Re F(z), where F is a holomorphic 
function on X — D. By assumption, wc have log A < — a logr on X — D, and hence 
F must be holomorphic on X. Then, the claim of the lemma follows. □ 
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Let us return to the proof of Proposition 13.5.3. We have dct(h) = det(fto) det(s). 
By Lemma 13.5.5, we have det(s) > C\ \z\~ Nl for some positive constants C\ and N\. 
Hence, we obtain C 2 \z\ N<1 < \s\ ho and Is" 1 ^ < C 3 \z\~ Nb . 

Recall the following formula (see [113] or Section 2.2 of [94]): 

(312) (1 + |A| 2 )A tr(s) = - tr(*-s/=lAG(feo)) - |B A (s) • s" 1/2 



2 

ho 



Lemma 13.5.6. — We have the finiteness J x _ D \V) x s ■ s l ^ 2 \ h < oo. 

Proof Although it follows from a lemma in [114], we give a direct argument. Let 
p be an J?> -valued C°°-function on R such that p(t) = 1 for t < 1 and p(t) = 
for t > 2. We can take such a function as p'p" 1 / 2 is bounded. We put xn(z) = 
p{— N^ 1 log \z\). We have the following equality: 

D A D A * (xjv s) = \n D A D A *s + B A xw • B A *s + B x s ■ D A *xn + s D A D A *xn 

(See Section 2.1 of [94] for B A *.) By using (312), we obtain the following inequality 
for some constant A\, which is independent of N: 

, — 1/2 1 2 < A , o / linvA I lirjA 



Xjvp s-s ~>-\ ho + 2 / \n> s\ hn \u"~xn\ 



The following inequality holds for some A 2 > 0: 
(313) 



*'L\&*Xn\ < ( / X^xnW^I ) ( / X^V^^ 



1/2 / . 1/2 



<A-2\Ixn |B A s • s" 1/2 



1/2 



Hence, we obtain J x^r |B A s • s 1 ^ 2 | 2 < A3, independently of N. Thus, we obtain 
J\D\s) ■ s-^\l< A 3 . □ 



2 

In particular, we obtain the finiteness Sx—d\^' s \) ^ 00 f rom Lemma 13.5.6. Due 



to the self-adjointness of s, we also obtain the finiteness J X _ D |<% s |/j < 00 • 

We take a universal covering ■0 : H — > A* given by tp(C) = exp(27Tv / — 1C)- We 
put K n := {C € H | - 1 < Re( < 1, n - 1 < Im(C) < n + l}. Let 6» be the Higgs 
field corresponding to the harmonic bundle (i?,B A , ft.). We have 9 = 9] l() + s~ 1 S' h s. 
Due to the L 2 -property of S' hg s and the estimate |s _1 |/ l0 < C 3 \z\^ N;i , we obtain the 
following: 

\i>*Q\ h < Ci 2 e Cl3 ™ 



K„ 

-1 



Since h and ho are mutually bounded up to polynomial order of \z\ , we obtain the 
following: 



(314) / \rO\l<C u e u ™ 



pC"i5n 
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Recall that \9\ 2 is the energy function for a harmonic map up to positive constant 
multiplication. By using a result in [38], we obtain \9\\ < Ciel-^l - C ' 17 from (314). In 
particular, 9 is wild. □ 

Corollary 13.5.7. — Let (E^J} x ,h) be as in Proposition 13.5.3. Then, the norm 
estimate holds for h. □ 



13.5.3. Curve test in the smooth divisor case. — We put X := A™ and D L := 

{z t = 0}. Let (£;*,B A ) be a good filtered A- flat bundle on (X, Di). The restriction 
to X — Di is denoted by (_E,D A ). Let ft, be a pluri-harmonic metric of (E,I$ X ) on 
X — Di, and let (E, Be, 9) be the associated Higgs bundle. Let 7T; : X — ► Di denote 
the projection. For each P G D u we put 7rf 1 (P)* := n^ 1 (P) - {P}. 

Proposition 13.5.8. — Assume that there exists a subset Z C D% with the following 
property: 

— The Lesbegue measure of Z is 0. 

— For any P G D\ — Z, the restriction h^-i^py is adapted to E^-i^ p y 
Then, the following holds: 

— (E,dE,0,h) is good wild harmonic bundle, and h is adapted to E#, i.e., E* = 
T«£ x . 

— //(.E*,B A ) is unramified, (E,8e,0, h) is also unramified, and 

lrr(0) = {(1 + lAI 2 )-^ | a G Irr(IB) A )}. 

Proof In the following, we will shrink X without mention if it is necessary. By 
taking a ramified covering, we may assume that (_E*,ID A ) is unramified. We divide 
the proof into several steps. 

13.5.3.1. Decomposition of (E,8). — We have the expression 9 = J^fidzi- By 
Proposition 13.5.3 and the assumption, (E, <9b, 9, h)i^-i, p \ are wild harmonic bundles 
for any P G D± — Z. Hence, P(t) = det(t - z x fi) is contained in M(X,D{)[t]. We 
put T := {(l + |A| 2 ) _1 z I c?iO | a G Irr(D A )}. According to Theorem 7.4.5, the following 
holds: 

— Take any Q G D\ — Z . Let a be a multi-valued mcromorphic function on 
7T i 1 (Q)i which is a solution of P{^)\- k - 1 {q) = 0- Then, there exists b(a, Q) G T 
such that the following holds: 

|b(a,<5) kr i (Q) -a\= 0(1) 

In other words, the assumption made in Section 13.5.6.1 (Appendix below) is satisfied 
with the good set of irregular values T. Applying Proposition 13.5.16 below, we obtain 
the decomposition P(t) = YlbeT Pb(t ~ b) such that Pb(t) € H(X)[t]. By using it, we 
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obtain the decomposition 

(315) (E,fi)= (E' a J ha ), 

a£lrr(D A ) 

such that (3 — (1 + |A| 2 ) _1 zi9 z a is bounded for any solution (3 of det(i —2:1/1,0) =0. 
In particular, the restrictions (E,dE,0,h)^-i^ p ^ are wild harmonic bundles for any 
P G P>\. The decomposition (315) is preserved by fi (i — 2,...,n) due to the 
commutativity [fi, f{\ = 0. Note the decomposition (315) is holomorphic with respect 
to 8e, but not necessarily holomorphic with respect to the (0, l)-part of A . Let ir a 
denote the projection onto E' a with respect to (315). 

Lemma 13.5.9. — For each a G Irr(D A ), we put f{J := f lM - (1 + | A| 2 )~ a 7r a . 
Then, dct(t — zifl^) ar e contained in H(X)[t], and the coefficients of the restriction 
det(t — Zxf™^) , D are constant. 

Proof The first claim follows from the construction. The second claim follows 
from Proposition 8.2.1 and the assumption (.E*,O a ) is good. □ 

13.5.3.2. Norm estimate for (E t , O a , h). — Recall that Simpson's main estimate in 
Section 7.2 depends only on the behaviour of the eigenvalues of the Higgs field. Due 
to Corollary 7.2.10, the curvature R(h^-i^) of (E,dE,h)^-i^ is bounded with 
respect to h,^-i, p s and the Poincare metric g p of tt^ 1 (P)* , and the estimate is uniform 
inPGDi. 

As in Section 13.3.2, we take good filtered flat bundles (£ a *,D A ) such that 1D> A 
is a-rcgular for each a G Irr(D), and an isomorphism %pN : Q)E a * ~ which is 
an approximation of the irregular decomposition in iV-th order. Then, we take an 
auxiliary metric ho of (E,J} X ), which has the property in Lemma 13.3.4. By taking 
a ramified covering, we may assume that G(D A ,/io) is bounded with respect to ho 
and the Euclidean metric of X . Let s be determined by h = ho s. Let A A denote 
-(l + |A| 2 )d Zi %. 

Lemma 13.5.10. — s and s" 1 are bounded with respect to ho. Namely, h and ho 
are mutually bounded. In particular, h is adapted to E*, and more strongly, the norm 
estimate holds for (_E*,1D> A , h). 

Proof Due to G(/i,D A ) = 0, the boundedness of G(/io,ID> A ) and an inequality in 
Subsection 2.2 of [94] , we have a constant A such that the following holds on tt^ 1 (P)* , 
independently of P G D\ : 

A A logtr(s K - 1(p) ) < A, A A logtr(s^_ 1(p) ) < A 

Since we have already known the boundedness of s^-i^, and s~_ I ^ <i for any 
P G D\, the inequality holds on n^ 1 (P) in the sense of distributions for such P. 
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Hence Is, -i /D i» , and \s, 1 , , , |, arc dominated by their values at dn 1 1 (P) for 

I Ki (P) lh I |tt 1 j (P)* Ifto J 1 \ J 

any P G D\. Hence, we obtain the uniform boundedness of s and s . □ 

13.5.3.3. Estimate for f t (i = 2,...,n). — We put F[ := £) fl (l + | A | 2 ) 1 .9^ ex tt and 
J™ 8 := /,; — F[ for i > 1. We would like to show that det(i — f™ s ) is contained in 
H(X)[t}. 

Lemma 13.5.11. — Letp a ^ denote the projection onto ipN{E a ) with respect to the 
decomposition E = (§)ipN(E a ). Then, we have the estimate p a _N — K a = 0(\z\\ N ^ 2 ) 
with respect to h. 

Proof We have already known 7r a — p a ,N , -i (P \ = 0(\zi\ N ) for each P (Propo- 

sition 7.5.1). Let 8e,i denote the restriction of 8e to the zi-direction. Because the 
constants in Simpson's Main estimate (Section 7.2) depend only on the behaviour of 
the eigenvalues, we also have the following estimate on X — D\ with respect to h and 
the Poincare metric of X — Pi, for some e > 0: 

(d E ,i + Xfldzi)(n a -p a ,jv) = A [f\dzi, 7r a ] = 0(exp(-e|z 1 | -1 )) 

Then, the claim follows from Lemma 21.9.2 below and the uniform boundedness 

Corollary 13.5.12. — We put P := £ (1 + |A| 2 ) _1 9iOj) aj jv for i > 1. Then, 

P i -P/ = 0(|z 1 |^ 3 ). 

Proof It follows from Lemma 13.5.11. □ 

Let 8o denote the section of End(P) <E) fi 1,0 induced by ho and D A . We have the 
expression 8q = S»=i fo,i dz%. Note the following estimate for i > 1 with respect to h 
(Lemma 13.3.4): 

(316) f 0ti -Fi = 0(1) 

Lemma 13.5.13. — There exists a subset Z\ C Pi whose measure is 0, such that 
the following finiteness holds for any P £ Pi — Z\ : 

(317) / \fi-fai\l dvol ffp <oo 

Here g p denote the Poincare metric of the punctured disc 7Ti" 1 (P)*. 

Proof Let ID> A denote the restriction of D A to the z^-direction. We have the equal- 
ity 

A}tr(s) = (s,A i ) ho -\B$ S .s-i\l o , 
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for some bounded section A4 of End(-E). (See Section 2.2.5 of [94], for example.) Let 
X be a cut function on a disc. For any Q £ Di\D\, we have the following equality 
on ir^(Q): 

A 4 A tr( X s) = X (A, s) h - x fits • s" 1 / 2 ! 2 + 2(1 + | A| 2 ) Re (g^) + (A?x) tr(s) 
Therefore, we obtain the following: 

0= f x(Ai,s) h - f X |^-s- 1/2 | 2 

+ [ 2(l + |A| 2 )Rc(f*^)+ / (A^)tr(.s) 
Thus, we obtain the following inequality for some constants Bj (j = 1,2,3): 
f X |BMJ<Bi/ (x+\^ X \)\s\+B 2 [ \d iX \-\B}s\ h 

< B 3 + B 2 f \d iX \ ■ \B$s\ h 

Let x be such that (i) X (r) = 1 for r < fo/3, (h) x( r ) = cxp(— (r — ro) _1 ) for 
?*o — V < r < ro (rj > 0), (hi) X (r) = for r > tq. Then, (dx) x - 1/2 is bounded. 
Hence, we obtain the following inequality for some constants Bj (j = 4,5): 

(318) 

/ x \^s\i<b 3 +bJ [ m X )x" 1/2 \ 2 ) if Xp}s\l) 

<B 3 +B 5 ([ X pfs\l 

Hence, we have the uniform boundedness of the integrals J^-i,^, |O a s| 2 for i = 
2,...,n and for Q g Di\D\, when we shrink X. Let d" denote the (0, l)-part 
of D A , and let 5' ho denote the (1, 0)-operator induced by ho and d" . The restriction of 
S' ho to the Zi-direction is denoted by S' ho i . Since s is self-adjoint with respect to ho, 
we obtain the uniform boundedness of the integrals J^-i™ |<5^ o j,s|| for i = 2, . . . ,n 
and for Q e A \ D±. 

Since we have the relation 8 — 0q = —(1 + |A| 2 ) -1 s~ 1 8' ho s, we obtain the uniform 
boundedness of the integrals J^-^q) |/« — fo,i | 2 \dZi dzi\ for i = 2, . . . , n and for Q € 
Di\D\. Then, the claim of Lemma 13.5.13 follows from Fubini's theorem. □ 

Let us complete the proof of Proposition 13.5.8. We obtain the following finitcness 
for any P g D± \ Z\ and i > 1, due to Corollary 13.5.12, the estimate (316) and 
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Lemma 13.5.13: 

(319) / |/r s | 2 , dvol Sp < oo 

Note that f*° s are holomorphic with respect to 8e- Hence, we obtain the boundedness 
01 (/i^ eS )|7r _1 (p) (* = 2, . . . ,n) for any P e D\\ Z\ from (319), by using the norm 
estimate for wild harmonic bundles on curves. 

By construction, we have [9, fl &s ] = 0. Hence, we have the inequality Ai|/^ es |^ < 
on 7r 1 " 1 (P)* for any P g D\ (Lemma 4.1 of [114]), where Ai = ~d Zl dz 1 ■ Since we have 
already known the boundedness of |/j I0S |^ on n^ 1 (P) for any P g D\ — Z\. we obtain 
Ai|/j lcs |^ < on 7rJ" 1 (P) as distributions, for any P e D\ — Z\. Hence, the values of 
|/-' og |^ on 7Tf 1 (P)* arc dominated by the values on d-K^ x {P)* for P eD 1 -Z 1 . Then, 
we obtain the boundedness of |/j log |^ on X — D by using the continuity. As a result, 
we obtain det(i — Z™ 8 ) <G H(X)[t\. Together with Lemma 13.5.9, we can conclude 
that 9 is good and wild. Thus, the proof of Proposition 13.5.8 is finished. □ 

13.5.4. Proof of Proposition 13.5.1. — We may and will assume that (i£*,B A ) 
is unramified. We will replace X with a small neighbourhood of the origin O with- 
out mention. We assume that the coordinate system is admissible for Irr(lD) A ) := 
Irr(B A ,0). We have the expression 9 = Yl^—i fidzj. Due to Proposition 13.5.8, we 
have already known that det(t — Zj fj) £ M(X, D)[t] (j = 1, . . . ,£) and det(t — fj) £ 
M(X,D)[t] (j = e+l,...,n). 

Lemma 13.5.14- — Let a be a multi-valued meromorphic function on X, which is 
a solution of dct(t — Z\ f\) = 0. Then, there exists a £ Irr(B A ) such that 

|(l + |A| 2 )a-^i<9ia| =0(1). 

Proof We put T := {(1 + | Ap)" 1 z&a | a G Irr(© A )}. Due to Proposition 13.5.8, 
the polynomial det(t — Z\ fi) satisfies the assumption made in Section 13.5.6.1 (Ap- 
pendix below) with the good subset T. Hence, the claim of the lemma follows from 
Proposition 13.5.16 below. □ 

By Lemma 13.5.14, we obtain the decomposition (E,fi) = © a eirr(o*) (-^a, /i,a) 
such that the eigenvalues of 

zifi,a-0- + \H 2 )~ 1 zid 1 ajd Ea 
are bounded. We have the corresponding decomposition fi = ® ae i„(p\) fi,a- We set 

/^-Aa-a + IAlVftaidB.. 

Lemma 13.5.15. — det(t - z { f*f) £ H{X)[t] for i = 1, ... ,£, and det(i - /™ s ) £ 
H{X)[t] fori = £ + l,...,n. 
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Proof Let 1 < i < I and let Q £ D° . Let Xq be a small neighbourhood of Q such 
that Dq = Xq n D is smooth. Let Irr(B A , i) denote the image of Irr(D A ) by the map 
M(X,D)/H(X) — ► M(X,D)/M(X,D& i))> where D & *) : = Ui<j<^ A- Due 
to Proposition 13.5.8, we have the decomposition (£7, ^) | js^q = ©tiein(D A %) i^b.Q, ®b,o) 
with the following property: 

— For the expression 6 biQ = J2fb^,Qdz. h we put f b °f Q := / 6>ii g - <9,b id Bf)Q . 
Then, the characteristic polynomials of dct(£— z ifCiQ) an d det(t— /^j q) (j ^ ') 
are contained in i/(Xg)[i]. 

We can observe -EVq = (Bcu-s-b ^o|x q -Dq by the comparison of the eigenvalues of 
Z\ f\. Hence, we obtain that det(£ — Zi Z™ 8 ) (i = 1, • • • ,£) and det(t — J™ 8 ) (i = 
I + 1, . . . ,n) arc contained in iJ(Xg)[f]. Then, the claim of Lemma 13.5.15 follows 
from the Hartogs theorem. □ 

By using Proposition 8.2.1, we can show that the coefficients of det(i — Z,™ 8 )^ 

are constants for i = 1, . . . ,£. Hence, (E, 8e, 0, h) is unramifiedly good wild, and we 
have (310). We have the filtered A-flat bundles r P*£ x obtained as in Section 7. By 
the assumption, we have V*£^-i. p . = E^-i^ for i = 1, . . . ,£ and P £ D° \ Zi. 

We can deduce V*£ A = E*. Thus, the proof of Proposition 13.5.1 is finished. □ 

13.5.5. Proof of Proposition 13.5.2. — We may assume (_E*,B A ) is unramificd. 
Due to Proposition 13.5.1, we have only to show the first claim. We put (Eq * , Dq) := 

D A )| 7r -i ( -g- ) and Eq := ■®i w - 1 (g) f° r an Y Q G A?- We take an auxiliary metric \iq 
for (Eq *,Dg) as in Section 13.3.2. We also assume det(/ig) = dct(h^-i^) by an 
obvious modification. 

Let sq be determined by h< n -x,Q^ = Kq sq. Because h is adapted to 2?*, we have 

I s qUq = 0(l z i| _£ ) f° r an y e > 0. Then, we can show |sg|/i g is bounded by the 
same argument as that in the proof of Lemma 13.5.4. Because det(sg) = 1, we also 
obtain that Sg 1 is bounded with respect to Hq. Then, we can conclude that ^| 7r - 1 (g) 
is adapted to -Eg,*, and the proof of Proposition 13.5.2 is finished. □ 

13.5.6. Decomposition of polynomials (Appendix). — 

13.5.6.1. Statement. — Let X := A", D { := { Zi = 0} and D := Ui=i A- We put 
D° := Di \ Ui<j<£ j^i Dj. Let 7T, denote the projection of X to Di. Let P(z, t) = 
Sj=o a j( z ) & G M(X, D)[t] be a monic polynomial in the variable t with M(X, D)- 
coefficient. Assume that we are given a good set of irregular values T C M(X, D) 
(Definition 2.1.2) and subsets Zi C Di (i = 1, , . , ,£) such that the following holds for 
each i: 

— The Lesbegue measure of Zi is 0. 

— Take any Q £ D° \ Zi. Let a be a multi- valued meromorphic function on 
tt~ 1 (Q), which is a solution of P(t),^i,Q, = 0. Then, there exists a(a, Q) £ T 
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such that the following holds: 

H a 'Q)\Tr7\Q) ~a\= 0(1) 

In other brief words, a is decomposed into a multi-valued holomorphic function 
and the polar part o(a, Q)\- it - 1 (q)- 
We will prove the following proposition in Sections 13.5.6.2-13.5.6.3. 

Proposition 13.5.16. — We have a splitting P{z,t) = H aeT P a {z, t) in M(X, D)[t] 
with the following property: 

— Each P a (z,t) is a monic in the variable t. 

— Let a be a multi-valued meromorphic section on X which is a solution of 
P a (z,t) = 0. Then, a — a is bounded. In other words, P a (z,t — a) G H(X)[t]. 

13.5.6.2. Preliminary. — Let X := A" and D := D x . Let P G M(X,D)[t] be a 
monic. 

Lemma 13.5.11. — Assume that there exists a subset Z C D whose measure is 0, 
such that the following condition holds: 

— Let Q G D — Z. For any roots a of ' P\-k~ 1 (q)> we have \a\ — 0(1). 

Then, the coefficients of P are holomorphic, and any roots of P are bounded on X . 

Proof Let P(z,t) = Yl a j( z )^ ■ We obtain the boundedness of a j\ v - 1 (Q) f° r an y 
Q G D — Z . Then, we obtain that aj are holomorphic on X. □ 

Assume that we are given a good set of irregular values S = { a = a m z" 1 } C 
M(X, D) in the level m, and a subset Z C D with the following property: 

— The Lesbegue measure of Z is 0. 

— Let Q G D — Z . Let a be a root of P,-i,qs. Then, there exists a(a) G S such 
that the following holds: 

Lemma 13.5.18. — We have a decomposition P = Y\ ae gPa into the monies with 
the following property: 

— \a — a \ = 0(\zi\ m+1 ) for any root a of P a . 

Proof Let r := deg t P. We set Q(z,t) = z^ rm P(z, z[ n t). By Lemma 13.5.17, 
we obtain the expansion Q(z,t) = J2j>o Q^{ Z A z v We have the decomposition of 
Q° = IlaesQa- It can be lifted to the decomposition Q = riaesQa- By applying 
Lemma 13.5.17 to Qa^z^ 1 (t — a)), we obtain that the coefficients of Q a (^r 1 — a )) 
are holomorphic on X . Hence, the induced decomposition P = Hogs ^ a nas the 
desired property. □ 
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13.5.6.3. Proof of Proposition 13.5.16. — We use an induction on \T\. Let m(0) := 
min{ord(o) | o £ T}. In the case i] m /o)(T) = 1, we pick an element ao <G T, and 
we put P(t) = P(t — ao). Then, the polynomial P satisfies the assumption in Sec- 
tion 13.5.6.1 with the good set of irregular values T := {a — do \ a £ T} and we 
have min {ord(b) | b e T) > m(0). Hence, we can reduce the problem to the case 
|f?Tn(T)| > 2, which we will assume in the following argument. 

We put V := z - rm ^P{z m< ~ h), which is monic in M(X,D)[t}. It can be shown 
that it is contained in H(X)[t] by using Lemma 13.5.17 and Hartogs theorem. Let k 
be determined by m(0) <G Z< . Let Di := f| ig7 D t for I C {1, ... , k}. We set 

T, :={(*— ^loer}. 

For I <Z J <Z {1, . . . , fc}, we have the natural map ^jj : Tj — > Tj by the restriction 
to Dj. 

Let Q be a point of D° := D j \Ut/j i<i<fc Let J7q be a small neighbourhood of 
Q in X. By using Lemma 13.5.18, we obtain the decomposition "P(i) = liber ^b.Q W 
on Uq, such that "Pb,Q(i)|_Dj has the unique root b. For c £ T^, we put 

Pc.g(*):= II ?W*)- 

0j,{ 0) = c 

By varying Q in D°, we obtain the decomposition V = IIceT* W around £)J. 
Because of T 3 £ £f(X)[£], we have 'Pcj £ i?(X)[t], and the decomposition holds on X. 
Since "Pc,j{t)\Di has the unique root c, we obtain that ~P c j is independent of j, which 
we denote by V c . 

We put P c m(0) := z rm ^V c (z' m( -°H) and T c := {a £ T 1 7/ m (a) = cz m < '}. Then, 
pm(0) e has the following property: 

— Take any Q £ _D°. Let a be a solution of Pc n ^°\t)\ 7r r 1 (Q) = 0, which is a multi- 
valued meromorphic function on 7r~ 1 (Q). Then, there exists a(a, Q) £ T c such 
that the following holds: 

H a ^Q)\-K- 1 (Q) ~ a \= 

By applying the hypothesis of the induction, we obtain the desired decompositions 
for P™^°\t), and thus for P(t). Hence the induction can proceed, and the proof of 
Proposition 13.5.16 is finished. □ 

13.6. The filtered flat bundle associated to wild harmonic bundle 

13.6.1. Polystability. — Let X be a connected smooth n-dimcnsional projective 
variety with an ample line bundle L. Let D be a simple normal crossing hypersurface. 
Let (i£*,B A ) be a filtered A-flat bundle on (X,D) which is generically good, i.e., we 
have a Zariski dense open subset D' of D such that E* is good around any point 
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P € D' . We say that a pluri- harmonic metric h of E is generically adapted to E*, if 
it is adapted to E* around P for any points P € D'. 

Proposition 13.6.1. — Let (-E*,H> A ) be a filtered X-flat sheaf which is saturated and 
generically good. 

— Assume that we have a pluri- harmonic metric h of (E,H) X ) := 

which is generically adapted to E*. Then, (i£ st ,ID A ) is -poly stable with 
par-deg^-E*) = 0. The canonical decomposition (see Section 13.1.3 ^ is or- 
thogonal with respect to h. The restriction of h to any stable components of 
(i£*,B A ) is also pluri-harmonic. 

— Let h' be another pluri-harmonic metric of {E, D A ) generically adapted to E*. 
Then, we have the decomposition (.E st ,ED A ) = (^(.Ei*,©^) such that (i) it is 
orthogonal with respect to both of the metrics h and h' , (ii) hi = ai h' i for some 
ai > 0, where hi and h\ are the restrictions of h and h' to Ei, respectively. In 
particular, if (E*,D A ) is /i^-stable, h' = ah for some a > 0. 

Proof Let us consider the first claim. In the one dimensional case, it can be shown 
by Simpson's argument in Section 10 of [113] and Section 6 of [114]. We give only 
an outline. Note that we have already known that (E, B> x ,h) is good wild according 
to Proposition 13.5.3. In particular, (E, h) is acceptable, which we will implicitly use. 
Let {W*,B X ) be a filtered A-flat subbundlc of (E*,P A ). We put W := W*\ X -d- 
Let hw be the metric of W induced by h. Let R(hw) be the curvature of (W, hw)- 
The analytic degree deg an (W) is defined to be (\/—l/2ir) J x tr R(hw)- According 
to Lemma 10.5 of [113] (see also Lemma 6.2 of [114]), it is equal to par-dcg(VF*). 
Let ttw be the orthogonal projection of E onto W. By the Chern-Weil formula 
(see Lemma 2.34 of [94] for the Chern-Weil formula for A-flat bundle), we have the 
following formula 

de6 ""W = MlTPf)/ x .J DV »'l« £0 

Hence, we obtain that (i£*,B A ) is semistable. Moreover, if par-deg(VK*) = 0, we have 
P a ttw = 0. It implies (E,B x ,h) is decomposed into (W, B A , h w ) © (W , D A , hw) 
as harmonic bundles. Then, we obtain the decomposition (£ : st ,lD) A ) = (W*,D A ) © 
(W,,D A ). Hence, ( J E*,D A ) is polystable. 

We can reduce the higher dimensional case to the one dimensional case as follows. 
By considering the restriction of (E*,D X ) to sufficiently ample and generic curves, 
we obtain the /i^-scmistability and par-deg L (E*) = 0. Let C E* be a saturated 
filtered subsheaf such that par-deg^W*) = par-deg i (£ : >t ). Let ttw denote the or- 
thogonal projection to W which is defined outside of the subset with codimension 
two. By considering the restriction to the sufficiently ample general curves, we obtain 
IS> x ttw = 0. In particular, irw is holomorphic. By Hartogs theorem, ttw is defined on 
whole X — D, and ir'fy = ttw Hence, we obtain the decomposition E = W © W, 
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where W = Kenrw- It is orthogonal and flat. Hence, we obtain the decomposition 
of harmonic bundles (W,D&r, h w ) © (W',B^ f ,h W ')- 

Let P be a point of D around which (E,B x ,h) is good. Then, (W,By^,h w ) 
and (W',H>w', h>w) are also good around P, and the decomposition is prolonged 
as E* = © around P. By Hartogs property, we obtain the decomposition 
= W*© on whole X. Hence, the /i£-polystability follows. We also obtain that 
the restriction of h to any ^-stable components are pluri-harmonic. Let (E*,H) X ) = 
(J); =1 (-E^,1B) A ) be the canonical decomposition. We also have the decomposition 
(E*,B A ) = (E 1 *,B X ) © (-E^,©^) whose restriction to X - D is orthogonal with 
respect to h. It is easy to derive E^ = © i=2 -Ei*- Hence the orthogonality of the 
canonical decomposition is also obtained. 

Let us show the second claim. In the case dim X = 1 , h and h! are mutually 
bounded due to the norm estimate. Therefore, the claim can be shown using the ar- 
gument in the proof of Proposition 5.2 of [92]. Let us consider the higher dimensional 
case. For any point P € X — D, we have sp such that h!^ p = h\ P sp. By considering 
the curve case, we can show that s is flat with respect to D A . Then the claim follows. 

□ 

Corollary 13.6.2. — Let (E*,B X ) and h be as in Proposition 13.6.1. Assume that 
(.E*,ID) A ) is the tensor product of hl -stable (£o,,Dj) and a vector space V. Then, 
h is of the form ho <E) gv , where ho is a pluri-harmonic metric for (i?o*,ID>o) as in 
Proposition 13.6.1, and gv is a metric ofV. 

Proof We take an inclusion Eo* C J5». By restricting h, we obtain a pluri- 
harmonic metric ho for (Eo*,H>q) as in Proposition 13.6.1. By using the second claim 
of Proposition 13.6.1, we obtain that h is isomorphic to a direct sum of copies of h . 

□ 

Corollary 13.6.3. — Let (S*,D A ) and h be as in Proposition 13.6.1. Let be a 
filtered X-fiat subbundle of E* such that par-deg L (.E'„) = 0. Let E" be the orthogonal 
complement of E' := E^ X _ D in E. Then, E" is naturally extended to a filtered X-fiat 
subbundle E'l of E*, and we have E* — E'^ © E". 

Proof We can deduce this claim from the orthogonality of the canonical decom- 
position and Corollary 13.6.2. We can also deduce it directly from the proof of 
Proposition 13.6.1. □ 

13.6.2. Vanishing of the characteristic numbers. — Let (E,J} x ,h) be a good 
wild harmonic bundle on X — D. We have the associated good filtered A-flat bundle 
(E„B X ) on (X,D). 
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Proposition 13.6.4- — We have the vanishing of the characteristic numbers: 

[ par-ch 2i (2^) =0, f par-c? ii (^,) = 0. 
Jx Jx 

Proof We can show it by the essentially same argument as the proof of Proposition 
5.3 of [92]. We give only an outline with minor simplification, (i.e., we may simplify 
Lemma 5.4 of [92].) 

Let 7r : X — > X be the blow up at cross points of D. Let D denote the inverse 
image of D. Let (E,dg,9,h) := ir~ 1 (E,dE,9,h). As remarked in Section 11.7.4, 
"P*£ A is obtained from 'P*S X by the procedure in Section 2.5.3.3. Hence, we may have 
only to consider the integrals over X by Lemma 14.3.5. 

Let h,Q be an ordinary metric for the parabolic bundle Vo£ as given in Chapter 4 of 
[92] , where we considered ordinary metrics for parabolic Higgs bundles with possibly 
irrational parabolic weight. We apply it in the trivial Higgs field case. Then, we have 
only to show the following: 

J^tr(R(h ) 2 ) -0, ^tr(i?(/i )) 2 = 0. 

Let hi be the hermitian metric of E which is as in Section 11.7.4 around the cross 
points of D, and as in Section 4.2.6 of [92] around Di. Then, the following equality 
can be shown by using Lemmas 4.5 and 4.10 of [92] and Lemma 11.7.9: 

/ tr(R(h f)= [ tr(fl(fci) a ), / tr(i?.(^ )) 2 = / tr(i?(^)) 2 
Jx Jx Jx Jx 

We can show the following equalities by using the argument in the pages 62-63 of 

[92] and Lemma 5.2 of [113]: 

f tr(JJ(hi) 3 ) = f tr(R(h) 2 ) = 0, [ tr(i*(fci)) a = f ti(R{h)) 2 = 
Jx Jx Jx Jx 

Thus, we are done. □ 



13.7. Perturbation 

The construction of this section will be used in Sections 14.5 and 16.1. (We have 
already used such a perturbation for good filtered flat bundle on curves in Sections 
13.4.2-13.4.3.) It is essentially the same as that given in Section 2.1.6 of [94]. 

Let X be a complex surface with a simple normal crossing divisor D = \J ieA Di. 
Let (25*, V) be a good filtered flat bundle on (X,D). Let c <G R A such that Cj ^ 
Var(E*,i), and let C E denote the c-truncation. We have the induced filtration l F 
of i E\ Di for each % g A. We have ir a : l F a ( c E lDt ) — > 1 Grf ( C E). We have the 
endomorphism ReSi(V) on * Gr^( c E). Since the conjugacy classes of ReSi(V)|f> are 
independent of the choice of P E D° := Di \ Uj^i Dj, the nilpotent part of ReSi(V) 
induces the weight filtration W of 1 Grf ( c £) , D9 . It is extended to the filtration of 
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Gr^( c i?) in the category of vector bundles. We put t F^ a ^ := ir a 1 (Wk), which is the 
filtration of C E\ D . indexed by S t := {(a, k) £}c, - 1 , a] x Z | Grf (* Grf ( c £)) ^ 0} 
with the lexicographic order. For (a, fe) = (a^, fc, | i G A) £ 11^' we P u ^ 

{aM) E = Kcr( c £ — > e £| D( / < F (B(A) (eB|D i )) 

Note that ( a ,k)E is a good lattice. If (2£*,V) is unramifiedly good, this claim is 
obvious. The general case can be reduced to the unramificd case. 

Let e be a sufficiently small number. We take an increasing map cpi : Si — > R 
such that \ifi(a, k) — a\ < Ce for some C > 0. (Since we are interested in the family 
of the nitrations F^ (e > 0), this condition makes sense.) Then, l F and ipi give the 
c-parabolic filtration F^ e ' = (fF^ | i G A) . Thus, we obtain a good c-parabolic flat 
bundle ( C E, F^\ V) which is called a e-perturbation of ( C E, F, V). By construction, 
we have the following convergence in the cohomology group H* (X, R) : 

lim par-CiLE 1 , F (e) ) = par-cXE 1 , F), lim par-ch 2 ( c F, F (e) ) = par-ch, ( C -E, F) 

e-s-0 e->0 

The following proposition is standard. (See Proposition 3.28 of [92], for example.) 

Proposition 13.7.1. — Assume that ( C E, F,H) X ) is [instable. If e is sufficiently 
small, then the e-perturbation ( C E , F^\l$ x ^ is also [L^-stable. □ 

We will use two kinds of perturbations ipi of parabolic weights. 

(I) : The image of ifi is contained in Q for each i G A (Section 14.3). 

(II) : For simplicity, we assume e = mT 1 and < lOrankSe < ga,p( c E,F). (See 
Section 3.1 of [92] for gap.) Let i £ A. For each a G Var( c E, F), we take 
a'(e,i) £ m~ x 7L such that \a'(e,i) — a\ < m _1 . Let L(e,i) £ R be determined 
by the following: 

L(e, i) rank(£) := ^(o(e, i)' - a) rank 1 Grf («.£) 

Then, we put a(e, i) := a'(e, i) — L(e, i) and </?(a, fc) := a(e, i) + /c e. By construc- 
tion, we have the following equality: 

£ V (a, fc) rank( 4 Grf >fc ( c £)) = £ a rank( J Grf ( C E)) 

a,k a 

Hence, we have par-c 1 ( c _E, F) = p&r-c 1 ( c E, F^ e '). The parabolic structure 
satisfies the SPW-condition in Definition 2.6 of [94]. Namely, for each i, we 
also have some — 1/m < ji < such that Var( c E, F^\i) is contained in 
{cj + 7, +p/m \p £ Z< , -1 < 7j +p/m < 0}. 

Remark 13.7.2. — T7ie construction given in this section is valid, when the base 
manifold X is a curve. □ 



CHAPTER 14 



CONSTRUCTION OF INITIAL METRIC AND 
PRELIMINARY CORRESPONDENCE 



In this chapter, we mainly study graded semisimple good filtered flat bundle. Al- 
most all the results are minor generalization of those in Chapter 3 of [94] for A = 1. 
We will often give only outlines for the proof. 

In Sections 14.1-14.2, we explain local constructions of ordinary metrics. We give 
in Sections 14.1.6 and 14.2.5 the estimates which we will use in Sections 14.3 and 
14.4. We also explain in Sections 14.1.7 and 14.2.6 the induced metrics on divisors, 
which will be used in Section 14.3. 

In Section 14.3, we explain some formulas for the parabolic Chern character of good 
filtered A- flat bundles. Our main purpose is to show the vanishing of characteristic 
numbers for good Deligne-Malgrangc filtered bundle (Corollary 14.3.4), which will be 
significant in the proof of Theorems 16.2.1 and 16.2.4. Note that this vanishing holds 
even if the good Deligne-Malgrange filtered bundle is not graded semisimple. 

In Section 14.4, we show Kobayashi-Hitchin correspondence for graded semisimple 
filtered flat bundles satisfying the SPW-condition in the surface case. This result will 
be used in the proof of Kobayashi-Hitchin correspondence for wild harmonic bundles 
(Theorem 16.1.1). 

It also implies Bogomolov-Gieseker inequality for /^-stable good filtered flat bun- 
dles, which is explained in Section 14.5. Note that the inequality holds even if the 
/^-stable good filtered fiat bundle satisfies neither graded scmisimplicity nor the 
SPW-condition. 



14.1. Around a cross point 

14.1.1. Taking a ramified covering. — Let A = A 2 , Dj = {zj = 0} and D = 

D\ U Z?2- In the following argument, we will replace A by a small neighbourhood of 
O = (0, 0) without mention. Let (.E*, V) be a good filtered flat bundle on (A, D) such 
that ReSj(V) is graded semisimple, i.e., the induced endomorphisms on J Gt f (°E) 
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are semisimplc. Let c = (01,02) G i? 2 such that c, ^ Var(E*,i). We assume the 
SPW-condition for (.E*,V), i.e., there exist a positive integer m and 7j <E i? with 
— 1/m < 7i < 0, such that 

Var( c E, i) c {cj + 7< + p/m | p G Z, — 1 < 7, + p/m < 0}. 

Let d be an integer divided by m rank(£;)! 3 . We put X' := X, Dj := Dj, D' := D 
and O' = (0,0). Let ipd ■ (X',D') — > (X,D) be the ramified covering given by 
fd(zi,z 2 ) = {zf,zf). Let G&\(X' /X) denote the Galois group of X'/X. We have 
the filtered flat bundle (E' t , V) on (X', D') induced by (E t , V) and tpa as in Section 
2.5.3.3. We put c[ := c£(cj + ji) and c' := (c' 1 ,c' 2 ). By the assumption, Var(E^,i) is 
contained in {c^ + n | n G Z}. 

14.1.2. Taking an equivariant decomposition. — Since we have assumed that 
(i£*,V) is good and that d is divided by (ranki?!) 3 , we have the good subset of 
irregular values Irr(V',0') E M(X' , D')/ H(X') and the irregular decomposition 
of the completion of ( C '-E',V) at O'. For simplicity, we assume that the coordi- 
nate system (z 1 ,z 2 ) is admissible for Irr(V',(9')- Let Irr(V',L>i) := Irr(V',0'), 
and let lrr(V' , D' 2 ) denote the image of Irr(V',0') via the naturally defined map 
M(X', D')/H(X') — > M(X',D')/M(X', D[). We have the irregular decompositions 
for j = 1,2: 

(c#,v) |f5} = ( c ^: iS ,,v o5 ,). 

oeIrr(V',Dj) 

As remarked in Subsection 2.4.3, we have the decomposition on D': 
(320) c ,E' l3 ,= c ,E' b ~, 

belrr(V,D' 2 ) 

We have the naturally defined Gal(X'/X)-action on Irr(V',Z^). For any g E 
G&l(X'/X), we have g ■ C 'E' b = c iE' b . Due to the graded semisimplicity assump- 
tion, the endomorphisms ReSj(V') (j = 1,2) arc semisimplc. We have the eigen 
decomposition: 

c'E\ D ^ = J IEa 

Lemma 1^.1.1. — We can take a decomposition 

C ' E ' = Ua : a 

eIrr(V',O') aeC 2 

with the following property: 

- For g <G G&l(X' / X) , we have g ■ U 0ta = U g . a . a . 

- For a G Irr(V',i?i), we put U { a 1} := ® a U a , a . Then, U^ N) = c ,E' a ~ |£j (JV) . 

- For b G Irr(V',-DQ, we put U { b 2) := aeT(6) U ( a 1] , where T(b) := {a G 
Irr(V',0')|a^b}. Then, Uj^^^. 
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- For j = 1,2, we have m a = oeIrr(V ',o') ® q ,( a )= a U a,a\D' j > where 1] : ^ — > 
C denotes the projection onto j-th component. 

Proof We have the decomposition Irr(V' , D' 2 ) = ]J Oi into the orbits of the 
Gal(X'/JT)-action. We take representatives bi of Oi. For each bi, let Stab(bj) denote 
the stabilizer of bi with respect to the Gal(X'/X)-action. We can take a Stab(Oj)- 
invariant subbundlc U. C C >E' such that U ~ ,„, = C /E. - , - For q ■ bi € 0;, 

bi ' bi\D'( N ) bi, D'\D' (N J a 

(2) f2) C2) 

weputUg^. :=g-U^/. Thus, we obtain the decomposition C >E = ©{,girr(v O') • 

(2) (2) 

Let ir b denote the projection onto with respect to the decomposition. 

We have the decomposition Irr(V , D[) = Y[pi into the orbits of the Gal(X'/X)- 
action. We take representatives of pi. For each Oj, let Stab(pj) denote the stabilizer 
of aj with respect to the Gal(X'/X)-action. By using the equivariant version of 
Lemma 3.6.30, we can take a Stab(pi)-invariant subbundle Ua] C C >E' with the 
following property: 

- 77 W - W 



U^ D , is preserved by Res2(V) and tt^ d , for any b G Irr(V',-D 2 ). 
We put Ug 1 ^ '■= g ■ U 1 ^ for g ■ a; € pi, and then we obtain the decomposition 



irr(v,0') ^a* ■ By construction, the following holds: 

(a) : E^~,<„> =c- E V i Sj|B i w 

(b) : U^jj, are preserved by Res2(V). 

(c) : The decomposition ® a& T(b) ^a\D' IS preserved by ir^ D , ■ 

Since we have U^ , = a6T (b) ^Jo" wc obtain u v\D» a = ©aeT(b) U §1> 2 from ( c )- 
By making the modification to which is trivial modulo z 2 , we obtain the 
decomposition = ® a& T(b) ■ The conditions (a) and (b) arc satisfied for 

the modified . Let denote the projection onto with respect to the 

decomposition. 

Since U^ D , (j = 1, 2) are preserved by RcSj(V'), wc have the eigen decomposition 
Uffly = © J E Q {U^ D , ) , which are Stab(pi)-equivariant. Then, we can take a Stab(pj)- 
equivariant decomposition U$ = © Q£C 2 ^<Kia sucn tnat tne following holds: 

u aualD .=m a (u ai>alD .) 

qj (a)=a 

We put Ug. aiya := g ■ U ai:Ct . Thus, we obtain the decomposition C >E' = © a © a U a:a , 
which has the desired property, and the proof of Lemma 14.1.1 is finished. □ 
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We consider F = F lTT + F rcg , where F m and F TOg are as follows: 



0Glrr(V',O') aGlrr(V',0') 

aSC 2 



We put V(°' := V - F, which gives the holomorphic connection of C >E' , although it 
is not necessarily flat. 

14.1.3. Frame and metric. — 

Lemma 14-1-2. — We can take frames v aa = (v a!Ce j\j = 1, . . . , rank U a ^a) 
of U a}OL such that g ■ w a ,a,j = w(<7, a, a, j) v g . a , a j for some to(g, a, cx,j) G C with 
\u>(g,a,a,j)\ = 1. 

Proof For each cti, we can take a frame v aua = (v ai . a .j) of U a . a such that g ■ 
v ai,a,j = a^, a, j) v aua j for any g <G Stab(pi). For a £ pi, we take g(a, ai) € G 
such that 5(0, Oi) ■ a, = a, and we put v a ,raj := 5( a ; a «) ' "oi.aj- Thus, we obtain 
frames v a a which have the desired property by construction. □ 

We obtain the frame v = (f a ,a) of C 'E'. Let h' denote the metric given by 
h' Q (vi,Vj) = \zi\~ 2c i\z 2 \~ 2c2 5ij. Since it is Gal(X'/X)-equivariant, it induces a her- 
mitian metric h$ofE, which is adapted to E*. We have the vanishing of the curvature 
R(h ) = 0. 

14.1.4. Estimate of the connection one form with respect to the frame. — 

Let A be the connection one form of V^ - 1 with respect to v, i.e., V^v = v A. Corre- 
sponding to the decomposition C >E' = © ne i 1T (v' d^) U(t~\ we have the decomposition 
v = (Va )• Correspondingly, we have the decomposition A = J^^a.b- By our choice 
of the decomposition in Lemma 14.1.1, the following holds: 

— We have A a ^ = modulo (zi z 2 ) N in the case ord(a — b) < (0, 0). 

— If ord(a — b) = (j, 0) for some j < 0, A a $ are holomorphic and A a ^ = modulo 

z N 
z l ■ 

In the case ord(o — b) = (j, 0), we have some refined estimate for the expression 
A^i, = A, iM dzi + A Ml>2 dz 2 : 

— We may and will assume A ab2 = Ofz^ Z2) after taking some more ramified 
covering. 

— For the decomposition A a> b,i = ^2 A aj t,,i, a ,/3, we have j4 a ,fa,i,a,/3 = 0(z?z 2 ) if 
ot 2 7^ /?2, because the eigen decomposition c'E' b g,\ D , = © (cE' b ~, ) is 

flat with respect to the action of \7^(d\). 
Let us look at the term A aM = A a , a .a,/3- We have the following estimate in the 
case a ^ /3 for the expression A a ^ a ^ a- p = A aMiCXt p t i dz\ + A a a _ a- p t2 dz 2 : 

— We may assume A at<x>cit p t i = O(zi) after taking one more ramified covering. 
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- If a x j 1 fa, we have A , o . a , ft2 = 0(z 1 z 2 ). If a 2 ^ fa, we have A a)0i£ , j/3j i = 
0{ Zl z 2 ). 

14.1.5. Estimate of the associated (1, 0)-forms. — Let 0y be the (l,0)-form 
induced by V and h' . (Sec [115] or Section 2.2 of [94].) We use the symbol V (°> in a 
similar meaning. We put t := 2~ 1 (c' 1 dz\j zi + c' 2 dz 2 /z 2 s j. Then, V (o) — t id is C°° on 
X'. (See Section 2.2.5 of [94].) We have the decomposition V ( O ) = Sb^b' ^v<°> b b' 
Sb ^v(°) b corres P on dmg to C '£" = © ( , eIrr (v d') ^b • We a ^ so nave the decomposi- 
tion V(O) = E„^a' fl vW,a,a' ^vW.a corresponding to d E> = © aeIn . (v ,, D;) ET^. 
From the above estimate for A, we have the following estimates: 

0v<°>- < 2 ( ) 0) i6 = O(|^i| JV N 2 | JV ) 

bGlrr(V',D^,) 

fv(«)- C), a =°(i^r) 

aGlrr(V',D;) 

(See Section 2.2.2 of [94] for the relation of A and 0v<o>, for example.) We have 
the decomposition #v(°) = S(^v( >) a( 3 corresponding to the decomposition c iE' = 
© U a , where U a = © a U a ^ a . After taking some more ramified covering, we may and 
will assume to have the following: 

- If on 7^ fa, we have (0 v <o> ) a ,p = C°° ■ zi dz\ + C°° ■ z\ z 2 dz 2 . 

- If fa, we have (6 v m) a ,p = C°° • 2i ^2 d«i + C°° ■ z 2 dz 2 . 

- If at 7^ /3, (i = 1, 2), we have (0 V (o> )a,/3 = C 00 ■ zi z 2 d^i + C°° ■ zi ^2 dz 2 . 

We have 0y = 0v<°> + F / 2 - 

Lemma 14-1-3. - [flv'j^v'] * s bounded with respect to the metric h' Q and the Eu- 
clidean metric of X' . 

Proof [0y,0y] = [9vm<C] + M^'^VC)] + I^VW.^]- Thc first tcrm is 
C°° on X'. For the estimate of the other terms, let us take an auxiliary sequence 
M = (m) for the good set Irr(V',0') as in Section 2.1. We use the symbols rj m 
and C, m in Section 2.1.3. Let Irr(V, m) denote the image of Irr(V, O') via rj m . For 
c e Irr(V',m), let t/J™ denote the sum of l^ 1 ' such that rj m (a) = c. Let denote 
the projection onto U™ with respect to the decomposition C >E' = © ce ij7( V / m ) t^" 1 - 
Then, we put as follows: 

F m = Yl pP 

beIrr(V',m.) 

Note F irr = J2 F m - We have [F m ,0^ (o) ] = 0(|;zi| w/2 M 7 ^ 2 ) in the case m < 0, 
and we have [F m , 0y (O )] = Oflzil^ 2 ) in thc case m = (j, 0) for some j < 0. Hence, 
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we obtain that [F lrT , 0y( O )] is bounded. We also have the following: 

\F ICS , 0*1 G c°° + c°° • — + c°° ■ — 

v Zi Z2 

Thus the proof of Lemma 14.1.3 is finished. □ 

Lemma 14-1-4- ~ [^V'j^V'l * s bounded with respect to h' Q and the Euclidean 
metric of X' . After taking a refined ramified covering, we have [0v,0v] = 
0(\z\ z 2 \) dzi dz 2 . 

Proof The second claim immediately follows from the first one. We have 
[0y,0y] = [0 V ( O) ,e v(o) ] +2[F,9 V(0) ]. The first term is C°°. 

Let us look at the second term [F, V (t>)] . By construction, we have [F m , V (o)l = 
0{\z 1 \ N / 2 \z 2 \ N/2 )dz 1 dz 2 for m < and [F m , V(O >] = Ofljsil*/ 2 ) dz 1 dz 2 for m = 
(j,0). We also have the following: 

,dz\ 
zi 

Similarly, we have \F™ % dz 2 j z 2 , 0v<°)] G ' Z\dz\dz 2 . Then, the claim of Lemma 
14.1.4 follows. □ 



F[ ,c V (oj 



g C°° ■ — - zi z 2 dz 2 = C°° ■ z 2 dzi dz 2 

zi 



14.1.6. Estimates which will be used later. — Let G(h' ) denote the pseudo 
curvature associated to V and h' Q . (See [114], [115] or Section 2.2 of [94].) 

Lemma 14-1-5. — G(/iq) is bounded with respect to h' and the Euclidean metric of 
X'. 

Proof We have G(h' ) = 2R(h' ) - 4(# 2 + 9%, - [0%, , 0y]) • Recall R{h' Q ) = 0, and 

2 

d is adjoint of 0y, with respect to h' . Hence, we obtain the boundedness of G(h' ) 
from Lemmas 14.1.3 and 14.1.4. □ 

We have tt(R(h' ) 2 ) = 4" 1 tr(G(h' ) 2 ) - 4dtr(0 2 7 ,0* 7 ,) (Lemma 2.31 of [94]). In 
Section 14.4, we would like to compare the integrals of tr(i?(ft,Q) 2 ) = and tr(G(h' ) 2 y 
So, let us look at tr(0y,0^,). Wc have the following. 

Lemma 14-1-6. — tr(0 2 7 , 0y,) is bounded with respect to h' and the Euclidean met- 
ric of X' . 

Proof The boundedness of tr(0y, 0* (0) ) follows from Lemma 14.1.4 and the 
smoothness of 0L (O) — rid. Let us estimate tr(0y, F^) . Let C /E' = ® U™ be 
the decomposition as in the proof of Lemma 14.1.3. We have the corresponding 
decomposition 0y = E b ^6' 6 ™b> + £b K ■ 

In the case m < 0, we have 0y, — Ebefa(v m)^™) 2 = 0(\ z i z 2 \ N l 2 ). Because 
tr((0™) 2 ) = 0, we have the following estimate: 

tv{6 2 v ,F^) =J2tr{(er) 2 )dUb)+0(\ziz 2 \ N / 3 ) =0(\zi z 2 \ N '*) 



14.2. AROUND SMOOTH POINT 



395 



In particular, tr(# v , F m ^) is bounded in the case m < 0. 

In the case m = (j, 0), we have (# V ') - Xai(^tT) 2 = ^G^il^ 2 )) an d hence we 
obtain the following: 

tr(^, F m t) = ^tr((C) 2 ) dUb) + 0(ki| N/3 ) = 0(kir /3 ) 

In particular, tr((9y, .F m 'M is bounded in the case m = (j, 0). 

Recall that we have assumed 0y, = 0(|zi Z2I) dzi cfz2 after taking some refined 
ramified covering, we obviously have the boundedness of tr(0y, F Teg ^ . Thus, we 
obtain Lemma 14.1.6. □ 

14.1.7. The induced metric of 1 Gr FM (°E). — For simplicity, we assume Ci = 
7i = in this subsection. Let (b,/3) G JCA4S(°E* , Di) . Wc consider the induced 
metric on 1 Gr^'f (° £7) . We restrict ourselves to the case i = 1 for simplicity of 
description. The other case can be argued similarly. We put D° := D± — {O}. We 
fix a positive C°°-function p on X. Let X := /° | -Sx 1 2 - Then, h and x naturally induce 
the hermitian metric hf,^ of Gr^(°£ , )| £) o as follows. Let Vi (i = 1,2) be sections of 
1 Grf'^ (E). We take lifts uj of Uj to 6 £7, i.e., u,| Dl is contained in 1 i 7 i ) , and mapped to 
Vi via the projection — > 1 Grf Then, it can be shown that (x & ho(vx, V2)) \ D „ 
is independent of the choice of lifts Vi, which is denoted by hf, t p(vi, v 2 ). 

Lemma 14-1-7. — 

— We have a holomorphic frame u of 1 Gr™ (° E) on D\ which is compat- 
ible with the induced parabolic structure at O, such that hb p(ui,Uj) = 

p 6| Zi |-2deg F (« j ) 5 .^ 

— Let R(hb.p) denote the curvature of Gt^'o (^E), hb,p) . Then, the following 
holds on D°: 

(321) tr(R{h bt p)) - b rank Gr£^ (*£) 95 log p = 0. 

Proof The claims are clear from the construction. □ 



14.2. Around smooth point 

14.2.1. Taking a ramified covering. — Let X := A 2 and D := D\. Let (£7*, V) 
be a good filtered flat bundle on (X, D), which is graded semisimple. Let c £ R such 
that c £" Var(E t ). We assume the SPW-condition, i.e., there exist a positive integer 
m and 7 G i? with — 1/m < 7 < 0, such that 

Var( c E) C {c + 7 + p/m | p G Z, -1 < 7 + p/m < 0}. 

Take an integer ci which is divided by m rank(F)! 3 . Let ipd '■ X' — > X be given by 
<fd(zi,z 2 ) = {zf,z 2 ). We have the filtered flat bundle (23^, V) on (X',D') induced 
by V) and </?d- We put d := d(c + -f). By the assumption, T J ar{E 1 ^) is contained 
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in |c' + n I n £ Zj. Since d is divided by rank(i?)! 3 , (E 1 ^, V') is unramified, and we 
have the irregular decomposition: 

aelrr(V') 

We have the Gal(X'/X)-action on Irr(V'), and g ■ E' a = E' g . a . From the graded 
scmisimplicity assumption, Res(V') is semisimple. We have the eigen decomposition 
of Res(V'): 

c?E'\ D , = ^ E Q 

14.2.2. Taking a decomposition. — Let N be sufficiently large. The following 
lemma can be shown using an argument similar to that employed in the proof of 
Lemma 14.1.1. 

Lemma 14-2.1. — We can take a decomposition 

c' E ' = (J) (J) U a , a 
oGlrr(V') a£C 

with the following property: 

- For g € Gal(X' /X), we have g ■ U a . a = U g . a . a . 

- We put U a := Q U a>a . Then, U a ^, m = c'E' ^ N) . 

- E a = aeIrr( v) U^ a \ D >. □ 
We consider the following: 



(322) 




We put V(°) := V - F. which is a holomorphic connection of C >E' . although it is not 
necessarily flat. 

14.2.3. Metric. — Take a large number N. Let h' be a Gal(X'/X)-invariant 
C°°-mctric of c > E' with the following property: 

— There exist C°° -metrics h' a of U a such that h' = (J) h' Q a on the iV-th infinites- 
imal neighbourhood of D. 

— h' , D is compatible with the eigen decomposition, i.e., c'E'^ D , = 0E Q is orthog- 
onal with respect to h' Q ^ D , 

We remark that R{h' ) — (J) a R(h' a ) is O (|^x I JV ) - Let p be a positive C°°-function on 
X, and we put x '■= P l z i| 2 - Then, we set 

The induced metric of E is denoted by ho. 
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14.2.4. Estimate of the associated (l,0)-form. — Let 0y denote the (1,0)- 
form obtained from V and h' . We use the symbol 0y(o) in a similar meaning. Let 
r := 2 _1 (c + 7) d\og{Lp* d x), and then V (o) — r id is C°° on X' . We have the decom- 
position V ( O) = J2b^v(°),b +J2b^b>Qv(°),b,b>, corresponding to d E' = Q) a U a . By 
construction, we have the following estimate: 

(323) 9vio)-@0 vm>b = OQzi\ N ) 

We also know that 0v<°)|r>' ^ s compatible with the residue Res(V'). Let 0yco) = 
Eaj^vi»i,a^ be the decomposition corresponding to C >E' = ® a (® a U a , a ). After 
taking a refined ramified covering, we may assume the following: 
(324) 

(9 v( o) -t id = 0(|«i|) dz x + 0(1) dz 2 , v w,a,/9 = 0(\zx\) dzi + 0(\zi\) dz 2 , (a ^ f3) 

Lemma 1 4-2.2. — After taking a refined ramified covering, we have the bounded- 
ness of [#v',$v'] w ^ respect to h' Q and the Euclidean metric of X' . 

Proof We have 0y = #v(°> + and hence [0y,0v'] = [ d ^ i0) > ^v<°>] + 

§[F, 0^ (O) ] + i[6» v(0) , Ft] + ±[F, Ft]. The first term is C°° on X'. We have 
[F irr ,0t, (o) ] = 0(|zi| w ) by (323). We also have the boundedness of [F rc s,0^ (o) ] 
because of (324). We have [F irr , (F irr )t] = 0(\ Zl \ N ), [F r °s, (F irr )t] = 0(1^1^). We 
also have [F rc s, (F ro s)t] = 0{\zx \~ r ) dz x dz x . Hence, we obtain the desired bounded- 
ness of [9y, Oy,} after taking some refined ramified covering. □ 

Lemma 14-2.3. - [0v'j^v] * s bounded with respect to h' and the Euclidean met- 
ric of X' . We have [0y,0y] = 0(\z\\) dz\dz 2 after taking some refined ramified 
covering. 

Proof We have [0y,fV] = [0 vm ,6 vm ] + [F,0y O) ]. The first term is C°°, and 
we may assume that it is 0(|zi|) dz\ dz 2 , after taking some more ramified covering. 
We have [F lrr ,0y O )] = 0(1^x1^) dz\dz 2 . From the compatibility of 0yo>|_D an d the 
residue, we obtain [F res ,0 V ( O )] = 0(l)dz 1 dz 2 . After taking some more ramified 
covering, we may have 0(|zi|) dz\ dz 2 . Thus, we are done. □ 

14.2.5. Estimate which will be used. — 

Lemma 14-2.4- — G(h' ) is bounded with respect to h' and the Euclidean metric of 
X'. 

Proof It follows from Lemmas 14.2.2 and 14.2.3 with an argument similar to that 
employed in the proof of Lemma 14.1.5. □ 

We have tr(i?(^) 2 ) = 4" 1 tr(G(/io) 2 ) - 43 tr (0^,0^,) . Let us see the second term. 

Lemma 14-2.5. — tr(0 2 7 ,0y,) is bounded with respect to h' Q and the Euclidean met- 
ric of X' . 
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Proof The boundedness of tr(#y,0_ (o) ) follows from Lemma 14.2.3 and the 
smoothness of $ v(0) — r id. Let rjj and £j be the maps M(X' , D') — > M(X', D') given 
by Vj(Y, a k{z2)Zi) = J2k<j a k( z 2)zi and Q (J2 a k {z 2 )z%) = a (z 2 )z{. Let Irr(V',j) 
denote the image of Irr(V') by rjj : M(X,D) — > M(X,D). For c G Irr(V',j), 
let U( denote the sum of U a such that r]j(a) = c. Let denote the projection 
onto Uc with respect to the decomposition C >E' = © ceIrr (y j) . We have the 
corresponding decomposition 6*y = @c ■ We set 

beIrr(V ,j) 

We have the decomposition F lrr = F ■ We obtain the following estimate as in 
the proof of Lemma 14.1.6: 

tr(0 v , FWt) = £tr((0«) 2 ) dCffi + 0{\ Z1 \ N '*) = 0{\z,f'*) 

Hence, tr(0 v , F irr 1") is bounded. The boundedness of tr(0 v , F le ^) follows from 0|, = 
0(\zi\)dz 1 dz 2 . □ 

14.2.6. The induced metric of Gr^g (E). — For simplicity, we assume c = 7 = 
in this subsection. We remark that the eigenvalues of Res(V') are given by d(b + 0\ , 
where (6,/?) £ JCMS(°E*). We have the decomposition E Q = o < g <d-i^a sucn 
that Gal(X' / X) 9 u acts on by the multiplication of uj q . The decomposition 
E Q = (B^a is orthogonal with respect to h' . 

Let (6, /?) £ /CM6>(°i?*). Then, /iq and \ naturally induce a hermitian metric 
hf, } p of Gr^'p(E) as follows. Let «j (i = 1,2) be sections of Gr^'g (E). We take lifts 
Vi of Vi to °£, i.e., Vim is contained in Fb, and mapped to via the projection 
F b — > Grf (E). Then, it can be shown that (\ b ho(vi, v 2 )) , D is independent of the 
choice of Wj, which is denoted by hb,p(v\,v 2 ). 

Let (<?, a) and (6, /3) be related by the relation b = —q/d and /? = (a + q)/d. Let 
ftj, ^ denote the metric of E^ induced by h' Q . 

Lemma 14-2.6. — Let R(hb,p) and R(h' b s ) be the curvatures of (Grf'^(-E), hb,p) 
and (E^,, h' b 3 ) respectively. Then, we have the following relation: 

(325) tr(R(h' biP )) = tr(R(hb,p)) - b rankGr££(.E)80]ogp 

Proof We take the isomorphism $ : Gi^(E) ~ E« given as follows. Let i> be 
a section of Gr™(£). We take a lift v of u to °E. Then, := (z~ q ip* d v) lD , is 

contained in E*, and it is independent of the choice of v. Under the isomorphism $, 
we have h' b s = hb.p p~ b . Then, (325) follows from a general formula. □ 
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14.3. Some formulas for the parabolic Chern character 

Let X be a smooth projective complex surface, and D be a simple normal crossing 
hypersurface with the irreducible decomposition D = \J ieA Di. Let (J5», V) be a good 
filtered flat bundle on (X, D). We have the bundles 1 Gt^( c E) on D, for each c £ R A 
and for each (a, a) £ ICAiS^cE*, Di). It is naturally equipped with the c^-parabolic 
structure at Di n Uj^i where c % := ( c j | J € A, J ^ *) - 

Proposition 14-3.1. — W^e /iave the following formula: 

(326) / 2par-ch 2 (£ >t ) = 

X; (o + Re(a)) (- par-deg Di (* G^%E%)+a rank? Gr££ ( c £)) [A] 2 ) 

(a,cOe/CMS( e E»,£><) 

ffere [-D;] 2 denotes the self intersection number of Di. 

Proof Note that the right hand side is independent of the choice of c <S R A . By 
using e-perturbations explained in (I) of Section 13.7, we can reduce the problem to 
the case in which the following conditions are satisfied: 

— Var(E*,i) cQ,0^ Var(E*,i), and (E*, V) is graded semisimplc. 

So, we will assume them in the following argument. We may assume c = (0, . . . , 0). 

We take d such that (i) dw £ Z for any w £ Var(E* 7 Di), (ii) d is divided by 
(ranki?!) 3 . We take a C°°-metric ho of E on X — D which is as in Section 14.1 
around cross points Di PI Dj, and as in Section 14.2 around smooth points of D. 

We take a hermitian metrics <?i of O(Di). The curvature of (O(Di), gi) is de- 
noted by cjj. Let cr ; : O — > 0{Dj) denote the canonical morphism. By us- 
ing the functions Icr^ 2 ,., we obtain the C°°-metrics h aa of 1 Gr^^(° E)\ D ° for each 
(a, a) £ K.MS(°E, Di) , as explained in Sections 14.1.7 and 14.2.6. It is compatible 
with the induced parabolic structure of Gt^'^( E) . Hence, we have the following: 

(327) ^ J tr(R(h a , a )) = P ar-deg Di (* Gr£* (*£)„) 

Let P be a point of smooth part of D. We take a holomorphic coordinate (U, z±, z<i) 
around P such that Djj := Dfl U = {z\ = 0}. Let (fp : U' — > U be a ramified cover- 
ing as in Section 14.2. We have the irregular decomposition °E'~ I = © ae wy p) E' a . 

We put G P r := agIrr ( V ) a ^E' a - We can take a C°°-equivariant section G P r of 
End( £") such that G lr ^, (JV ) = G lr] :~, (J v) for some large N. It induces an endomor- 

P\D U P\^u 

phism of Eimjj. For any cross point P £ D, we take a holomorphic coordinate 
(U, Zi, z 2 ) around P such that U n D = {zi = 0} U {z 2 = 0}. We take p P : U' — > U 
and a decomposition °E' = C/ as in Section 14.1. We put G P T := o idu a , which 
is Gal( E/' / [7)-equivariant . Hence, it induces an endomorphism of Simu- By varying 
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P € D, gluing Gp 1 ' in C°° , and extending it, we construct an cndomorphism G lrr of 
E on X - D. 

Let V" denote the unitary connection associated to h and the (0, l)-part d" of 
V. We obtain the G°°-section := V"G irr of End(E) (g) ft - 1 on I - D. By 
construction, we have -F"~hn) = E^, (N) around any smooth point P of D (Section 

14.2). We also have J 71 " = F m around any cross point of D (Section 14.1). 

Let <7j : Ox — > Ox{Di) denote the canonical section. The norm of <7j with respect 
to a chosen hermitian metric is denoted by |crj|. Let Xg := Hll '*! — "\- We remark 
R(h ) = around the cross point of D. Hence, we have the following: 

f tr(P" R(h )) = [ tr(V"G irr i?(/i )) = / d tr (G irr R(h )) = 0. 

^9X 5 J9A 5 V0X s 

We put VW := V - J rirr , and then V = #v<d + ^"/2. Recall the relation 
R(ho) — — 2d"6'v- Hence we have the following: 

2 „ / , — -x 2 



(328) jf tr^o) 2 ) = -2 ^O) jf tr(<f'0 v ^o)) 

= -2 jf dtr(0 v = -2 ^ tr(0 vW R(h )) 

We put y^j := {\<Ti\ = 5} n X5. Let us look at J K tr (# V (i> R(h )) . The integrand 
is around Dj n Dj for any j 7^ i. Let P e A \ Uj^i A- Let ({/, Zi, z 2 ), -De/ an d 
iy9p : U' — > U be as above. We put D'jj := ipp^(Du). We use the notation in Section 
14.2 for this local argument. On U', we have = V (0 ) + F ICS , where F rog is as in 
(322). Since # v(0) is G°° on U', it does not contribute to the limit for S —> 0. (Note 
c = 7 = in this case.) Thus we have only to look at the term tr(F rcg R(h' ))/2. 
Then, the limit of the contribution of U fl Ygj is as follows: 

(329) ~ 2 I , ^ (da + da) tr R(h' a J = 

v (a,a)£KMS{"E,,Di) 

E (a + a) ^T / (t r -R('»«,a)-arank*GO-B)wt) 

(a, QjgKMSC E»,£>i) ^ Dcf 

Here, /ij, a is as in Section 14.2.6, and we have used Lemma 14.2.6. We remark 
R{h ) = around any cross points of D and the vanishing (321). Together with 
(327), we obtain the following: 



i0 ) 2 



(a+a) (par-deg(* Grf£(*i5)„) -a rankf Gr££(*J5)) [A] 



-E E 

i (a, a)e/CA15( E,,D,) 
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As shown in the proof of Proposition 4.18 of [92], wc have the equality: 

2 



^) J ^tr(R(h Q ) 2 ) = ^2par-ch 2 (.E*) 
Taking the real part, we obtain the desired formula. □ 

Proposition 14-3.2. — Let r be a closed 2-form on X . Then, we have the following 
equality: 

f par- Cl (^)r = -^ ]T Rc(a + a) rank 4 Grf;^( c £:) j t 

X i (a,a)eK,MS{ a E,Di) Dl 

Proof Recall that (\/—1/2tt) tr R(ho) represents par-Cx (E*). We also have the 
relation tr R(ho) = — 2<9tr(#v)- Then, it can be shown by an argument in the proof 
of Proposition 14.3.1. □ 

Remark 14-3.3. — See Section 3.5 of [94] for more formulas in the regular case. 
Similar formulas should hold even in the irregular case. □ 

Let L be an ample line bundle on A. 

Corollary 14-3. 4- — Let (£, V) be a meromorphic flat connection on (X,D) such 
that the associated Deligne-Malgrange filtered flat bundle (E x , V) is good. (See Sub- 
section 2.7.1 for Deligne-Malgrange filtered flat bundle.) Then, we have the vanishing 
of the characteristic numbers par-deg L (-Ef M ) = J x par-ch 2 (-E;P M ) = 0. 

Proof We have only to remark that any (a, a) 6 ICA4S(E® , i) satisfy a + 
Re(a) = by the definition of E° M . □ 

14.3.1. Blow up and the parabolic characteristic numbers (Appendix). — 

Let A be a smooth projective surface with a simple normal crossing hypersurface D. 
Let 7r : X — > X be a blow up of A at a point P. Let E* be a filtered bundle on 
(X, D). We have the induced filtered bundle E* on (X,D). 

Lemma 14-3.5. — We have the following equality: 

(331) /_ par-ch 2 (.E*) = / par-ch 2 (.E*) 

Jx Jx 

(332) par-c^iS) = tt* (par-c^*)) 

See [92] for par-c 1 (£*) and par-ch 2 (£^ st ), and see [60] for a more systematic treat- 
ment. 

Proof The equality (332) can be reduced to the rank one case, which can be 
checked easily. Let us show (331). We give only an indication for a direct calculation. 
Wc use the formula (10) in [92] for par-ch 2 (£?»). Let us consider the case P € £>in.D 2 . 
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The other case can be shown similarly. Let Di denote the proper transform of Di 1 
and let Dp denote the exceptional divisor. 

Let l F (i = 1,2) denote the parabolic filtration of °E\ Di , and let « Grf (°E) := 
'Fa^E^/'F^E^). For any a = (ai,a 2 ) G i? 2 , we put 



'j\P)-.= r ai yn\ P) \ \ r a2 y n\ P ), -\ J Y a \ a ) := — 2 , : 

Y.b<a- F b{ °E\p) 



2 -F a {»E P ) := l F ai {«E P ) n 2 F a2 («E P ), 2 -Gr F a («E) 



We put Var(i) := {a\ * Grf ^ 0} and Par(P) := {a e i? 2 | ^Gr F ^ 0}. 

We take a splitting = U a of the filtrations l .F (i = 1, 2) indexed by Var(P), 
i.e., it is taken as -F a = ® b<a Ub holds for each a = (ai,a 2 ). We put p Fb(?E\p) := 
©ai+a 2 <& ^ a > w ^ich is independent of the choice of a splitting. We have rank p F_i = 
Eoi+a 2 <-i rank-Gr^ (*£). We have the exact sequence: 

— > 7T* — >°E — ► p F_x <E> O dp (Dp)^O 

Hence, we obtain the following equality, by using Lemma 3.23 of [92]: 

(333) /_ par-ch 2 (»£)- f par-ch 2 (»£) = - 1 V rank^Gr F (^) 

JX Jx 1 a 1+ a 2 <-l 

Let P F denote the parabolic filtration of <> E,Q p , and we set 

Gr7(^E) := p F a CE l3p )/ P F <a CE l3p ). 
Let Tar {Dp) := {a | Gr^ F (°S) ^ 0}. We have the following equality: 

(334) J2 adc S5 P G ^7(°E)= J2 («i+«2 + l)rank^Gr F ri?) 

aeVar(D P ) aeVarjP) 
\ I ai+a 2 < — 1 

Let l F(*E,fi.) denote the parabolic filtration of °E^ , and we set 



We have the following equality: 

(335) Yl ade SnA iG ^CE))+Yl E a dc ^ ( ? Grf (*E)) 

i=l,2 a<EVar(i) i=l,2 aeVar(i) 

= - + ° 2 ) rank^Gr^^). 

ae'Par(P) 
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We have the following equality: 

(336) \ £ « 2 rank(Gr^(^)) [D P ] 2 = 

aeVar(Dr) 

~\ 12 (ai+a 2 + l) 2 rank^Gr£(°£)-i £ (oi + a 2 f rank^Grf (°E) 

aeVar(P) aeVar(P) 
ai+a2< — 1 ai+a2> — 1 

We have the following: 
(337) 

i£ J] ^rank'GrfC^tAl'-ji; £ « 2 rank' Grf [A] 2 

i=l,2 aeVar(i) i=l,2 aeVar(i) 

= -\l2 12 a 2 rank* Grf (»£) = -! £ ( a ? + «") rank^Grf (»E) 

i=l,2 aeVar(i) aeVar(P) 

We have the following: 

(338) £ + fl 2) fl 2 r a + £ + a 2 + l ) a 2T a 

aeVar(P) aeVar(P) 
ai+a2> — 1 ai+a2< — 1 



£ ai(ai + a2)r a + £ ai (ai + a 2 + 1) r a - £ a i 

aeVar(P) aeVar(P) aEVar(P) 

ai+(J2> — 1 a!+a 2 < — 1 



a2 r a 



= £ ( a i + a 2 + a i°2) r a + £ + a 2 + a i°2 + a\ + a 2 ) r a , 



aGVar(P) aeVar(P) 
ai+a2> — 1 ai+a2< — 1 



where r a := rank-Gr ( i?). Taking summation of (333)-(338) and using the formula 
(10) in [92], we obtain (331). □ 



14.4. Preliminary correspondence 

Let X be a smooth irreducible projective complex surface, and D be a simple 
normal crossing hypersurface with the irreducible decomposition D = lJ igA E>i- We 
also assume that D is ample. Let L be an ample line bundle on X, and w be a Kahler 
form which represents c\(L). We will not distinguish lu and the associated Kahler 
metric. Let (E*, V) be a /^-stable good filtered flat bundle on (X, D), which is graded 
semisimple. Let c <E R A such that Cj ^ Var{E^,i). We assume the SPW-condition 
for each i € A, i.e., there exist a positive integer m and ji G R with — 1/m < 7; < 0, 
such that 

Var(E^) C {c, +7, + p/m J p e Z, — 1 < 7, + p/m < 0}. 

We take a large integer d which is divided by m rank(iJ)! 3 . For e = l/d, we take 
a Kahler metric w £ of X — D as in Section 4.3.1 of [92]. 
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Proposition 14-4-1- — There exists a hermitian metric h^E of E on X — D sat- 
isfying the following conditions: 

— Hermitian- Einstein condition 2~ 1 A Ue G(/i#£) = a ids for some constant a de- 
termined by the following eguation: 

(339) a ^_ / w a = fl ^_ AA / ^2 = par _ deg J c j^) 



27T 2 Jx- Z> 27r * JX 



— hftE is adapted to E„. 

~ deg Wc (-B, h HE ) = par -deg w (J3«). 

— We /lave t/ie following equalities: 

jf f 8par-ch a (^.)=( 2 ^) / y D tr(G(/i ff£ ) 2 ) 

4jT par-cf( c ^)= £ ^tr(G(^)) 2 

Proof We take a C°°-metric ft-o of which is as in Section 14.1 around any 

cross points of D, and as in Section 14.1 around any smooth points of D. It satisfies 
the following property: 

Lemma 14-4-&- ~ 

— G(/io) is bounded with respect to ho andu t . 

— The following equalities hold: 
(340) 

- 

4 V 2tt 
(341) 



/ tr(G(/i ) 2 ) = (^) / tr(i?(/i ) 2 ) = / 2par-ch 2 (£*) 



4 V 2tt 



f tr(G(h )f = f^Ll\ [ tr(R(h )f = f par-c^*) 2 

J X — D \ / J X — D J X 



Proof The first claim follows from Lemmas 14.1.5 and 14.2.4. The equality (340) 
follows from Lemma 14.1.6, Lemma 14.2.5 and the Chern-Wcil formula to express the 
Chern character by the curvature (See Proposition 4.18 of [92] in the trivial Higgs 
case, for example.) The equality (341) follows from the general formula tr(G(/io)) = 
2tri?(/io) an d the Chern-Weil formula. (See Lemma 4.16 of [92], for example.) □ 

Make a modification hi n = ho exp(-g') as in the proof of Proposition 6.1 of [92], 
such that A We det(/ij n ) is constant. Then, hi n satisfies the following conditions: 

— hi n is adapted to the parabolic structure of J2*. 

— G(hi n ) is bounded with respect to hi n and w e . 

— Let V be any saturated coherent subsheaf of E, and let Try denote the orthogonal 
projection of E onto V . Then diry is L 2 with respect to hi n and cj e , if and only 
if there exists a saturated coherent subsheaf C V of C E such that c V\x-d = V 
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([78] and [121]). Moreover we have par-deg w ( c K) = deg w (V, hi n y), where 
h-i n ,v denotes the metric of V induced by hi n . 

trA^ E G(hi n ) = 2rank(_B)a for the constant a determined by the equation 
(339). 

The following equalities hold: 
— 2 

/ tv[G(h in ) 2 ^ = / 8par-ch 2 ( c £*), 



/-i 

~2^T 



2 

/ tr( G{h in )) 2 = [ 4par-c?( e S,). 

JX-D V ' JX 



2- 



IX-D ' JX 

Then, the proposition follows from Simpson's theorem in [113] and [114]. (See also 
Proposition 2.49 of [94].) □ 



14.5. Bogomolov-Gieseker inequality 

Let Y be an n-dimcnsional smooth connected projective variety over C. Let L be 
an ample line bundle on Y, and let D be a simple normal crossing hypersurface of Y . 

Corollary 14-5.1. — Let (25*, V) be a [ii, -stable good filtered flat bundle on (Y,D). 
Then, Bogomolov-Gieseker inequality holds for 25*. Namely, we have the following 
inequality: 

JyPar-Ci r(-E*) 



J par -ch 2i (25*) < 



i Y 2rank_E 

Proof According to Mehta-Ramanathan type theorem (Proposition 13.2.1), the 
problem can be reduced to the case dimY = 2. By using e-perturbations as in the 
case (II) of Section 13.7, we can reduce the problem to the case in which (25*, V) 
is graded semisimple, and satisfy the SPW-condition. Then, the claim follows from 
Proposition 14.4.1 and the inequality for the curvature of Hermitian-Einstcin metric 
(see [113]). □ 

Corollary 1^.5.2. — Let (25*, V) be a [i^-stable good filtered flat bundle on (Y,D) 
with the trivial characteristic numbers par -deg^ (25*) = J Y par -ch 2 L ( 25*) = 0. Then, 
we have par-c-L ^(25*) = 0. 

Proof Due to Proposition 13.2.1, the problem can be reduced to the case dimY = 
2. We have the following: 







J par-c x (25*) c x {L) = par-deg L (25* ) = 
= 2rank(25) J par-ch 2 (25* ) < J par-c^ (25*) 



'Y JY 

Then, the claim follows from the Hodge index theorem. □ 
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We give a preparation for resolution of "turning points" for Higgs fields underlying 
harmonic bundle. In Section 15.1, we explain a procedure to construct a projective 
morphism via which given ideals are transformed to principal ideals. 

When we are given an algebraic equation on the rational function field of an irre- 
ducible variety, we sometimes hope that the polar part of a solution may ramify only 
along the poles. We show in Section 15.2 that it can be achieved if we take the pull 
back via an appropriate morphism. It will be used in Section 16.3.3. 

It is significant to ask, for a given Higgs field 9, whether there exists a projective 
birational map cp such that ip*9 is good in the sense of Definition 7.1.4. We show in 
Section 15.3 the existence of such a map under some condition. This result will be 
useful for the resolution of turning points (Sections 16.2-16.3) and the correspondence 
between wild harmonic bundles and polarized wild pure twistor D-modules (Section 
19.3). 



15.1. Resolution for a tuple of ideals 

Let G be a finite group. Let Y be a normal complex analytic space provided with a 
G-action. Let I\ , . . . , I r be ideal sheaves of Oy ■ Assume that the G-action induces the 
permutation of {I±, . . . , I r }. We would like to give a canonical construction to obtain 
a normal complex analytic space Y' equipped with a G-action and a G-equivariant 
birational projective morphism ip '■ Y' — > Y such that the following holds: 

— Let I'j denote the ideal sheaves of Oy generated by Then, Jj are 

invertible. Moreover, for any point P of Y', the ideals 7j are totally ordered 
with respect to inclusion relation around P. (We may permit that = I' k 
around P.) 

Note that we have the induced projective birational morphism Y' /G — > X . 
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We put y(°) := Y . Using an inductive argument, we will construct with the 
following property: 

— We have G-actions on Y^ and G-equivariant maps ipk ■ Y^ — > Y. 

— Wc put lf ] := ^(Ij) ■ O yW . For any closed point P £ Y^ k \ we have an 
ordered subset 

S(P) :={ii(P),...,i fc (P)}c{l,...,r} 

such that (i) h h (p) (h = l,...,k) are invertible, (ii) iffip) 3 ^(p) D ■■■ D 

I^)py (hi) Ij (j S(P)) are contained in I^} P y around P. 

Assume that Y^ has already been constructed. We have the following G-equivariant 
ideal sheaf on Y^: 

| J|=fe+1 i£.J 

For any closed point P £ F W and for any h <£ S(P), we have f)* =1 ^(p)^ 1 ^ = 4*° ■ 
Hence, the following holds around P: 

4 fe) - E ^ 

hgS(P) 

Let 7T fc : y( fc+1 ) — ► be the blow up of Y^ along lf ] . Let Vfe+i := ipk ° 7r fc . We 
put /j fe+1 ' := ipfr+^Ij) ■ OyiHD = 7Tj7 1 (^j fe ^) • Oy(H«. Let P' be any closed point of 
y( fc+1 \ and let P := n k (P'). Around P', the ideals £ S(P)) are invertible. 

We have J2jgs(p) = '^(ly ) ■ Oyinn, which is invertible by definition of 

blow up. Hence, one of (j g S(P)) is invertible, and we have I^ +1 ^ C I\ k+1 > 

for any h S(P). Thus, the inductive construction can proceed. Let Y' be the 
normalization of Y^ r+1 \ and let -0 : Y' — > Y be the naturally induced morphism. 
By construction, (Y 1 , ip) has the desired property. 

Let G be a finite group, and let Y be a complex analytic space with a G-action. 
Assume that we are given a surjective homomorphism G — > G, and an equivariant 
non-ramified covering F : Y — > Y which induces Y /G ~ Y/G. We have the induced 
ideals Ij (j = 1, . . . ,r) of Y, which are the pull back of Ij. The G-action induces 
the permutation of {/i, . . . , J r |. Applying the above procedure, wc obtain the G- 
cqui variant map ip : Y' — > Y . 

Lemma 15.1.1. — We have the natural isomorphism Y' ~ Y Xy Y 1 . The induced 
map F' : Y' — > Y' is the non-ramified Galois covering, whose Galois group is the 
kernel K of G — > G. In particular, we have the natural isomorphism Y' /G ~ Y' /G. 

Proof Inductively, we can check the following: 

— We have the natural isomorphism Y^ ~ Y^ Xy Y, and the induced map 
p( k ) : — y i s unramified A"-covering. 
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- 1^ = (FW)-i(if) . Oy W and 4 fe) = (F • 



Then, the claim of the lemma follows. 



□ 



Remark 15.1.2. — The construction can also work in the category of complex al- 



15.2. Separation of the ramification and the polar part of a Higgs field 

15.2.1. Statement. — Let X be a smooth projective variety over C. Let D be a 
simple normal crossing hypersurfacc of X. Let U = Spcci? be an affine Zariski open 
subset of X. For simplicity, we assume that the ideal sheaf Ojj(—D n U) is principal, 
and let g G R be a generator of Ojj(—D n U). Let R g denote the localization of R 
with respect to g. Let K denote the quotient field of R, which is the same as the 
rational function field of X. In the following, an algebraic closure K of K is fixed. 
Let V{T) G R g [T] be a monic of degree r. We will prove the following proposition in 
Sections 15.2.2-15.2.3. 

Proposition 15.2.1. — There exists a birational projective morphism F : Xq — > X 
with the following property: 

— Dq := F^ 1 (D) is a simple normal crossing hypersurface, and the restriction 
Xq — Dq — > X — D is an isomorphism. 

— Let Uq := F^ 1 ^). For any P G Uq fl Dq, we take a holomorphic coordinate 
neighbourhood (Xp, z±,..., z n ) around P such that Dp := DqDXp = [J i=1 {zi = 
0}. We take a ramified covering %j)p : Xp — > Xp given by tpp(Ci, ■ ■ ■ ,C«) = 




((f 1 , . . . , C/ J , • • • j Cn), where M is divisible by r\. We put Dp := il> p 1 (Dp). 



Here, M(Xp,Dp) denote the ring of meromorphic functions onXp which admit 
poles along Dp, and H{Xp) denote the ring of holomorphic functions on Xp. 

Remark 15.2.2. — Let a be a (possibly) multi-valued root of the polynomial (F o 
ipp)*V. The claim of Proposition 15.2.1 can be reworded that the polar parts of a can 
ramify only along Dq. □ 

15.2.2. Construction of the space. — Let K' / K be the Galois extension asso- 
ciated to V(T). Let G denote the Galois group of K' over K . Let 7r : X' — > X be 
the normalization of X in K'. We put D' := 7r _1 (D). The pull back V := ^(U) 
is the affine scheme Speci?', where R' is the normalization of R in K' . We have the 
roots a, (i = l,...,r) oiV{T) in R' g . 



gebraic geometry. 



□ 
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We take a large number N such that g N ■ on € R' for any i. Let denote the ideal 
of R' generated by g N and g N ■ (on — otj). They naturally induce the ideal sheaves 
Xi.j of Ox 1 - Note that the closed subset associated to Xjj are contained in D' . 

We apply the construction in Section 15.1 to X' with the ideal sheaves Zjj and 
the G-action. Then, we obtain the normal variety X[ with the G-action and the G- 
cquivariant morphism F[ : X[ — > X 1 . We put U{ := (FQ" 1 (£/'), D[ := (F[)~ 1 (D / ) 
and ot\ t i := (F[)^ 1 (a,i). The pull back of g is denoted by g\. Note that X[ — D[ — > 
X' — D' is isomorphic. Since the ideals sheaves (F() _1 2jj ■ Ox[ is invertible, either 
one of the following holds, for each Q £ U[ D D[ and for each pair 

(Al) : gf generates (F[)~ x Ii t j ■ Ox' around Q. In this case, a\j — aij e Ox[,q, 

where Ox[,q denote the local ring at Q. 
(A2) : gf ■ (an — aij) generates (F{) _1 2i.j ■ Ox[ around Q. In this case, there 

exists Xi,j € X [,q such that 1 = (a M - ai,j) ■ Xi,j in Ca; : q- 

Let Xi := X[/G, which is also a normal variety. We have the induced morphism 
F x : X i — > X. We put D x := iff which is the same as D[/G. Note that the 
restriction X\ — D\ — > X — D is isomorphic, and in particular, X± — D\ is smooth. 

We take a smooth projective variety Xq with the birational projective morphism 
Flo ■ X — > Xi such that (i) D := Ff^-Di) is a simple normal crossing divisor, 
(ii) Xo — Do ~ X\ — D\. Let no : Xq — Xo denote the normalization of Xo in K', 
and we put D' ■= tt ~ 1 (Do). Thus, we obtain the following commutative diagram: 

X' X( — X' 



X Xl — ^ X 

We put F := Fi o Fi, , F' := i^ o F 10 , f/ := F^C/) and U Q := ^(Uq). We also 
put oio.i := (F')" 1 ^, which are the algebraic sections of Ox' (*D' ) on Uq. The pull 
back of g is denoted by go- By construction, either one of the following holds for any 
Q € Uq n D' Q and any i, j: 

(A 1) : a , t - a ,j € C^,q- 

(A 2) : There exists x;j € Oc/^q such that 1 = (a ,i - ao,j) ■ Xi,i- 



15.2.3. Proof of Proposition 15.2.1. — Let us show that (Xo, Fq) has the desired 
property. Let P be any point of Dq. We take an affine Zariski open neighbourhood 
Up of P in Xo with an etale morphism tpp : Up — > C n such that Dp := Do H Up = 
Vp 1 {{Ji=i{ w i = 0})- Let 5^ := ip* p (wi) (i — 1, ...,£). Let Kp denote the Galois 
extension over K associated to the polynomials T AI — gi (i = 1, . . . , £), where M is as 
in the claim of Proposition 15.2.1. Let K' p denote the minimal field which contains 
Kp and K' . Due to a general theory ([39], for example), K' p is the Galois extension 
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over K, and the Galois group Gp of K' P /Kp is the same as the Galois group of 
K'/K'nKp. 

LetU' P ,Up a.ndW P denote the normalization of Up in K' , Kp and i^p, respectively. 
We have the following commutative diagram: 

U' P — U'p 




Kp 



Up > Up 

We have the natural isomorphism Up ~ U' P /Gp. Let Dp := Xp 1 (Dp). We remark 
that 7rp is unramified at the generic points of Dp, because M is divisible by r\. 

In the following argument, we will work in the category of complex analytic spaces. 
Let P = Ap X (P). We take a point Q G ip^P). Let G Q := {a G G P \a{Q) =Q}. We 
take a GQ-invariant small open connected neighbourhood Vq of Q in £/p. By shrinking 
Vq, we may assume that Vp := Vq/Gq naturally gives a small neighbourhood of P 
in Up. Let 7Tq : Vq — > Vp denote the induced projection. 

We have the minimal reduced closed analytic subspace Rp C Vp such that ttq 
is non-ramified covering on the non-empty open set Vp — Rp. Wc fix a base point 
Po G Vp — Rp, and let 7Ti(Vp- — Rp, Pq) denote the fundamental group. Since Vq is 
normal, it is smooth in codimension one. Since Vq — ir~ 1 (Rp) is connected, we have 
the naturally induced surjection pq : ni(Vp — Rp, Po) — > Gq. For any smooth point 
A of Rp, let ja denote an element of ~K\(Vp — Rp,Po) which is induced by a path 
connecting A and Pq, and a small loop around Rp near A. Let a a '■= Pq(ta)- 

Let ckQj denote the pull back of aoj by Vq — > Up, and let Dq := tTq 1 (Dp). 

Lemma 15.2.3. — c-Q,j GQ-invariant in Ov q ,q(*Dq)/Ov q ,q- 

Proof Let A be as above. For each j, either one of the following holds: 
(A Q 1) : <r A (a Qtj ) -a QJ G Oy Q _Q. 

(Aq2) : There exists Xj G ®Vq,Q such that 1 = Xj " ( cr A( a Q-j) — a Q,j)- 
We have the closed analytic subset Za C Vq of codimension 1 such that (i) Q G 
and A G ^(Z^), (ii) Z4 ^ 7Tg 1 (I?p), (iii) (c^(aQj) — a Q-j)g 1 ^ s contained in the 
maximal ideal at Q\ for any Qi G ^a- Hence, we can conclude that (Aq2) cannot 
happen. 

Since the elements 7 a generate TTi(Vp — Rp, Po), the claim of Lemma 15.2.3 follows. 

□ 

Because the GQ-invariant part of Ov q ,q(*Dq) / Oy Q ,Q is naturally isomorphic to 
Ov P ,p{*Dp)/Ovp,p, we have (3p,j G Ov P ,p{*Dp)/Ov P ,p induced by chqj, and hence 
the finite subset S = {/3p,j}- We take a lift of S to Ov P ,p(*Dp), which is also denoted 
by S. We have a(j) € S for each j such that ckq^ — 7Tg(a(j)) G Oy Q . Then, we 
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can conclude that (Xq,Dq) — > (X,D) has the desired property, and the proof of 
Proposition 15.2.1 is finished. □ 

15.3. Resolution for generically good Higgs field 

15.3.1. Statement. — Let X be a complex manifold, and let D be a normal cross- 
ing divisor. In the following, Zariski open subset means a complement of a closed 
analytic subset. Let A be a Q-vector subspace of C. Let (E, 9) be a holomorphic 
Higgs bundle on X — D of rank r. We state some conditions on (E,9). 

(Generically ,4-good) : We have a Zariski open subset D' of D such that 9 
is .A-good around any point of D' . (See Definition 7.1.5 below.) Note the 
condition implies that the eigenvalues of 9 are multi-valued meromorphic 1- 
forms on (X, D), which may ramify along some hypcrsurface of X. 
If (E, 9) is generically „4-good, the following condition makes sense. 

(RD) : The ramification of the eigenvalues of 9 may happen only along D. 

We have another slightly more complicated condition. For any P £ D, we take a 
holomorphic coordinate neighbourhood (X P ,zx, . . . ,z n ) around P such that Dp := 
D n Xp = Ui=i i z i = 0}- We take a ramified covering -0p : Xp — !• Xp given by 
^p(Ci) • • • i Cn) = (Ci*, • • • , Ci[ P) , Ci(P)+i, •••,(«), where M is divisible by H. We put 
Dp := 7/»p 1 (_Dp). We have the expression: 

l{P) 

t=i ^ i=e(P)+i 

Let M(Xp,Dp) denote the ring of meromorphic functions on Xp which admit poles 
along Dp, and let H(Xp) denote the ring of holomorphic functions on Xp. If (E,9) 
is generically .4-good, the characteristic polynomials det(T — fi) are contained in 
M(Xp, Dp)[T}. Then, the following condition also makes sense. 

(SRP) : For each P £ D and i = l,...,n, we have a finite subset 5,(P) C 
M(X P ,Dp) and monic polynomials Qpj, b € H(X P )[T] (b £ Si(P)), such that 
the following holds: 

det(T-/0= ]J Qp^b(T-b) 
bes z (P) 

We will prove the following proposition in Section 15.3.4 after the preparation in 
Sections 15.3.2-15.3.3. 

Proposition 15.3.1. — Assume that (E,9) is generically A-good, and moreover it 
satisfies either (RD) or (SRP). Then, there exists a complex manifold X' with a 
birational projective morphism tp : X' — > X such that (i) D' := ^~ 1 {D) is normal 
crossing, (ii) X' — D' ~ X — D, (Hi) ip* (9) is A-good (Definition 7.1.6). 
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Corollary 15.3.2. — Let (Ei,9i,hi) (i = 1,2) be good wild harmonic bundles on 
(X,D). There exists a projective birational morphism (p : (X',D') — > (X,D) such 
that ip* ((Ei, 0i, hi) ® (E2, 62, /12)) is good. 

Proof It is easy to see that id^ ®02 + 0i<£> id_E 2 satisfies the condition (RD). □ 

Remark 15.3.3. — If (RD) holds, (SRP) also holds. Hence, we have only to con- 
sider the case (SRP) in Proposition 15.3.1. We consider the case (RD) too, partially 
because it is easy to state and argue, and partially because it suffices for some of our 
purposes. □ 

Proposition 15.3.1 is a preparation for resolution of turning points (Theorem 16.2.1) 
and the correspondence between wild harmonic bundles and polarized wild pure 
twistor D- modules (Theorem 19.1.3). 

15.3.2. The irregular values and the logarithmic one forms. — Let X := A' 1 

and D := Ui=i{ z « = 0}- Let (E, 9) be a gencrically unramificdly „4-good Higgs bundle 
on X — D. We have the expression 

l , n 

(342) = £ /j £fl+ £ fidZi _ 

i=l 1 i=i+l 

We shall observe that a (not necessarily good) set of irregular values is associated to 
in a functorial way, under some assumptions. 

Let M(X, D) denote the ring of meromorphic functions on X which admit 
poles along D, and let H(X) denote the ring of holomorphic functions on X. 
Let CL(X, D, A) denote the space of logarithmic 1-forms of the form ^Z a i^- Z il z % 
(a, G ^4). In the case A = C, it is simply denoted by CL(X, D). Recall the following 
lemma. (Sec Proposition 3.13 in Chapter II of [29].) 

Lemma 15.3.4- — Letuj be a meromorphic one form on X which admits pole along 
D. 

— Assume that dio is logarithmic on (X,D), then we can take a € M(X,D) such 
that u> — da is logarithmic on (X, D), by shrinking X around the origin (0, . . . , 0) 
appropriately. Such a is well defined in M(X, D) j H(X) for ui. 

— If moreover duj is holomorphic on X , we have the well defined k € CL(X, D) 
such that lo — da — K is holomorphic on X . □ 

15.3.2.1. The case (RD). — In this subsection, we assume the following: 
(UR) : The eigenvalues of fi are single- valued on X. 



Remark 15.3.5. — If (RD) is satisfied, the above condition is satisfied on some 
ramified covering of (X, D). □ 
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We have the homogeneous generalized eigen decomposition E = (J) on a 

(v) 

Zariski open subset of X — D, and /, have the single-valued eigenvalues a\ on 
E^. We put := E- =1 «, (p) d*/* + £^£+i «?° 
Lemma 15.3.6. 

— We have £ CL(X,D,A) and meromorphic functions a^ p ' £ M(X, D) such 
that L)( p > — (da^ + n^) are holomorphic on X . 

— are well defined for tj( p \ and £ M(X, D) / H(X) are well defined for 

Proof Since is gcncrically .A-good, du)( p > are holomorphic around any general 
point Q £ D. Hence, du^ are holomorphic 2-forms on X. Due to Lemma 15.3.4, 
we can take £ M(X, D) and «W e CL(X, D) such that - da (p ' - «W is 
holomorphic. Since is generically *4-good, we obtain k 1 -^ £ CL(X,D,A). □ 

Let k(9) denote the tuple (k^) of logarithmic one forms on {X, D), and let Irr(6*) 
denote the subset {a w } in M(X,D)/H(X). They are well defined for 9. 

Let X := A™ and £) := Uj=i{0 = Let ^ : X — > X be a morphism such that 
V' _1 (-D) = -D- We have the induced tuple ip*n(0) of logarithmic one forms on (X, D), 
and the induced subset ip* lrr(0) C M(X,D)/H{X). 

Lemma 15.3.7. — We have the functoriality lxr(ip*9) = -0*lrr(#). We also have 
n(ip*9) = ip*n(9) modulo the holomorphic exact one forms. 

Proof Since ip*ui^ — dip* (a^) — ip* are holomorphic, the claim of the lemma 
is clear. □ 

15.3.2.2. The case (SRP). — In this subsection, we assume the following: 

(UR-SRP) : We have the finite subsets Si C M(X, D) and polynomials Vb,i £ 
H(X)[T] (b £ Si) such that 

det(T-/i) = J] V b ,i{T-b) 
faes. 

We also assume that the roots of Vb,i{T) are unramified along Zariski dense 
open subset of D. 

Remark 15.3.8. — If (SRP) is satisfied, the above condition is satisfied on some 
ramified covering of (X, D). □ 

We have a normal complex space X' with a finite morphism ip : X' — > X such 
that the roots of ip* dct(T— fi) arc single-valued for any i. We have the homogeneous 
generalized eigen decomposition ip* E = (J) E^ on a Zariski open subset of X', and 
ip* fi have single- valued eigenvalues on£^. We put u/ p ' := J2i=i a i ^P*dzi/z.i + 
T^i=i+i a ^ ip* dzi. We regard them as multi- valued meromorphic 1-forms on (X, D) 
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which may ramify outside of X — D. For each a\ , we have the corresponding 
b^ € Si. We put Wq P ^ := J2i=i &i dzi/zi + YH=i+i &i dz.i, which are single-valued 
mcromorphic one forms on (X,D). 

Lemma 15.3.9. - 

— We can take G M(X, D) such that — daW are logarithmic one forms. 
Such are well defined in M(X,D)/H(X) for w<r). 

- We have the well defined £ CL(X,D,A) such that - daW - k {p) are 
multi-valued holomorphic one forms on X, i.e., it is of the form ^ pf ip*dz.i 
where fif' are holomorphic on X' . 

Proof Let Q be any point of D such that (i) (E, 0) is unramifiedly ^4-good around 
Q, (ii) any roots of Vb,i (i = 1,...,£, b € Si) are unramified around Q. On a 
small neighbourhood Xq of Q, u/ p ) give the single-valued meromorphic one forms, 
and du)& arc holomorphic 2-forms. Because cu^ — Wq are logarithmic, duj^ are 
logarithmic on Xq. By varying Q in a Zariski dense subset in D, we obtain that 
are logarithmic. Due to Lemma 15.3.4, we can take a (p) e M {X, D) such that 
Uq P ^ — da^ arc logarithmic. We obtain that u/ p ) — da^ arc logarithmic on Xq. 
Since 9 is generically ,4-good, we can find Kq 1 € CL{X 1 D 1 A) such that := 
uj^ — (kW + da^) are holomorphic on Xq. Hence, t^' are holomorphic on X'. □ 

Let n(9) denote the tuple of the logarithmic one forms (k^), and let lrr(0) denote 
the subset {a^} of M(X, D)/H(X). They are well defined for 6. 

Let X := A™ and D := [J" l =1 {Q = 0}. Let ip : X — > X be a morphism such that 
ip~ l {D) = D. We have the induced tuple of logarithmic one forms ip*K,(6), and the 
induced subset ijf lrr(0) c M(X,D)/H(X). 

Lemma 15.3.10. — tp*(E,9) also satisfies the condition (UR-SRP). We have the 
functoriality lrr(ip*9) = iJj*Itt(9). We also have n(ip*6) = ip* n{9) modulo the holo- 
morphic exact forms. 

Proof Since ip*oj&) — dip*(a^) — ip* are multi- valued holomorphic one forms 
on X, the claim of the lemma follows. □ 

15.3.3. The ideal sheaves associated to a set of irregular values. — Let 

X := A™ and D := [f i=1 {zi = 0}. Let I be a finite subset of M(X,D)/H{X). We 
take a lift of X to M(X, D), which is given by {o' p ' Ip = 1, . . . , s}. For j = 1, ...,£, we 
put m,j(a^) := ord Zj (a^) in the case that {zj = 0} is contained in the pole of a^ p \ 
and mj(a( pS> ) := otherwise. We set uij (X) := min p raj (a^), which is well defined 
for X. We put := Ilj=i z j m3 ^ I \ which is well defined for I and independent of 
the coordinate system up to the multiplication of invertible functions. Let I(a^ p \l) 
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(p = 1, . . . , s) denote the ideals generated by • and £,(!)■ The tuple of the 
ideals 1(1) is well defined for 1. 

Remark 15.3.11. — The construction is independent of the choice of a coordinate 
system, and it can be globalized. Namely, let X be a complex manifold, and let D be 
a normal crossing divisor of X. If we are given a finite subset 1 C M(X, D) / H(X) , 
we obtain the tuple of the ideals 1(1), whose restriction to holomorphic coordinate 
neighbourhoods are given as above. 

We also have the purely algebraic construction of the ideal 1(1), when X is alge- 
braic. □ 

Let X := A™ and D := \J J=1 {( 3 = 0}. Let tp : (X,D) — > (X,D) be a ramified 
covering. We have the induced subset tp^ 1 ! C M(X, D) /H(X) and the induced ideals 
^1(1) := (tp^Iia^,!) ■O jt \p=l,...,s). It is easy to sec I^' 1 !) = ^ _1 I(Z). 
If tp is a ramified covering, we can reconstruct 1(1) as the Galois descent of Ify^ 1 !). 

15.3.4. Construction of a resolution. — Let us return to the setting in Section 
15.3.1. Let P be any point of D. We take a coordinate neighbourhood U around P. 
We take a ramified covering <p : (U°,D°) — > (U,D) such that either (UR) or (UR- 
SRP) is satisfied for ip*9. Applying the construction in Sections 15.3.2.1-15.3.2.2, we 
obtain the subset 1 P := lrr(<£*0) C M(U° , D°)/ H(U°), and the set of logarithmic 
one forms K,(ip*9). Applying the procedure of Section 15.3.3 to lp, we obtain the 
tuple of ideals I(lp) of Ojj° ■ Applying the procedure in Section 15.1 to them, we 
obtain the complex analytic space V with a birational projective morphism U' — > U. 
According to Lemma 15.1.1 and the remark in the last part of Section 15.3.3, we can 
globalize the construction, and thus we obtain the complex analytic space X' with 
the birational projective morphism X' — > X. Taking a resolution of singularity, we 
obtain a complex manifold X\ with a birational projective morphism F\ : X\ — > X 
such that (i) D\ := F^ 1 (D) is normal crossing, (ii) X\ — D\ ~ X — D. We put 
:=FZ(E,6). 

Let P\ be any point of D\. We take a small neighbourhood U of P = Fi(Pi). 
Let Ui be a coordinate neighbourhood around Pi such that Fi(Ui) C U. We take a 
ramified covering (U°,D°) of U, as above. We have lp and n((p*6) on (U°,D°) as 
above. We take a lift of 1 P to M(U°,D°) which is given by {a (p) }. Let £(1 P ) be as 
in Section 15.3.3. Let tpi : (U°,D°) — > (Ui,Di) be a ramified covering such that the 
composite Uf — > U factors through U° , and so we have F° : (Ul,D\) — > (U°,D°). 
Then, either (UR) or (UR-SRP) holds for ^6> x . We put := (F 1 )*a( p) , and then 
lrr(^0i) C M(Ul,Dl)/H(Ul) is the same as (F?)*1 P = {a^}. We also have 
k(i/j*9i) = (F°)* n(if*9) modulo the exact holomorphic one forms. By construction, 
cither one of the following holds, for each p: 

(Case 1) : I(a^\l P ) ■ Ou° is generated by (F x °)*f (2p). 
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(Case 2) : I(a^\X P ) ■ O u; is generated by (F?)*(£(X P ) ■ a^). 

In the case 1, since (F°)*£(2p) ■ af^ is the multiplication of (F°)*£(Zp) and a 
holomorphic function, is holomorphic on U°. Let us consider the case 2. Let 
(jzi,i, ■ • ■ , Zi,«) be a coordinate system of U° such that D° = U^Li{ z ij = 0}- Then, 
(F°)* £(Ip) is the product of an invcrtible function and a monomial Ylj=i z i j f° r 
some ^ > 0. Since (fT)*^(2p) ■ o^ p) divides (F^^Xf), we obtain that a[ p) is the 
product of an invcrtible function and O^Li Zij^ f° r some rj(p) < 0. 

We put a ( f' q) := a[ p) - a[ q) . Let I Pl C M{U° ,D\) j H(U°) be given by {a (p ' q] }. 
Applying the procedure in Section 15.3.3 to Ip 1 , we obtain the tuple of ideals /(IpJ. 
Applying the procedure in Section 15.1, making the globalization, and taking a res- 
olution of singularity, we obtain a complex manifold A 2 with a birational projective 
morphism F 2: i : AT 2 — > X\ such that (i) D 2 := F^f(-Di) is normal crossing, (ii) 
X 2 - D 2 ~ Xi - Dl We set (F 2 ,0 2 ) ~ ^2,1(^1^1) and F 2 := Fi o F 2)1 . 

Let P 2 be any point of D 2 . Let P 1 := F 2 ,i(P 2 ) and P := F 2 {P 2 ). We take 
neighbourhoods XJ\ and {/ of P\ and P as above, respectively. We also take ramified 
coverings {U?,D°) — > (i7i,-Di) and {U°,D°) — >■ (*/,£>) as above. Let U 2 be a 
coordinate neighbourhood around P 2 such that F 2 ,i(J7 2 ) C f/i. Let i\j 2 : (U 2 ,D 2 ) — > 
(U 2 ,D 2 ) be a ramified covering such that the composite U 2 — > U\ factors through 
VI. So we have F^ : (UZ,D%) — > (U^D^). Then, either (UR) or (UR-SRP) holds 
for i>* 2 Q 2 . We put a { 2 p} := (P 2 °i)*a^ ) , and then Irr(^6» 2 ) is the same as {a { 2 p) }. We 
also have n(ip 2 6 2 ) = (F 2 1 )*k(?/> 1 0i) modulo the holomorphic exact one forms. Let 
(wi, . . . ,w n ) be a coordinate system of (U 2 , P/ 2 ) such that P/ 2 = UfcLil^fc = 0}- By 
construction of X 2 , either one of the following holds for each — a 2 9 ^: 

(Case 1) : a 2 — <*2 is holomorphic on U 2 . 

(Case 2) : If — a 2 admits a pole, a 2 ~ a 2 is the product of an invertible 
function and LJfcLi w^ fc< ' P:9 ' 1 for some Sfc(p, g) < 0. In this sense, ord(a 2 p ^ — a 2 f/ ') 
exists in Z< Q . 

Moreover, the ideals (F 21 ) _1 /(aJ p, ' 3 \lp 1 ) ■ Ou° are totally ordered with respect to 
inclusion relation. Hence, the set of ord(a 2 p ' 1 — CI2 ) for non-holomorphic a 2 p ^ — a 2 q ^ 
is totally ordered with respect to <%e 2 . By construction of AT 1; either one of the 
following holds for each p: (i) a 2 is holomorphic, or (ii) ord(a 2 ) exists in Z< . 
Hence, Irr(V> 2 # 2 ) is a good set of irregular values. 

By construction, any eigenvalues of "02^2 are of the form da + k + t, where (i) a 
are contained in the good set of irregular values Iir(ip 2 8 2 ), (ii) k = X)fe=i a k ' dwk/wk 
(dfc € A), (iii) r are multi- valued holomorphic one forms on U 2 . Hence 9 2 is *A-good, 
and thus the proof of Proposition 15.3.1 is finished. □ 



CHAPTER 16 



KOBAYASHI-HITCHIN CORRESPONDENCE AND SOME 

APPLICATIONS 



In this chapter, we study existence problem of pluri-harmonic metrics for good 
filtered flat bundles. As an application, we show the existence of a resolution of 
turning points for a meromorphic flat bundle. (See Introduction.) 

In Section 16.1, we establish Kobayashi-Hitchin correspondence between good wild 
harmonic bundles and /^-polystable good filtered flat bundles with trivial character- 
istic numbers (Theorem 16.1.1). This is a rather straightforward generalization of the 
correspondence in the tame case. 

We study in Sections 16.2-16.3 a characterization of semisimplicity of meromorphic 
flat bundles by the existence of \J — lJ?-good wild pluri-harmonic metric (Theorem 
16.2.4). We also show the resolution of turning points for a meromorphic flat bundle 
on a projective variety (Theorem 16.2.1). These two results are intimately related. 
(They will be slightly refined in Section 16.4.) 

Contrast to the tame case, we cannot directly apply Theorem 16.1.1 to show Theo- 
rem 16.2.4, because the Delignc-Malgrangc filtered sheaf of a meromorphic flat bundle 
is not necessarily good even in the surface case. We need the existence of a resolution 
of turning points as in Theorem 16.2.1. Conversely, once we know Theorem 16.2.4, it 
is rather easy to show Theorem 16.2.1. 

Our argument will proceed as follows. We have already established Theorem 16.2.1 
for the surface case in [95] and Proposition 2.7.10. Applying Theorem 16.1.1, we ob- 
tain Theorem 16.2.4 for the surface case. Then, we will show a variant of Theorem 
16.2.4 in the higher dimensional case, in which we do not assume the existence of good 
Deligne-Malgrange lattice. By using it, we show Theorem 16.2.1 in the higher dimen- 
sional case. After that, it is easy to show Theorem 16.2.4. This is a nice interaction 
between the theories of wild harmonic bundles and meromorphic flat bundles. 

In Section 16.4, we refine the results in Section 16.2, i.e., we consider the case that 
X is not necessarily projective but proper algebraic. 



420 CHAPTER 16. KOBAYASHI-HITCHIN CORRESPONDENCE AND SOME APPLICATIONS 

16.1. Kobayashi-Hitchin correspondence for good filtered flat bundles 

Let X be an n-dimcnsional connected smooth projective variety with an ample line 
bundle L, and let D be a simple normal crossing hypersurface of X with the irreducible 
decomposition D = {J ieA Di- Let (E*,V) be a /^-stable good filtered flat bundle 
on (X, D) with trivial characteristic numbers par-deg^-E*) = J x par-ch 2 l(E*) = 0, 
and we put (J5,V) := (E*,V)\ X -d- Recall par-c x (.E*) = (Corollary 14.5.2). For 
each c e i? A , we have the determinant line bundle det( c E) of the bundle C E, on which 
we have the induced parabolic structure and the induced flat connection. Thus we 
obtain the canonically determined filtered flat bundle (det.E*,V) on (X,D) of rank 
one. We also have par-c x (det E„) = par-c^-E*) = 0. Therefore, we can take a pluri- 
harmonic metric /idetB of (det(E),V) which is adapted to the parabolic structure of 
det E* . It is determined up to positive constant multiplication. 

Theorem 16.1.1. — There exists a unique pluri-harmonic metric h of (E, V) with 
the following properties: 

— det(h) = h dctE - 

— (E, V, h) is a good wild harmonic bundle on X — D . 

— h is adapted to the parabolic structure of E* . 

Proof It can be proved by the argument in the tame case [94], after the prepa- 
ration in Chapters 13-14. Hence, we give only an indication. 

Let us begin with a remark. If we have a pluri-harmonic metric h of (E, V) adapted 
to E* , the corresponding harmonic bundle (E, 8e,0,K) is good and wild, according to 
Proposition 13.5.2. Let us show the uniqueness of such a metric. Let hi (i = 1, 2) be 
pluri-harmonic metrics of (E, V) which are adapted to E* such that det(/ij) = /idet(B)- 
Let C C X be any sufficiently ample and generic complete intersection curve, which 
intersects with D transversally. The restriction of (_E*,V)|c is stable, according 
to Proposition 13.2.1. Because of the weak norm estimate of good wild harmonic 
bundles (Theorem 7.4.3), the metrics h^c\D are adapted to E^ c . Then, we obtain 
^i|C\r> = ^2|c\d due to Proposition 13.4.1. Since such curves C cover the Zariski 
open subset of X — D, we obtain hi = hi on X — D. Thus, we obtain the uniqueness. 

Let us show the existence. In the curve case, it was shown by Biquard and Boalch 
(Proposition 13.4.1). Let us consider the surface case. 

Lemma 16.1.2. — We have the desired pluri-harmonic metric h in the case 
dimX = 2. 

Proof The argument is essentially the same as that in the proof of Theorem 5.4 
in [94]. So, we give only an indication. Let ( C E,F) be the c-truncation. For a large 
integer d, we put e = 1/d, and we take an e-perturbation F^ as explained in (II) 
of Section 13.7. Then, we have the hermitian metric h H \ of (E,V) such that (i) 
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adapted to F^ e \ (ii) det(h^ E ) = /idet, (iii) it satisfies the conditions in Proposition 
14.4.1. 

We would like to take the limit of the sequence {h^ E } in e — > 0. Let m be large. By 
using Lemma 13.4.6, Lemma 13.4.8 and the argument in Section 5.2 of [94], we obtain 
the pluri-harmonic metric h of (E, V) satisfying det(h) = /idct(_B) an d the following 
property: 

— ft.| s -i(o) is adapted to E^ s -i^ for any sufficiently general s £ H°(X,L m ). 
According to Proposition 13.5.1, (E,V,h) is a good wild harmonic bundle, and h is 
adapted to E*. Thus, the proof of Lemma 16.1.2 is finished. □ 

Now, we can show the existence in the general case by using the same argument 
as that in the proof of Theorem 5.16 of [94], and thus the proof of Theorem 16.1.1 is 
finished. □ 

We say that a /iL-polystable good filtered flat bundle has trivial characteristic 
numbers, if each /i^-stable component has trivial characteristic numbers. 

Corollary 16.1.3. — Let (E*,V) be a good filtered flat bundle on (X,D). We put 
E := E^x-d- H * s (iL-polystable with trivial characteristic numbers, if and only if 
there exists a pluri-harmonic metric h of (E, V) adapted to the prolongment E* . 

Proof The "only if" part follows from Theorem 16.1.1. Let us see the "if" part. 
Let (E,W,h) be a good wild harmonic bundle, and let (E*,V) is the associated 
filtered flat bundle. According to Proposition 13.6.1, (E*,V) is ^-polystablc with 
par-deg^-E*) = 0. Moreover, if (E *, Vo) is a stable component of (E*, V), and then 
the restriction of h to E := -Eo*|x-b gives the pluri-harmonic metric of (E ,\7q) 
adapted to the prolongment Eq*. Then, we obtain J par-ch 2 l (Eq*) = from 
Proposition 13.6.4. □ 

We also obtain the following corollary on the uniqueness of pluri-harmonic metrics, 
from Theorem 16.1.1 and Proposition 13.6.1. 

Corollary 16.1.4- — Let (2£*,V) be a f^L-polystable good filtered flat bundle on 
(X,D) with the trivial characteristic numbers. Let (E*, V) = ®j e r(-^«* > ^») ® C m ^ 
be the canonical decomposition, where (E i ^,,'S7 i ) are fi^-stable. We take a pluri- 
harmonic metric hi of (E iy \7i) adapted to the prolongment E^ for each i 6 T. Then, 
any pluri-harmonic metric h adapted to E* is of the form h = hi ® gi, where gi 
are Hermitian metrics of C m M . □ 

Remark 16.1.5. — Recall that, for a given good filtered V '-flat bundle (_E*,V), we 
have a deformation (£^ 2 \V) as explained in Section 4.5.2. Although we considered 
a pluri-harmonic metric h adapted to E*, it might be more natural to consider a 
pluri-harmonic metric adapted to E^K See the proof of Theorem 19.4.1. □ 
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16.2. Applications to algebraic meromorphic flat bundles 

16.2.1. Existence of a good model. — Let X be an n-dimensional smooth con- 
nected projective variety with a simple normal crossing hypersurface D. We will prove 
the following theorem in Section 16.3. 

Theorem 16.2.1. — Let {£ , V) be a meromorphic flat connection on (X,D). Then, 
there exists a smooth projective variety X' with a birational morphism ip : X 1 — > X 
such that (i) D 1 := ip^ 1 (D) is simply normal crossing, (ii) X' — D' ~ X — D, (Hi) 
the Deligne-Malgrange lattice of ip*(£,V) is a locally free Ox-module and good. 

Before going into the proof, we give a direct corollary. Let K be a finite extension of 
C(xi, . . . , x n ). Let M be a finite dimensional A'-vector space with Der(-ftT/C)-action. 
We have the following corollary. 

Corollary 16.2.2. — There exist a smooth projective variety X with K{X) ~ K, 
and a meromorphic connection (£ , V) on X with (£, V) (g> K ~ M, such that the 
Deligne-Malgrange lattice of {£, V) is good. □ 

Remark 1 6. 2. 3. — Very recently, Kedlaya established the existence of resolution of 
turning points in a more general situation with a completely different method. See 



16.2.2. Characterization of semisimplicity. — Let X be an n-dimensional 
smooth connected projective variety, and let D be a simple normal crossing hyper- 
surface of X. Let (£, V) be a meromorphic flat connection on (X, D). We will prove 
the following theorem in Section 16.3. 

Theorem 16.2.4- — i^i^) * s semisimple, if and only if the following holds: 

— Let ip : X — > X be a birational projective morphism such that the 

-DM 

Deligne-Malgrange filtered bundle associated to Lp*(£,V) is good, 

as in Theorem 16.2.1. Then, there exists a pluri-harmonic metric h of 
(£,V) :~ tp*(£, V)ijf_ -i/ D ) which is adapted to . Note that (£,V,/i) is 



a V — lR-good wild harmonic bundle. 

We give a complement on the uniqueness. Such a metric h is unique up to obvious 
ambiguity as in Corollary 16.1.4, which follows from Proposition 13.6.1. 

Proposition 16.2.5. — Let (£,V) be semisimple, and let h be the metric as in 
Theorem 16.2.4. Then, (i) if (£, V) is simple, h is uniquely determined up to constant 
multiplication, (ii) the canonical decomposition of{£, V) is orthogonal with respect to 
h, (Hi) if(£,\7) is a tensor product of a simple meromorphic flat bundle (£' ,V) and 
a vector space V, then h is the tensor product of h' for (£' , V') and the metric ofV. 



[70] and [71]. 



□ 



□ 
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16.2.3. Good Deligne-Malgrange lattice. — It seems better to give an explicit 
statement for the filtered flat bundle associated to a \J — 1-R-good wild harmonic 
bundle, which is implicitly used in the statement of Theorem 16.2.4. Let X be a 
complex manifold, and let D be a simple normal crossing hypersurface of X. Let 
(E, dE,8,h) be a V— 1-R-good wild harmonic bundle on (X, D). 

Proposition 16.2.6. — The filtered flat bundle (P^E 1 jB 1 ) is the Deligne-Malgrange 
filtered bundle associated to the meromorphic flat bundle (Pf 1 ,© 1 ). In particular, 
"PoS 1 is the good Deligne-Malgrange lattice of (PS 1 , B 1 ). 

Proof In the case dim X = 1, the claim follows from the comparison of the KMS- 
spectra in Proposition 8.2.1. The general case can be reduced to the above case. 

□ 

16.2.4. Pull back. — We give an application of Theorem 16.2.4. Let X and Y be 

smooth projective varieties. Let F : Y — > X be a rational morphism. Let (V, V) be 
a semisimple meromorphic flat connection on X. Assume that F(Y) is not contained 
in the pole of (V, V). We have the meromorphic flat bundle F*(V, V) on Y. 

Theorem 16.2.7. — F*(V,V) is also semisimple. 

Proof By replacing X birationally, we may assume the following: 

— We have a simple normal crossing hypersurface Dx such that (V,V) is a 
semisimple meromorphic fiat bundle on (X,D X ). 

— The Deligne-Malgrange filtered flat bundle V X A ^ associated to (V, V) is good. 
We take a good wild pluri-harmonic metric h x of (V, V)\x-d x : adapted to V Xt , . Let 
(Ex, 8e x > ®x-, n x) denote the corresponding good wild harmonic bundle on X — Dx- 
The associated meromorphic flat bundle (V£ x , B^r) is naturally isomorphic to (V, V). 
By construction, 9 is good and wild. Moreover, the eigenvalues of the endomorphism 
Res£> x i (#) on 1 Gr F (°E X ) on Dx,i are purely imaginary. 

By replacing Y birationally, we may assume to have a regular morphism F : Y — > 
X such that Dy := F~ 1 (Dx) is a simple normal crossing hypersurface. 

Lemma 16.2.8. — (Ey ,9e y >@y ,hy) '■= F~ 1 (Ex,dE x ,@x,hx) is a y^lR-good 
wild harmonic bundle on Y — Dy . 

Proof Note that F*(' > Ex) gives a prolongment of Ey to a locally free Oy-modulc 
on Y. Let P be any point of Dy. We take a small holomorphic coordinate neigh- 
bourhood V around P. We also take a small holomorphic coordinate neighbourhood 
U around F(P). We put Djj := Dx fl U and Dy := Dy n V. We can take a ramified 
covering ipu : (U, Djj) — > (U, Djj) such that we have the decomposition: 

(343) <fij<?E x ,6 x )= ® {E a ,e a ) 

aelrr(0 x ,F(P)) 



424 CHAPTER 16. KOBAYASHI-HITCHIN CORRESPONDENCE AND SOME APPLICATIONS 



Here, 9 a — da-idE a are logarithmic with respect to tpu(°Ex) for any o € Itt(0x,F(P)). 
We can take a ramified covering ipy ■ (V, Dy) — > (V,Dy) such that the composite 
F o ip v : V — > U factors through U, i.e., there exists F : V — !► U such that 
F o ipy = ipu o F. From (343), we obtain the decomposition around P: 

tfr(F*{*E x ), By) = @(F*(E a ), 9 Y , a ) 
a 

And, 9 r ~ g := 0(0y, a - dF*a ■ idjy.^s) is logarithmic. 

Let us show that the eigenvalues of the residue of 9 Y are constant on each compo- 
nent of Dy, and that they are purely imaginary. Let P be a smooth point of Dy. Let 
V and U be as above. Let (w\, . . . , w rn ) and (zi, . . . , z n ) be holomorphic coordinate 
on V and U respectively, such that Dy = {wi = 0} and Djj = Uj=i{ z j = 0}- Let 
di (i = 1, . . . ,£) be the order of F*(zi) with respect to w\. Let Q be any point of 
Dy. Then, R&s Wi (<p v 9y)\q omp* v F* (° E x )\q is given by £\ =1 ^ • Res 2j (^^a')|f (Q) ■ 
Hence, we obtain that the eigenvalues of Res^j (y>y#y) are constant on _Dy , and they 
are purely imaginary. 

We have the expression 9 T ~ S = fi ■ dw\/w\ + Y^jLi fo ' dii)j. Then, we can conclude 
that the coefficients of P(t) := dct(t — fi)^ v are constant, and that the solutions of 
P(t) = are purely imaginary. Thus, the proof of Lemma 16.2.8 is finished. □ 

We have the meromorphic flat bundle (V£ Y , By) associated to (£y, &e y , Oy, hy)- 
We also have the good lattices V a £ Y of V£ Y . We have the naturally defined morphism 
F*(V £ X ,B X ) — ► {V £ Y ,D Y ), which induces the morphism i : F*(TE X ) — > V£ Y 
of locally free Oy(*D Y )-modulcs. Since the restriction of i to Y — Dy is an isomor- 
phism, l is an isomorphism on Y. Hence, F*(V, V) has the good lattices V a £y- By 
using Proposition 8.2.1, we can show that V*£ Y = (V a £ Y \ a G R £ ) is the Delignc- 
Malgrange filtered flat bundle associated to F*(V, V). Then, we can conclude that 
F*(V, V) is semisimple due to Theorem 16.2.4. □ 

16.3. Proof of Theorems 16.2.1 and 16.2.4 

16.3.1. Preliminary characterization of semisimplicity. — Let X be an n- 

dimensional smooth connected projective variety, and let D be a simple normal cross- 
ing hypcrsurface of X. Let (£ , V) be a flat meromorphic connection on (X, D). 

Proposition 16.3.1. — 7/(£,V) is simple, there exists a pluri-harmonic metric h 
of (E, V) := {£ , V)|x— z> with the following property, which is unique up to positive 
constant multiplication: 

— Let P be any smooth point of D around which {£, V) is good. Then, (E, V, h) is 
a ^/—lR-good wild harmonic bundle around P, and h is adapted to the Deligne- 
Malgrange filtered bundle E® AI around P. 
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In particular, if the Deligne-Malgrange filtered bundle E^ associated to {£, V) is 
good, then h is adapted to E® M , and (E, V, h) is a V 1 —IR-good wild harmonic bundle 
on (X,D). 

Proof First, let us consider the case dimX = 2. We can take an appropriate 
birational projective morphism tp : X — > X such that yj*(£,V) has the good for- 
mal structure. (See [95].) Note that tp*(£, V) is also simple. So, we may assume 
that (£, V) has the good formal structure from the beginning. Then, the associated 
Deligne-Malgrange filtered bundle is good (Proposition 2.7.10). Because tp*{£, V) is 
simple, the associated Deligne-Malgrange filtered bundle is //^-stable. We also have 
the vanishing of the parabolic characteristic numbers, according to Corollary 14.3.4. 
Hence, we obtain the desired pluri- harmonic metric due to Theorem 16.1.1 (or Lemma 
16.1.2). 

The higher dimensional case can be reduced to the surface case by using Corollary 
13.2.3 and an argument in the proof of Theorem 5.16 of [94]. □ 

16.3.2. Pull back via the birational projective morphism. — Let tp : X' > 

X be any birational projective morphism. If (£ , V) is simple, then tp* {£ , V) is also sim- 
ple. Therefore, we have pluri-harmonic metrics and h v *s for (£ , V) and <p*(£, V) 
as in Proposition 16.3.1. 

Lemma 16.3.2. — <p*hs = a - h v *£ for some a > 0. 

Proof Let C be a sufficiently generic and ample curve in X. Then, hs\c 
and /i ¥ ,*£|c are the pluri-harmonic metrics for the simple meromorphic connection 
(£, V)|o Thus, we have tp*h^\ c = a c ■ hip*£\c because of the uniqueness. Since such 
curves C cover Zariski open subsets of X and X', the claim of the lemma follows. 

□ 

16.3.3. Proof of Theorem 16.2.1 in the case that (£, V) is simple. — Assume 
that {£, V) is simple. We can take a pluri-harmonic metric hs as in Proposition 16.3.1. 
Let (E, 8e, 0, he) be the corresponding harmonic bundle on X — D. 

Lemma 16.3.3. — There exists a birational projective morphism F : X\ — > X 
with the following property: 

— D\ := F^ 1 (D) is a simple normal crossing hyper surf ace, and X\ — D\ c±X — D. 

— We put {Ei,dE l ,h\,9i) := F*(E,dE,h,9). Then, 6 i is generically \f—\R-good, 
and (SRP) holds. (See Section 15.3.1 J 

Proof We take a covering X = U^ (p) by affine Zariski open subsets = 
Speci?^ with etale morphisms p p : — > C n such that p p 1 (Uf=i{zi = 0}) = 
U p nD. Let = nf=i f P be the defining equation of DnU (p \ Let denote 
the localization of with respect to g( p \ Let t^' := <p*dzi/zi for i = 1, . . . ,£(p), 



426 CHAPTER 16. KOBAYASHI-HITCHIN CORRESPONDENCE AND SOME APPLICATIONS 



and t*> := (p* p dzi for i = l(p) + 1, . . . ,n. They give a frame of O x (log£)) on . 
We have the expression 6 = Y^, fi ■ We obtain the characteristic polynomials 
v\ p) {T) := det(T- f\ p) ). Let P be any point of D around which (E,d E ,6, h) is good 
wild. Then, the coefficients of 7^ (T) arc meromorphic around P whose poles arc 
contained in D. Hence, we obtain V^\T) G P^ 3 [T]. 

Applying Proposition 15.2.1 to each p| p \ we obtain a smooth projective variety 
with a regular projective birational morphism f[ p } : x[ p ) — > X such that 
(Pi i satisfies the condition in Proposition 15.2.1. Taking the fiber products 

of X[ p ) over X, the normalization, and the resolution of the singularity, we obtain 

(v) 

a birational projective morphism Pi : X\ — > X such that any F*V\ satisfy the 
condition in Proposition 15.2.1. The morphism factors through each X^J. 

Due to Lemma 16.3.2, Q\ is generically y/— lR-good. Let us show that (SRP) holds. 
We put U {p) := Pf 1 ^)). For any P G D 1 nu[ p) , we take a holomorphic coordinate 
(U, Zi, . . . , z„) around P such that U H D\ = Ui=i{ z i = 0}- We take a ramified 
covering ^ P : U — > U given Jay tp P (Ci , . . . , Cn) = (Ci 1 , C^Xi+i, ■ • ■ , Cn), where 
M is divisible by r\. We put D := tp^Di. Let -0P : = Fi ° ?Pp- By construction, the 
eigenvalues of ippf^ are of the form /3+7, where /3 G Ofj(*D) and 7 are multivalued 
holomorphic functions on U . For the expression %I)* P 9 = 2<=i /i'^Ci/Ci+S™=£+i /i'^Cti 
we have /; = eijj • ip*fj P \ where a^j € H(Up). Note the commutativity of 
Then, it is easy to observe that (SRP) holds for 6\. Thus we obtain Lemma 16.3.3. 

□ 

Hence, we may and will assume that (SRP) holds from the beginning. Applying 
Proposition 15.3.1 to 9, we can take a birational projective morphism (p : X' — > X 
such that ip* 6 is -y/— T-R-good, i.e., (E,V,h) := tp*(E,V,h) is a -v/^LR-good wild 
harmonic bundle. Then, we have the associated prolongment (2?*, V), which is good. 
Due to Lemma 16.3.2 and Proposition 16.3.1, it is the same as the Deligne-Malgrange 
filtered flat sheaf of <p*£ around a general point P of the smooth part of D. Hence, we 
can conclude that E* is the same as the Deligne-Malgrange filtered sheaf associated 
to ((p*£, V), and it is good. Thus, we obtain the desired resolution in the case that 
(£, V) is simple. 

16.3.4. End of proof of Theorems 16.2.1 and 16.2.4. — Let us consider the 
general case. A meromorphic flat connection {£, V) is the extension of simple mero- 
morphic flat connections (£j, Vj) (i = 1, . . . , N). We can take a birational projective 
morphism tp : X' — > X such that (i) D' := ip^ 1 (D) is simple normal crossing, (ii) 
X' — D' ~ X — D, (iii) any tp*(£i, Vj) have the good Deligne-Malgrange lattices. We 
may also assume that the union of the set of the irregular values of tp* (£i, Vj) are also 
good around each point of tp*D. (For example, we have only to apply Proposition 
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15.3.1, to the meromorphic Higgs bundle corresponding to (J)(£i,V;)-) Then, the 
Deligne-Malgrange lattice of ip*(£,V) is good, according to Corollary 2.7.11. Thus, 
the proof of Theorem 16.2.1 is finished. 

Let us show Theorem 16.2.4. Let (£, V) be a meromorphic flat connection on 
(X, D). We take a birational projective morphism <p : X — > X such that the Deligne- 
Malgrange filtered bundle associated to (£,V) := V) is good (Theorem 
16.2.1). Note that (£ , V) is semisimple, if and only if {£ , V) is semisimple. If (£, V) 
is semisimple, we can take a pluri-harmonic metric h with the desired property due 
to Proposition 16.3.1. Conversely, if we have a pluri-harmonic metric h of (£,V) 

-DAI — DM - 

adapted to E„ , then (E t , V) is /x_L-polystable due to Proposition 13.6.1. By 
Lemma 13.2.2, we obtain that (£,V) is semisimple, and thus (£,V) is semisimple. 

□ 



16.4. Minor refinement of the result in Section 16.2 

Let X be a smooth proper algebraic variety over C. Let D be a simply nor- 
mal crossing hypersurface of X. Let (£ , V) be a meromorphic fiat bundle. We set 
(E,V) ~(£,V) lx _ D . 

Proposition 16. J^. 1. - (£, V) is semisimple, if and only if there exists a pluri- 
harmonic metric h of (E, V) such that the following holds: 

— Let P be any smooth point of D around which (£, V) is good. Then, (E, V, h) is 
a ^/—lR-good wild harmonic bundle around P, and h is adapted to the Deligne- 
Malgrange filtered bundle E® AI around P. 

Such a metric is unique up to obvious ambiguity, in the following sense: 

— If (£,V) is simple, it is unique up to positive constant multiplication. 

— Let (£, V) = ©^(fi, Vj) <S> Vi be the canonical decomposition, i.e., (£j,Vj) are 
simple, Vi are vector spaces, and [£i, Vi) 9^ (£j, Vj) for i ^ j . Then, the metric 
h is of the form hi gi, where hi is a pluri-harmonic metric for V,) as 
above, and gi are metrics of Vi . 

Proof Assume that (£, V) is semisimple. By using Chow's lemma and Theorem 
16.2.1, we can take a projective birational morphism ip : X' — > X such that (i) D' := 
(p^ 1 (D) is simply normal crossing, (ii) the Deligne-Malgrange lattice of (£' , V) := 
ip*(£, V) is a locally free Ox-module and good. We put (£", V) := (£', V)\ X >-D'- 
By using Theorem 16.1.1 or Theorem 16.2.4, we can take a pluri-harmonic metric h' 
of (£",V) such that V*E' is the same as the Deligne-Malgrange filtered bundle of 
(£' , V). There is a Zariski closed subset W C X such that ip induces X' \ Lp^ 1 (W) ~ 
X\W. 
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Lemma 16.4-2. — We have the pluri-harmonic metric h of (E, V) such that 
h>\x\W = ^ l \x , \ip- 1 (w) un ^ r the natural identification. 

Proof According to Theorem 6.1.3 of [104]. (£", V', h') naturally induces a pure 
twistor £>-modulc T(E') of weight with the polarization (id, id) on X' \ D'. By 
Hard Lefschetz Theorem for regular polarized pure twistor D- module (Theorem 6.1.1 
of [104]), we obtain the pure twistor D-module ip^T{E') of weight on X \ D. Let 
Te be the direct summand of tp®T(E') whose strict support is X \ D. It is easy to 
observe that the underlying D-module is naturally isomorphic to (E, V), because of 
the regularity. Moreover, by the Hard Lefschetz theorem, Te is equipped with the 
polarization whose restriction to X \ W is the same as the polarization of T(E') under 
the natural identification. Thus, we obtain a pluri-harmonic metric h of (E, V). □ 

If P e D \ W, (£, V) is good around P, and h is adapted to Ef M by construction. 
Let P be any point of D around which (£, V) is good. By applying Proposition 13.5.1, 
we obtain that h is adapted to E® M . Hence, h has the desired property. 

Conversely, assume that (£, V) is equipped with a metric h as above. Let £\ C £ 
be an 0x(*-D)-submodule such that V£i C £ i <£> Q X (*D). We put E\ := £\\x\d, 
which is a fiat subbundle of E = £\x\d- Let E^ denote the orthogonal complement 
of E\ in E with respect to h. 

Lemma 16.4-3. — Ei is aflat subbundle of E. 

Proof Let us consider a morphism F from smooth projective curve C to X such 
that (i) F(C) is not contained in D, (ii) (£, V) is good around each point of F{C)C\D. 
We have F*(£i, V) c F*(£, V), and F*h. Note that semisimplicity is related with the 
polystability as in Lemma 13.2.2. Applying Corollary 16.1.4, we obtain that F*E^ is 
flat with respect to F*V. Because a Zariski open set of X is covered by such curves, 
we obtain that E^ is also flat. □ 

Let E? M and E° M be the Deligne-Mal grange filtered sheaf associated to {£ , V) 
and (£i, V), respectively. Let tt be the orthogonal projection of E onto E\. Let us 
observe that it is extended to a projection E* — > Ei* . Let P be a smooth point of 
D around which (£, V) is good. Because E? M ~ V*E 1 V*Ei around P, tt has the 
desired extension around P. By using the Hartogs property of reflexive sheaves, we 
obtain the desired extension on A. It implies that E2 is extended to a meromorphic 
flat subbundle £2 of £ , and we have the flat decomposition £ = £\ © £%. Moreover, 
£i are also equipped with the metrics hi satisfying the condition in the statement 
of Proposition 16.4.1. Hence, by an easy inductive argument, we can conclude that 
£ is scmisimple. We can also deduce that the canonical decomposition of (£, V) is 
orthogonal with respect to h. 

Let h and h! be metrics for (£,V) as in Proposition 16.4.1. Let s be the endo- 
morphism of E determined by h = h' ■ s, which is sclf-adjoint with respect to both 
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h and hi . Let C and F be as in the proof of Lemma 16.4.3. By applying Corollary 
16.1.4, we obtain that F* s is V-flat. Hence, we obtain that s is V-flat. It induces the 
V-flat decomposition E = ® Ei such that (i) it is orthogonal with respect to both 
h and h' , (ii) hE t = a,% h' E . for some ai > 0. By using the argument in the previous 
paragraph, we can show that the decomposition is extended to that of meromorphic 
flat bundles £ = In particular, we obtain the uniqueness in the case that (£, V) 

is simple. By using the argument in the proof of Corollary 13.6.2, we obtain that 
the restriction of h to a direct summand of the canonical decomposition has the form 
as in the statement of Proposition 16.4.1. Thus, the proof of Proposition 16.4.1 is 
finished. □ 

Corollary 16.4-4- — There exists a birational projective morphism tp : X' — > X 
such that (i) D' := ip^ 1 {D) is simply normal crossing, (ii) X' — D' ~ X — D, (Hi) the 
Deligne-Malgrange lattice of ip*(£,\7) is a locally free Ox-module and good. Namely, 
Theorem 16.2.1 holds without the assumption that X is projective. 



Proof We have only to apply the argument in Subsections 16.3.2-16.3.4, by re- 
placing Proposition 16.3.1 with Proposition 16.4.1. □ 



PART IV 



APPLICATION TO WILD PURE 
TWISTOR D-MODULES 



CHAPTER 17 
WILD PURE TWISTOR D-MODULES 



In Section 17.1, we recall the notion of wild pure twistor Z?-modules and their 
basic property due to Sabbah ([104] and [106]). Note that we will give a review on 
7£-modules, 7?.-triples and variants in Chapter 22. 

We show in Section 17.2 the correspondence between wild pure twistor D-modulcs 
and wild harmonic bundles on curves. Although, we will study a more general corre- 
spondence in Chapter 19, we need the correspondence in the curve case for the proof 
of Hard Lefschetz theorem in Chapter 18. 

In Section 17.3, we study Gysin map for wild pure twistor .D-modulcs, which is a 
preparation for Section 18.4. 

17.1. Review of wild pure twistor D-modules due to Sabbah 

17.1.1. Wild pure twistor D-modules and some property. — We recall the 
notions of pure twistor D-module and wild pure twistor Z?-modules defined in [104] 
and [106]. See those papers for more details and precision. (See also [108] and 
[109] for the original work due to Saito on pure Hodge modules.) First, we recall the 
definition of pure twistor D-module in [104]. Let X be a complex manifold. 

Definition 17.1.1. — Let w be an integer. The category MT<ci(^, w) is defined 
to be the full subcategory of the category of IZx -triples whose objects T satisfy the 
following conditions: 

(HSD) : The underlying TZx-modules of T are holonomic and strictly S- 
decomposable. The dimensions of their strict supports are less than d. 

(A/T>o) : Let U be any open subset of X, and f be any holomorphic function on 
U . Let u be any element of R x C , and I be any integer. Then the induced 
IZ-triples G?Y '4>f.uT\u are objects o/MT<d_i([/,w + l). Here W denotes the 
weight filtration of the induced nilpotent map on ipf, u 7\u- 
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(MTq) : By (HSD), we have the decomposition T = (§) z Tz by the strict supports, 
where Z runs through the irreducible closed subsets of X . In the case dim Z = 0, 
Tz is a push forward of a pure twistor structure in dimension via the inclusion 
Z — > X. 

In the case d > dim X, we denote the category by MT(X, w). Any objects o/MT(X, w) 
are called pure twistor D -modules with weight w on X . □ 

See [104] for the fundamental property of pure twistor D-modulcs. Note that Tz 
with dim Z = can be obtained from T by a successive use of the vanishing cycle 
functor. 

Let A be a Q-vector subspace of C. 

Definition 17.1.2. — LetT be a pure twistor D -module onX. We have the decom- 
position T = @Tz by the strict supports. For the definition of A-wild pure twistor 
D -modules, we impose the following condition inductively on the dimension of the 
supports of Z : 

(A/T >0 (rami, exp, .4)) : Let U be any open subset of X, and g be a holomorphic 
function on U . For any n G Z>o and a G Cft" 1 ], Tz is strictly specializable 
along g with ramification and exponential twist by a. And the induced IZx -triples 
Qj.M'C-N) ip g a ^ u (Tz) are wild pure twistor D-modules with weight w + £ for any 
u G R x C and <gZ. Moreover, ipg, a ,u{Tz) = unless u G R x A. □ 

Let MT wlld (X, w, A) denote the category of ,4-wild pure twistor D- modules on X 
with weight w. Let MT<^ d (X, w, A) denote the category of .4-wild pure twistor D- 
modules on X with weight w such that the dimensions of the strict supports are less 
than d. For a sub-variety Y C X, let MTy ild (X, w, A) denote the category of .A-wild 
pure twistor £)-modules on X with weight w whose strict supports are contained in 
Y. 

Remark 17.1.3. — In the following argument, we often omit to distinguish A. In 
[93] , y/—lR-wild pure twistor D -module satisfying the regularity condition is called a 
pure imaginary pure twistor D-module. □ 

We recall some properties of wild pure twistor £>-modules. We refer to [104] and 
[106] for more details. 

Lemma 17.1.4- — Kashiwara's equivalence holds. Namely, MTy lld (X, w, A) = 
MT wlld (Y, w, A) for a complex submanifold Y d X . 

Proof According to [104], MT Y (X,w) = MT(Y,w). It is easy to check that the 
condition (A/T' > o(rami, exp, A)) is preserved. □ 

The following lemma is clear from the definition. 

Lemma 17.1.5. — LetT = (M',M",C) be anK x -triple. 
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— If T is a wild pure twister D-module on X , the restriction T\u is also a wild 
pure twistor D-module on U for any open subset U of X . 

— Assume (i) there exists an open covering X = (J Ui such that T~\u i are wild 
pure twistor D -modules on Ui, (ii) Ai' and M." are holonomic (see Subsection 
22.2.3). Then, T is also a wild pure twistor D-module on X . □ 

Lemma 17.1.6. — Let 7" G MT wild (X , w , A) and V G MT wild (l, w' , A) for w > 
w' . Any morphism T — > T 1 of IZ-triples is trivial. 

Proof It can be reduced to the claim for pure twistor Z?-modules in the sense of 
[104]. (See Proposition 4.1.8 of [104].) □ 

Let MTW^ d d (X,A) be the category of ^-triples T with increasing nitrations W 
indexed by Z such that Grf T € MT^ d d {X,£,A). Let MTN wild (X, w, A) be the 
category of 7?.-triples T with morphisms N : T — > T ® T(— 1) such that (i) Af m = 
for any sufficiently large m, (ii) Grl^^(7~) £ MT< dd (X, w + £, A) for the monodromy 
weight filtration W(N). A morphism (p : (71, A/1) — > (72, A^) is defined to be a 
morphism of 72,-triples such that tp o Al = A/a ° tp. 

Lemma 17.1.7. — 

(ad) ■ The category MT< d (X,w, A) is abelian. All morphisms are strict and 
strictly specializable. 

(bd) : The category MTW<'] d (X, A) is abelian. Any morphism tp : (71, Wi) — > 
{7~2,W2) is strict with respect to the filtrations Wi. All morphisms are strict. 

(cd) '• The category MTN< 1 £ J d (X, w, A) is abelian. Any morphism tp : (71, A/1) — > 
(72, A/2) is strict with respect to W(Af\) and W(hf2). The filtrations on Im(y?), 
Ker(i^) and Cok(tp) induced by W(A/i) (i = 1,2) are equal to the monodromy 
weight filtrations of the induced morphisms. All morphisms are strict. 

Proof The proof of the lemma can be carried out with the argument in [104] 
(based on [108] for pure Hodge modules), and many claims can be reduced to the 
case of pure twistor Z)-modules. We give only an outline, and we refer to [104] and 
[106] for more details. Let us sec (ad) => (ca). Let tp : (71, A/1) — > (7a, A/2). 
We have the induced morphisms GrY^ (<p) : Gr^^(7i) — > Gr^^ (7a) of pure 
twistor D-modules. By using Lemma 17.1.6, it is easy to derive that ip is strict with 
respect to W(Afi) and W(A^)- Therefore, Ker<^, Im(tp) and Cok(^) are equipped 
with the naturally induced filtration W, and we have the natural isomorphisms 
Grf (Kev(tp)) ~ Ker(Grf (tp)), Grf (Im(p)) ~ Im(Grf (tp)) and Grf (Cok(p)) 
C6k(GrY (tp)) ■ Since we have the isomorphisms A/jf : Gr^(Ker((^)) ~ Gr_^(Ker(y>)), 
the induced filtration W is the same as the weight filtration of the induced nilpotcnt 
map Af on Ker(ip). Similar claims hold for lm(tp) and Cok(Imyj). We can show 
(ad) =>• (bd) in a similar way. 
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Let us see (cd-i) ==>■ {ad). Let tp : 71 — 5- 72 be a morphism of wild pure twistor 
D-modules with weight w. We may assume that % have the same strict support Z . 
Since, it is a morphism of pure twistor £>-modulcs, we have already known that (i) <p 
is strict and strictly specializable along any function g, (ii) Ker(^), Im(tp) and Cok(</?) 
are pure twistor D-modulcs whose strict supports are Z . Let g be any function. We 
have the induced morphism i/'c/.a, «(</?) : (^g,a,u(Ti),Afi) — > (i> g , a ,u(T2), A/2) to which 
we can apply (c<j-i). We obtain that Gr^^ Ker(?/> s , aill (y>)), GrJ 1 '^ Im(^ S!0iU (</?)) 
and Gr^ ^ Gok(ip g , aiU (ip)) are wild pure twistor D-modules with weight w + £. In 
particular, we also obtain that Cok ipg^uif) is strict. Due to Lemma 22.11.1, we 
obtain the natural isomorphisms Ker(^>g i0)U (tp)) ~ ^ ffiCli „(Ker tp), Im(^>g iaiU (<£>)) ~ 
■0g,a,u(I m ¥>) an d Cok(^i ffi a i , 1 (^)) ~ i/) ffi0;U (Cok(p). Hence, we obtain that Ker(y>), 
Im(y>) and Gdk(ip) are also wild pure twistor D-modulcs with weight w. □ 

In the proof, we have obtained the following. 

Corollary 17.1.8. — Let 71 (i = 1,2) be wild pure twistor D -modules of weight w. 
Let f : 71 — > T2 be a morphism of wild pure twistor D -modules. For any holomor- 
phic function g, a € C"^ 1 ] and u € R x C , we have the natural isomorphisms 
$ff,a,u(Kerp) ~ Ker^g,,,^^), ^^(Imip) ~ Im^ ff>0 ,„(^), and ^ j0>u (Cokyj) ~ 
Cok - ffiCl .„((p). W^e a/so /save 

PGrf W Vw(Ker^) ~ KerPGrf W ^, , u (^), 
PGrf'^^^pnii/j) ~ ImPGr7 (JV 'i/) Sill|)1 (^), 

PGrf {N) ^, a , u (Cok^) ~ CokPGrf (JV) Vw(y>). 

7n particular, let C be a complex in MT wlld (X, w, A). By taking the functors ipg,a,u 
and P GtY^ N Wg,a,u, we have the complex ^ g , a . u (C) in MTN wlld (X, w, A), and the 
complex P Gr^^ ip g ,a,u(C) in MT wlld (X, w, A). Then, we have the natural isomor- 
phisms: 

7Pfe , u (C)) ~ $ gtaiU H*(C), W(PGrJ (N) Vw(C)) ~ PGrf (N) ^ U H\C). 

□ 

17.1.2. Polarizable wild pure twistor Z?-module. — We recall the definition 
of polarization of wild pure twistor I?- modules. ([104] and [106]. See also Saito's 
original work [108].) 

Definition 17.1.9. — Let T <G MT wild (I,w,i). Let S : T — ► T*(-w) be a Her- 
mitian sesqui-linear duality with weight w. It is called a polarization, if the following 
inductive conditions are satisfied: 
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(A/TP > o(rami, cxp)) : Let U be an open subset of X , and let f be a holomorphic 
function on U. For each a € C[t~ ], u 6 R x A and I G %>o, the induced 
Hermitian sesqui-linear duality 

Sf,a,ul P GvY Tpf, a ,u{T) > PGlY '>Pf,a,u(T)*{—W — I) 

is a polarization o/PGr^^o^^) as an A-wild pure twistor D-module with 
weight w + £. 

(AITPq) : We have the decomposition S = @Sz, corresponding to T = (§)Tz ■ If 
dim Z = 0, (Tz, Sz) is a push-forward of a polarized pure twistor structure with 
weight w. 

An A-wild pure twistor D-module T is called polarizable, if there exists a polarization 
S ofT. □ 

Let MT wild (l, w, A) {p) denote the full subcategory of MT wild (X, w, A) which con- 
sists of the polarizable *4-wild pure twistor D-modules with weight w. When we are 
given a subvariety Y C X, let MT^ ld (X , w , A) ip) (resp. MT^(X, w, A) W) denote 
the full subcategory of ,4-wild pure twistor Z?-modules on X with weight w whose 
supports are contained in Y (resp. whose strict supports are exactly Y). We say 
that T € MT wild (X,w,A) is simple, if it docs not contain any non-trivial subobjects. 
We say that (T, S) with weight w is simple, if T is simple. 

Lemma 17.1.10. — Let (T,S) be a polarized wild pure twistor D-module with 
weight w, whose strict support is Z . We have a Zariski closed subset Zq C Z such 
that (T,S)\x-z a * s a push-forward of a variation of polarized pure twistor structure 
on Z — Zq. 

Proof It can be reduced to the claim for pure twistor D-modules in the sense of 
[104]. Then, it follows from Proposition 4.1.9 of [104]. □ 

Proposition 11.1.11. — Let (T,S) be a polarized A-wild pure twistor D-module 
of weight w. Let T 1 C T be wild pure twistor D-submodule of weight w. Then, the 
composition S' of the following morphisms 

V — > T T*(-w) — > r*(-w) 

gives a polarization ofT' , and we have the decomposition (T,S) = (T 7 , <S')©(7~", S"). 

Proof We have the decomposition of polarized pure twistor £)-modules as above, 
which is shown in Proposition 4.2.5 of [104]. It gives the decomposition of polarized 
„4-wild pure twistor D-modules. □ 

Corollary 17.1.12. — Let (T,S) be a polarized A-wild pure twistor D-module of 
weight w. Then, we have a decomposition {T,S) = Si), where % are sim- 

ple A-wild pure twistor D -modules of weight w. In particular, the abelian category 
MT wm (X,w,A)W is semisimple. □ 
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Proposition 17.1.13. — Let (T,S) be a simple polarized A- wild pure twistor D- 
module with weight w. 

— Let (V, S) be a polarized pure twistor structure with weight in dimension 0. 
Then, the naturally defined Hermitian sesqui-linear duality T 65 V — > T* ® 
V* {— w) is a polarization. 

— Let V be a pure twistor structure with weight in dimension 0. For any polar- 
ization S ofT®V, there exists a polarization SofV such that S = S (g> S . 

Proof The first claim is clear. Because of Corollary 17.1.12, we have the decom- 
position V — Vi into rank one objects such that (T, <S) = 0(T(5> Vi,Si). Because 
T is simple, there exists a positive number a.; > such that Si = di ■ S, under some 
identification V. ~ T s (0). Then, the second claim follows. □ 

Proposition 17.1.14- — Let T be a polarizable A-wild pure twistor D -modules with 
weight w. 

— We have the canonical decomposition T = ©7i, where 71 are the direct sum of 
some simple objects T( such that 7~' 9^ Tj [i ^ j). 

— Any polarization S of T is a direct sum of the polarizations Si of 1\. 

Proof The first claim follows from Corollary 17.1.12. The second claim is obvious. 

□ 

Corollary 17.1.15. — Let T be an A-wild pure twistor D-module with weight w. 
Let Si (i = 1,2) be polarizations of T ■ Then, there exists an automorphism ip of T 
such that ip : (T,Si) — > (T, S2) is an isomorphism. Ln other words, a polarization 
of T is unique up to obvious ambiguity. 

Proof It follows from Proposition 17.1.13 and Proposition 17.1.14. □ 

17.1.3. Polarized graded wild Lefschetz twistor D-module. — We recall the 
definition and some results for polarized graded wild Lefschetz twistor D-module due 
to Sabbah ([104] and [106]). We consider the graded objects with the lower index. 
It is easy to give a modification for the upper index case. 

Let e be an integer. A graded ,4-wild Lefschetz twistor D-module with weight w 
of type e is a pair (T, C) as follows: 

— T = 7; ^ s a graded 7?.-triple. Each Tj is an ,4-wild pure twistor D-module 
of weight w — e • j . 

— C is a graded morphism T — ► T(e)[2] such that CP : Tj — > T-j(e ■ j) are 
isomorphisms for any j > 0. 

We put PTj := KcrC j+1 n Tj for each j > 0, and PTj = for j < 0. Then, we 
obtain the naturally defined primitive decomposition Tj = @C k (PTj+2k{— efc)) for 
any j, where C k (PTj+2k{— e&)) denote the image of C k : PTj+2k(—ek) — > Tj. 
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Recall that the Hermitian adjoint T* has the natural grading given by (T*)j "■= 
(7~—j)*. It is naturally equipped with an induced morphism C* : T* — > T*(e)[2], and 
(T* ,£*) is a graded .A-wild Lefschetz twistor D-module with weight w of type e. We 
have the natural isomorphism (PTj)* ^ (C*) j (PT* (—ej)) . 



Then, S is called a polarization of (T, C), if the composite S-joC 3 gives a polarization 
of PTj for each j > 0. 

The following lemma, due to Sabbah, is one of the most important properties of 
graded „4-wild Lefschetz twistor D-module. Saito originally proved the corresponding 
property for his Hodge modules. 

Lemma 17.1.16. — Assume e is 1 or — 1. Let (T,C,S) (resp. (T 1 , C, S')) be a 
polarized graded A-wild Lefschetz twistor D -module of type e with weight w (resp. 
w — e). Let c : T — > T'[l] and v : T — > T[l](e) be graded morphisms such that 
v o c = C and c o v = £ . Assume that c and v are adjoint with respect to S and S' , 
i.e., S' o c = v* o S. Then we have the decomposition T = Imc © Ker v. 

Proof It can be shown by using the argument in the proof of Proposition 4.2.10 
of [104]. We give only an outline. We may assume that both T and T' have the 
same strict support Z . By the result for smooth polarized graded Lefschetz twistor 
structures (Lemma 5.2.15 of [108] or Proposition 2.19 of [104]), we have such decom- 
position on the generic part of Z . Because of the strict S'-decomposability, we can 
easily obtain the decomposition on Z . □ 

17.1.4. Bi-graded wild Lefschetz twistor £>-module. — We recall the notion 
of bi-graded wild Lefschetz twistor £)-module due to Sabbah ([104] and [106]). We 
consider the bi-graded objects with lower indices. It is easy to give a modification in 
the other cases. 

Let e a (a = 1,2) be integers. A bi-graded „4-wild Lefschetz twistor £>-modules of 
type (ei, 62) with weight w is defined naturally, i.e., it is a tuple (T, Ci, £2) as follows: 

— T is a bi-graded 72,-triplc ® 4 j&T%,j- Each %j is a „4-wild pure twistor D- 
module of weight w — ie\ — je-z- 

— C± is a tuple of morphisms % t j — > %-2.j{^i) (*,J S Z) such that 




duality satisfying 



C*oS + SoC~0. We have the composite: 



S.j o C? : PTj — ► £'(P7K-ej))(ej) — ► (PT^i-w + ej) 



C\ : T 



is an isomorphism for each i > 0. 




Ci : T 



Ti-j(je 2 ) 
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is an isomorphism for each j > 0. 

— £i and £2 commute. 

We put P%j = Kcr£^ +1 n Kcr£^ +1 n They obviously induce the primitive 

decomposition as in the case of graded ,4-wild Lefschetz twistor Z?-modules. The 
Hermitian adjoint T* naturally has the grading and the morphisms £* (i = 1,2), for 
which (T*,£*) is a bi-graded „4-wild Lefschetz twistor D-module. 

A bi-graded morphism S : T — > T* (— iu) such that £* oS + S a C a = (a = 1, 2) 
induces the morphism: 

S o £j o C 2 : PTij — > (PTijTi-w + id + je 2 ). 

H S o £\ o £ 3 2 gives a polarization of P%,j, S is called a polarization of (T, £1, £2). 

Let (i : T — 5- 7~(ei + £2) be a morphism satisfying the following: 

— d : %j — > 7i-2,j-2(ei + £2) and do d = 0. 

— d is ant i- commutative with £ a (a = 1, 2), i.e., d o £ a + £ a o <i = 0. 

— d is self-adjoint with respect to iS, i.e., d* o S ~ S o d. 

We have the naturally defined bi-graded structure on T^- 1 ' := Kerd/Imd. We also 
have the naturally defined maps (a = 1, 2) and the Hermitian sesqui- linear duality 

The following lemma, due to Sabbah, is one of the most important properties of bi- 
graded „4-wild Lefschetz twistor D-modulc. Saito originally proved the corresponding 
property for his Hodge modules. 

Lemma 11.1.11. — (J~( l \Ci , £2 , S^ 1 ) is a polarized bi-graded A-wild Lefschetz 
D-module with weight w of type (£1,62). 

Proof It can be shown using the same argument as that in the proof of Proposition 
4.2.10 of [104]. We give only an outline. We may assume that T has the strict 
support Z which is irreducible. We use an induction on the dimension of Z. By 
the result for smooth polarized bi-graded Lefschetz twistor structures (Proposition 
4.22 of [108], Theorem 4.5 of [45], Lemma 2.1.20 of [104]), the claim holds on the 
generic part of Z. By the strict ^-decomposability, it follows that the morphisms 
(£1 ) J1 : Tj[j 2 — T^j j 2 (ji ■ ei) are isomorphisms for j\ > 0, and that the morphisms 
(Ci^y 2 : T} 1 ] — if (j2 • £2) are isomorphisms for j 2 > 0. We have only to show 
that the composite o (£^ p 1 o (£g gives a polarization of PTjpj for each 

ih,h) e z| . 

Let g be any holomorphic function. For any i e Z> , u € R x C and a £ C^" 1 ], 
we consider the following: 

(T g , a ,u,e)j 1 ,j 2 ■=PGt 1 4>g,a,u(Tj 1 .j 2 ) 

= Ker(M e+1 : Grf VwC^-J — > Gr^_ 2 ^,„,„(75 lA )(-^ - 1)) 
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Then, T g . a ,u,e ■= 31l j 2 {T g , a ,u,e) , - 2 with the induced morphisms C a {a = 1,2) is a 
bi-graded „4-wild Lcfschetz twistor Z)-modulc of weight w + I. We have the following 
morphisms induced by Af e and S: 

Grf i> g , a , u {Tn,iz) — ► G*-t$g,*,*(T hJ ,)(-£) — ► Grf ^(T-*,-*)* (-to - *) 

They induce a morphism {T g , a ,u,t)h,h — ► ((7ff,o,u^)-ji,-j a )*( — 10 _ which gives 
a Hermitian sesqui-linear duality <S ffi0 . Uj £ of the bi-graded *4-wild Lefschetz twistor 
D-module T g ^ a ,u,i with weight w + I. 

Lemma 17.1.18. — S g>a ^ u ^ is a polarization ofT gav i. 

Proof We have the natural isomorphism P{T g , , u,e)j j — -PGrf i ) g,a,u{PTj lt j 2 ), 
via which S g ^ a ^ u ^ is the same as the polarization of PGrf r 4 ) g,a,u{PTj 1 ^ 2 ). Thus, we 
obtain Lemma 17.1.18. □ 

We have the induced morphisms d : (T g , a ,u,i)ji,j 2 — > 0~ g ,a,u,e)j 1 -i,j 2 -i- By the 
hypothesis of the induction, the induced tuple (T g ^ u ^,Ci , C% \S g ]a,ue) * s a P°~ 
larized bi-graded „4-wild Lcfschetz twistor D-module of weight w + £. In particular, 

<S2,V (4V ° (4V gives a polarization of P{T { g X t ) n , J2 ■ 
By Corollary 17.1.8, we have a natural isomorphism 

0~ g J,u,e)jid2 — PG^T ^g,a,u(T-J h ), 

compatible with the induced Lefschetz morphisms. We obtain the isomorphism 
P{Tg^ u - 2 — PGrf ip g ,a,u(PT^j 2 ) , and the induced Hermitian sesqui-linear du- 
ality of P Grf i> g , a ,u{PT^ h ) is equal to the polarization S^l ^ o (4 V o (£^ x) )^. 
Therefore we can conclude that o (4 V o (£^V 2 

is a polarization of P 7^ j 2 , 

and we obtain Lemma 17.1.17. □ 



17.2. Wild harmonic bundles and wild pure twistor D-modules on curves 

17.2.1. Statement. — Let X be a smooth complex curve. Let A be a vector 
subspacc of C over Q. Let D be a discrete subset of X. Let (V, D A ) be a variation of 
pure twistor structure of weight w on X — D with a pairing. We say that (V, U A , 5) 
is .4- wild on (X,D), if the corresponding harmonic bundle is wild on (X, D). 

Let VPT wlld (X, D, w, A) denote the category of A- wild variation of polarized pure 
twistor structure of weight w on (X, D). Let MPT^ ict (Jf, D, w, A) denote the cate- 
gory of polarized .4- wild pure twistor _D-modules of weight w, such that (i) their strict 
supports are X , (ii) their restriction to X — D comes from a polarized variation of 
pure twistor structure. In this subsection, for both categories, morphisms are defined 
to be isomorphisms. For a given (T,S) € MPT™^ (X, D, w, A), its restriction to 
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X — D comes from a harmonic bundle with the Tate twist. It is easy to see that the 
harmonic bundle is wild on (X,D). Hence, we have a naturally defined functor 

$ : MPT^'ict (X, D, w, A) — > VPT wild (X, D, w, A). 

Proposition 17.2.1. — $ is an equivalence. 

We have only to consider the case w = 0. In the following argument, we omit to 
distinguish A. 

Remark 17.2.2. — We will show the higher dimensional version (Theorem 19.1.3,) 
in Section 19.1.2. Because we need Proposition 17.2.1 in the proof of Hard Lefschetz 
Theorem (Theorem 18.1.1 J, we include it here. See also Corollary 19.1.4 for a variant 
of the statement. □ 

17.2.2. Prom wild harmonic bundle to wild pure twistor D-module. — Let 

D be a discrete subset of X. Let (E,dE,Q,h) be a wild harmonic bundle defined 
on X — D. By applying the construction in Section 12.8, we obtain the 72-x-triplc 
1(E) := (<£,<£,£) with the Hermitian sesqui-linear duality 6 : 1(E) — ► 1(E). Let 
us show that (1(E), &) is a polarized wild pure twistor D-module. We may and 
will assume that X = A and D = {O}. We have already known that it is strictly 
^-decomposable (Lemma 12.8.4). It is easy to check that £ is holonomic. 

Let g(z) := z n and a G Cfi^j 1 ]. Let us show that PGr^ ipg,a,u1(E) with the 
induced Hermitian sesqui-linear duality is a polarized pure twistor structure of weight 
I. Let ip m : Ct m — > Ct given by (p m (t m ) = t™. The induced map X x Ct m — > 
X x C t is also denoted by ip m . Let tt : X — > X be given by ir(() = ( me such 
that (E,dg,6,h) := Tr~ 1 (E,dE,6,h) is unramificdly good. The induced morphism 
XxC tm — > X x C tm is also denoted by tt. We put tt := <p m on. Let i g : X — > XxC t 
denote the graph of g, and let T denote the image. Let co m be a primitive m-th root 
of 1. We have the following: 

m— 1 

^ lr = U {(C,* m )|* m -<-C ne = o} 

p=0 

Let j p : X — > X x Ct m be the graph of the functions j p := ujf n ■ £ ne . We put 
a p :=a«-C" e ). 

We have the 7?.j^-triple 1 — (£,(£,£) with the Hermitian sesqui-linear duality 
© := (id, id) associated to (E, 9g, 8, h). We have the unramificdly good wild harmonic 
bundles (E p , P , h p ) := (E, 9, h)®L(—a p ). We have the associated 7?.^ -triples 
1 P := <B P , <t p ) with the Hermitian sesqui-linear duality & p := (id, id). We obtain 
the Ti-xxc t "triple jpflp and the localization jp]1p(*t m ). 

Lemma 17.2.3. — P Gt^^ ip tm ,u(jp^1p) with the induced Hermitian sesqui-linear 
dualities are polarized pure twistor D-modules of weight I with 0- dimensional supports. 
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Proof It follows from Corollary 12.7.2. □ 

Lemma 17.2.4- — ^jp^p[*tm) are strictly specializable along t m , and 

PGr^ W ^ m ,„(7r tM T p ) 

with the induced Hermitian sesqui-linear duality are polarized pure twistor structures 
of weight I. 

Proof It can be shown by using the argument in [108], [104] or Sections 14.6 
of [93] (sec Lemma 18.3.6 and Proposition 18.3.7 below in this paper) with Lemma 
17.2.3. Note Assumption 18.3.4 below is satisfied in this case. □ 

Lemma 17.2.5. — i/4 (i gf Z(E)(*t)) <g> £(-a) is a direct summand of 

771 — 1 

Proof Let i g j<£(*t) denote i g ^<£ ®o Xx c t ®XxC t (*t)- Let j p j<£ p (*t m ) denote 
jpj&p ®Ox xo ®xxc t (*^ m )- We have the following natural isomorphism: 



'^(<fftC(**))) - ^ fort «(**)) - ®M^(*tf. 



Therefore, we have the following: 

m— l 

(344) j pf £ P (*t m ) ~ (<pl(i gt <E(*t)) ® C(-a 

p=0 

Note that the multiplication of ( ■ t m on jpf£p(*t m ) is invertible. Hence, we obtain 
the following isomorphism from (344) by using Lemma 22.7.1: 

m— 1 

(345) 0T t (toCp(*tm)) -Vm(*flt c ®°(**)) <8^(-a)®7r*0^ 

p=0 

Wc have the natural /i em -action on 7T| f ©ipt<£p(*im)^ i which is the same as the one 
induced by the /x e7Ti -action on Tt*Ox xCt (*tm) in the right hand side of (345). We 
have a natural morphism from <pl n (i g ^<B(*t')') ® C{— ft) to the /x em -invariant part. Its 
restriction to the outside of {t rn = 0} is an isomorphism, and the multiplication of t m 
are invertible on both of them. Hence, i^(i ff f <£(**)) (8 £(— a) is identified with the 

/x em -invariant part of 7^0 Jpf (**"»))• 

To show that the isomorphism is compatible with the sesqui-linear pairing, we have 
only to compare them on (X x C rn ) \(Ix {0}), where the claim is clear. □ 

Lemma 17.2.6. — P Gt^ i()t tCLiU 0X(E)'\ with the naturally induced Hermitian 
sesqui-linear duality is a polarized pure twistor structure of weight I . 
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Proof Since PGt^^^ ipt.a,u(1(E)) is a direct summand of 

0PGrr W ^ m ,„(-tM'Ip), 
p 

Lemma 17.2.6 follows from Lemma 17.2.4. □ 

Corollary 1 7. 2. 7. — The above IZx -triple %{E) with the Hermitian duality a po- 
larized wild pure twistor D-module of weight 0. □ 

17.2.3. End of the proof of Proposition 17.2.1. — By Corollary 17.2.7, we 
obtain that $ is essentially surjective. Let us show that $ is fully faithful. It is easy 
to deduce that $ is faithful by Lemma 22.4.10. Let us show that $ is full. 

Let (T,<S) € MPT™^ t (X,L>,0), where T = (M,M,C) and S = (id, id), and 
let (E,dE,6,h) be the corresponding wild harmonic bundle on X — D. We have 
the associated wild pure twistor Z?-module 1(E) = (£, <£, £) of weight with the 
polarization (3 = (id, id). We have only to show that the isomorphism 1(E)\ X -d — 
T\x~d is extended to 1(E) ~ T. Since the property is local, we may and will 
assume X = A and D = {O}. We have the natural isomorphism A4\(x-D)xc x — 
f|(x-D)xCj- We have only to show that it is extended to an isomorphism A4 ~ (E. 
Since both of them are strictly ^-decomposable, we have only to show M(*z) ~ <E(*z). 
(See Lemma 22.4.10.) 

Let (p : (X,D) — > (X,D) be a ramihcd covering such that ip~ 1 (E,dE,9,h) is 
unramified. We obtain the (*-D)-triples ip'T(*z) and (p'1(E)(*z). They are the 
same on X — D. By the assumption that (T, S) is a polarized wild pure twistor 
D-module, PGr, ^' ipz.a.u^T^z)) with the naturally induced Hermitian sesqui- 
linear duality are polarized pure twistor structures of weight /. Due to Theorem 12.6.1, 
we obtain that ip*AA(*z) is naturally isomorphic to ip*€(*z), and hence A4(*z) ~ 
<£(*z). Thus, we are done. □ 



17.3. Gysin map for wild pure twistor D-modules 

We consider the Gysin maps for wild pure twistor D-modules, following M. Saito's 
argument in the Hodge case (see [108]). 

17.3.1. 7?.-module j*j*A4. — Let X be a complex manifold, and let iy : Y C X 

be a smooth hypersurface of X. We put X := C\ x X and y := C\ x Y, We have 
the following 7?-x-submodule of Ox(*y)'- 

3,3* O x := Tlx ■ O x (y) C O x (*y) 

If Y = {t = 0}, it is equal to Y. m °x • (A • tr r ) m ■ tr 1 . Thus, it is holonomic and 
strict. For an 'ftjf-module J\4, we define 

3*j* M := M ® 0x j*j*O x C M(*y) 
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Vn(j*j*M) = 



In other words, j*j*A4 is the submodulc of Ai(*y) generated by Ai(y) := Ai ®o x 
Ox (y) over Tlx- If the support of any submodule of Ai is not contained in y, we 
have the injection Ai — > j*j* Ai. 

In the following, let Ai be a strict, holonomic 7?.x-iriodule, and we assume that Y 
is strictly non- characteristic to Ai. (See Section 3.7 of [104].) 

Lemma 11.3.1. — Assume that X has a global coordinate system (t, Z\, . . . , z n —x) 
with Y — {t — 0}. Then, the IZx -modules Ai and Ai are strictly specializable 
along t. 

— JCAiS(A4,t) is contained in Z<_i x {0} C Rx C , and the V -filtration for Ai 
is given by V n (M) = t~ x ~ n M for n e Z<_i and V n (M) = M for n G Z> . 

— ICMS(j*j*M,t) is contained in Z x {0} C R x C . The V -filtration for j*j* Ai 
is given by 

' t~ n M®o x {y) (neZ< ) 
v T, P+q < n , q <o$tV q (neZ>i) 

The induced morphism t : ipt,o(j*j* Ai) — > 'i't.-8 a (j*j*Ai) is an isomorphism, 
and 3 t : ipt-s {j*j*M) — > ipt,o(J*3*M) is trivial. Note V n (j*j*M) = V n (M) 
for n G Z<_i , and 8q = (1, 0). 

Remark that the filtration V is independent of the choice of a coordinate system. 

Proof The first claim follows from Lemma 3.7.4 of [104]. Let us consider the 
second claim. It is easy to check Condition 22.3.1. By construction, V n (j*j*Ai) = 
V n (Ai) for n < — 1. Hence, GT„(j*j*Ai) are strict for n < —1. We can easily check 
(i) t : Gr^ — > Gr^ is an isomorphism, (ii) d t '■ Gr_i — > Gtq is 0. In particular, 
it follows that Gr^ Ai) is strict. We can also easily check the vanishing of the 
action of — 9 t i — nX on Gr^ ). It follows that t : Gr^ — > Gr n _i are injective 
for n > 1, and hence we obtain that Gr% Ai) are strict for n > 1. Thus, we are 
done. □ 

Let Afy/x denote the sheaf of sections of the normal bundle of Y in X. We put 
My jx '■= A • P\Ny/Xi where p\ denotes the projection X — > X. 

Lemma 17.3.2. — We have a naturally induced isomorphism: 

A' : j*j*{M)/M ~ A" 1 • i Y] i Y M 

Proof We have naturally induced isomorphisms 

j*j*(M)/M ~ Ai ®o x 3*3 *{O x )/O x , i Yf i Y A4~Ai 

Hence, we have only to consider the case Ai = Ox- Recall that iy^i Y Ox is iso- 
morphic to i Y *(Afy/x ® Sym* Afy/x)- It is equipped with the filtration given by 
V m = iY*{Afy/x®Sjm'- m Afy/x) form <G Z> . Note that V = i Y My/x C i Y \i Y O x 
generates iy^iyOx over TZx- 
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We have the subshcaf Ox(y) C j*j*Ox and a naturally defined surjection 

o x {y) — > ^ - a- 1 • v . 

We claim (i) it is uniquely extended to a morphism j*j*Ox — ► A -1 • iyfiyOx as 
7?-x-modules, (ii) the kernel is Ox- Because of the uniqueness, we have only to check 
them locally. Then, the claims can be checked by a direct calculation. □ 

We have the isomorphism A : j t j*A4 j ' M. ~ iy-fiyM given by A = —\/—lX ■ A'. In 
the case X = {(t, Zi,..., z„_i)}, Y = {t = 0} and M = Ox, we have A(\/— Ti _1 ) = 
[9t] , where the latter denotes the naturally defined section of My / x ■ 



17.3.2. 7£-module j\j*M.. — Let M and Y be as above. Let us construct an 
"fcx-module j\j*M. First, let us consider the case M = Ox- As an C^-module, we 
define 

j, j*O x := Ox © iYfiyOx =O x ® i Y * (Sym* Afy/x <8 Ny/x) 
The action of 0^ on j\j*Ox is given as follows: 

« ' (Sl, S2) = (« ' Sl, U ' S2 + 7r(«|y) • S].|y) 

Here, "\Y" denotes the restriction to Y, it denotes a projection of &x\y — > Ny/x, 
and v ■ S2 is given by the natural IZx -module structure on iy^i Y Ox- It is uniquely 
extended to an action of IZx on j\j*Ox- We have only to check it on a coordinate 
neighbourhood such that Y = {t = 0} by a direct calculation. 

In the general case, we put := M. ® j\j*Ox- (Note that Y is assumed to 

be strictly non-characteristic to Ai.) By construction, we have the following exact 
sequence of 7?.x-modulcs: 

(346) — > i^M — > jij*M — > M — > 

Lemma 17.3.3. — Assume that X has a global coordinate system (t, Z\, . . . , z„—x) 
with Y = {t — 0}. The IZx-module M. is strictly specializable along t. The set 
KM.S{j\j*M.) is contained in Z x {0}. The V -filtration is given by V n (j\j*M.) = 
V n (M) © V n (ifi^M). More concretely, 



V n (j,j*M) 



t- n - x M (n e Z<_i) 

■M © T,p<n { Y* (Sym P Afy /X ® Afy/X® M) (n £ Z> ) 



The induced map t : iftt,o(Jd* AA) — > ^t,-S {j\3* AA) is 0, and 3t : ipt, s a (j\ j* A4) — > 
ipt,o(jij*Ai) is an isomorphism. 

Note that the filtration V is independent of the choice of a coordinate system. □ 
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17.3.3. Sesqui-linear pairings j\j*C and j*j*C. — Let (A4' , A4" , C) be an TZx- 
triple such that M.' and M." are strict and holonomic. Let Y be strictly non- 
characteristic to M! and M." . We would like to construct a sesqui-linear pairing 
j*j*C (resp. j\j*C) otj\j*M' (resp. j*j*M') and j*j*M" (resp. j\j*M"). 

We explain the construction of j*C. Let us consider the case in which X has a 
global coordinate system with Y = {t = 0}. Let Ao G S, and let ?7(Ao) denote a small 
neighbourhood of Ao in C\. We put /(Ao) := t/(Ao) H S 1 . Let / (resp. g) be a local 
section of A4' (resp. M") on £/(Ao) x X (resp. a(C/(Ao)) x X). Let (f> be a C°°-top 
form on X with compact support. Then, (C(f,a*g), \t\ 2s ■ t 1 (f>) gives a continuous 
function on /(Ao) x {,s G C | Rc(s) » 0}, which is holomorphic with respect to s. 

Lemma 17.3.4- — {C(fi°~*9):\t\ 2s 1 <fi) gives a continuous function on /(Ao) x 
{s G C | Rc(s) > — l} which is holomorphic with respect to s. 

Proof Since it can be shown by a standard argument, we give only an outline. 
Let u := dt ■ dt ■ YYj=i d>Zj ' ^o- We take a sufficiently large N. A test function <p on 
X can be decomposed as 

4> = (f>ij ■ t % • F ■ u + ip ■ oj, 

i+j<N 

where (f>ij are test functions which are constant with respect to t around t = 0, and 
<p is a test function such that <p = 0(\t\ ) around i = 0. If N is sufficiently large, 
the contribution of <p to (C(f, cr*g), \t\ 2s ■ t is holomorphic around s = 0. Let us 
consider the following: 

F itj (s) := (C{f,v'g), \t\ 2s ■ f ■ F" 1 ■ ^ ■ w ) = (C(f +1 /, <r'(t^)), l*^' -15 ^ ■ w) 

Note t t+1 f G VLi_ 2 (A4') and P ff G V-j-i(M"). We put & M ,£ := n^LoM** + 
i + 2 + to) . Using a standard argument, we obtain the following equality, modulo 
continuous functions on /(Ao) x C s which are holomorphic with respect to s: 

(347) (C(b M , L (t i+1 f), **(t j 9)), \t\ 2{s - 1] ■ hi ■ w> = 

L 

Y[(s + l + l + m ) M (C(f +1 f, v'tfg)), \t\ 2 ^ -fa-u) 

m=0 

If M is sufficiently large, there exists a local section P G VqTZx such that 
bM, L (t l+1 f) = P ■ (t L+1+l+1 f). Hence, the left hand side of (347) is 

(348) a*(lPg)), t L+1 ■ \t\ 2 ^ ■ Qfaj ■ u) 

for some Q G VqTZx- If L is sufficiently large, (348) is continuous and holomorphic 
with respect to s on /(Ao) x {Rc(s) > —1}. Thus, the claim of the lemma follows. 

□ 
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Let M"(y) := M" ®o x O x (y), which is a V&ftx-submodule of j*j*M". We 
obtain the following pairing: 

(349) C : M\ SxX <g> a*X"(^)| SxX — ► Sb SxX/s , 

(350) (Cf/^'fr 1 ?)), 0) = (C{f,a*g), \t\ 2s ■ iT 1 ■ </>)| s=0 - 

Due to Lemma 22.10.9, the restriction of C to A^j SxX <£> cr *A^" SxX is equal to C. 

Lemma 17.3.5. — The pairing C is a VqTZx ® <7*VolZx-homomorphism. It is in- 
dependent of the choice of a coordinate system. . 

Proof Let us consider (C {P f , a* (Q{t- X g))) , (f>) . We have Q' € Vb^x such that 
Qt^ 1 = t~ x Q' in Tlx- By definition, we have the following: 

(351) (c(Pf,a*{Q[t- 1 g))), <f>) = (c(Pf,a*(t~ 1 Q'g)), c/>) 

= (c{Pf,a*(Q'g)), It^r'-A = (c(f,o-*(g)), *P • a*^Q't~%\t\ 2s • <£)) 

\ / |s— \ / |s— 

Note t Q't^ 1 = t~ u Q. There is a C°°-top form <p with compact support, such that 
the following holds: 

«P • ^Q) (|i| 2s • 0) = \t\ 2s ■ (<P) • ^Q)0 + s ■ \t\ 2s cp 
Thus, (351) can be rewritten as follows: 

(C(f,a*(g)), F>| 2s • (*P) ■^eQ)^)^ = (C(f,a*(t- 1 g)), 'P-^Q)^ 
Thus, we obtain the first claim. The second claim is clear by construction. □ 

Note that j\j*A4' and j*j*ftA" are generated by M! and .M"^) over IZx, respec- 
tively. Let St := — A -1 • <9 t , which is identified with cr*(<3 t ). We would like to extend 
C to the pairing 

(352) j*j*C : jifM' ® <7*(j*j* — ► Dfa Sx x/s 
by the formula 

(353) W*c(^ef flfc , ^(E 9 ^')) = E 3 * 9 "^'* 7 * 6 ') 
for ak <S .M' and 6; £ .M"(3^). We have to check the wcll-dcfinedncss. 

Lemma 17.3.6. — If^2i^t°i = inj*j*M', we have J2i 3tC( a fc, o~*b{) =0. 

Proof Since it can be shown by a standard argument (see [104] or [93], for 
example), we give only an outline. We use the notation in the proof of Lemma 17.3.4. 
We put $ := J2i d t C{ak,o-*bi). Since the support of $ is contained in t = 0, <f> is of 
the form A pq ■ dfdldy, where A PtQ denote distributions on Y, and 6y denotes 
the (^-function at Y. We put bm,L '■= IIm=o( — ^ f ' * + m) M . If M is sufficiently large, 
there exists Q G VqTZx such that 0M,L<ik = Q • t L+1 ■ a^- Hence &a/.l$ = for any 
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large L. We also have the relation (— dtt + m)d p 5Y = (p + m)d p 5Y- Then, it is easy 
to derive $ = 0. □ 

Lemma 17.3.7. — IfJ2k=o®t a k = inj\j*M', we have J2k=o^tC{a k ,cr*bi) = 0. 

Proof In the case N — 0, the claim is clear. Let us consider the case N = 1. 
Assume ciq + dtai = in j\j*M! = 0. Then, we have a^y = and ao + dtai = in 
Ai' . In particular, we have a\ G V-2-M! 1 and hence a\ = t ■ a[ for some a[ G M.' . We 
have the following: 

( 354 i 

% t C{ai,a*h) = dtC'ita^^h) = 8 t tC(oi,tr*6,) = C(3 t (iai), <r*h) = C(9 t ai, (7*60 

In particular, we obtain C(eto, cr*6;) + 9 t C(ai, cr*6;) = C(ao + 9jai, cr*6;) = 0. 

Let us show the claim for general iV, assuming the claim for N-l. If £}1 9] a, = 
in we have a^v G V_2 and ajv = i • a' N for some a^y € .M'. We have the 

following vanishing in j\j*A4: 

N-2 

By the assumption of the induction on TV, the following holds: 

N-2 

J2 & t C( aj , a*b t ) +^- 1 C(a N - 1 + B t (ta' N ), a*h) = 
j=o 

We have C(a w _i + B t {ta' N ) , cr* b t ) = C{a N - U a*b{) + B t C(t ■ a' N ,a*b t ) as in (354). 
Then, the induction can proceed. □ 

Thus, we obtain the pairing j*j*C given by (353) in the case that X is equipped 
with a coordinate system such that Y = {t = 0}. 

Lemma 17.3.8. — j*j*C is an TZx\sxx ® cr*TZx\sxX-homomorphism. It is inde- 
pendent of the choice of a coordinate system. As a result, we obtain the globally well 
defined pairing j*j*C. 

Proof The first claim is clear by construction. The restriction of j*j*C to M! ® 
A4"(y) is equal to C given in (349), which is is independent of the choice of a co- 
ordinate system. Since j\j*M! and j*j*A4" are generated by M! and Ai"(y) over 
IZx, the extension of C to an TZ x ® er*7£x-homomorphism of j\j*M' and j*j*M" is 
unique. Hence, j*j*C is independent of the choice of a coordinate system. □ 

Similarly, we have the globally defined sesqui-linear pairing j\j*C of and 
j\j*M." given by the local formula 

(355) 3\j*c(j2&t b i> =E 3 t H *^' CT * afe ) 

for bi G M'{y) and a k G M" . 
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17.3.4. 7\!.-triples f*3*T and j\j*T. — We obtain the following 7?.-triplcs: 
3*fT : (jlj*M',j*j*M",j*j*C), j,j*r : (j*j*M'J ! fM",j ! j*C) 

Lemma 11.3.9. — We have the natural identification (j*j*T)* = j\j*(T*) and 

j*j*(T*) = j\j*{T)*. 

Proof We have only to show one of them. We have only to consider 
the case in which X has a coordinate system with Y = {t = 0}. We have 
**(/)) := <?*{3*J*C(f,a*(t-ig))) for local sections f and g oijij * M > 
and respectively. Hence, we obtain the following equality for local sections 

/ e M' and g € M"{y): 

(356) (°-*(j*3*C(f,cr*(t-ig))), ct)=<J*(3*3*C(f 7 o-*(t-^)), ^> = 

cr*(C(f,a*(g)), \t\iH X ^)^ = (C*(g,a*f), If^ V) |s=0 

= (j [ fC*(t- 1 g,<T*f),4>) 

Then, the claim of the lemma follows. □ 

It is easy to observe that and are functorial, i.e., a morphism of 7?.-triplcs 
if : 71 — > T2 naturally induces 

J* J V : .7*.? n — > 3*3 12, 3\3 <y5 : 3\3 T\ — > 3\3 1 2- 

17.3.5. Cok(T) and Kcr(T). — We have the natural morphism T — > j*j*T- The 
cokernel is denoted by Cok(T). We also have the natural morphism j\j*T — > T '. 
The kernel is denoted by Kcr(T). It is easy to observe that Ker and Cok are functorial 
as in the case of and The underlying sesqui-linear pairings of Cok(T) and 
Ker(T) are denoted by \j*j*C] and [j\j*C], respectively. We also use the symbols 
j*j*C and j[j*C, if there are no risk of confusion. 

Lemma 17.3.10. — We have the natural identification Ker(T)* = Cok(T*). To- 
gether with Lemma 17.3.9, we obtain the following identification of the exact se- 
quences: 

► T* ► 3*3* (T*) ► Cok(T*) ► 

"I -I "I 

> T* > j\j*(T)* > Kcr(T)* > 



Proof It can be checked directly from the definition. 



□ 
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17.3.6. Pull back of polarized pure twistor structure in the strictly non- 
characteristic case. — Let T = (M.',M.",C) be a wild pure twistor D-modulc 
on X of weight with a polarization S = ((p',ip"). Let iy '■ Y C X be a smooth 
hypersurface which is strictly non-characteristic to T. Recall that we have in this case 
the polarized wild pure twistor D-module i Y T = (i Y A4' , i Y Ai" , Cy) on Y of weight 

with the induced polarization i Y S = (iytp' ,i Y <p")- (Sec [104] for more details.) It 
can be seen as follows. We have only to consider the case in which M! = Ai" =: Ai 
and iff = ip" = id, to which the general case can be reduced. 

Locally Y is defined by a coordinate function t. Note that i Y Ai is equal to 
ipt,s {Ai) in this case, as shown in Lemma 3.7.4 of [104]. Moreover, the nilpo- 
tent part of — Sji on ip t .-s (A4) is trivial. We also have the induced sesqui-lincar 
pairing Cy := ^t,s Q C. Hence, i Y T is given by tpt,-S T locally. It is a wild pure 
twistor D- module with a polarization (id, id). 

We obtain the strict S-decomposability of i Y A4 from the local expression as 
ipt,-s (Ai) and the twistor property of T. We can glue the locally defined scsqui- 
linear pairings by using the uniqueness of the extension of the sesqui-linear pairings 
for strictly S'-decomposablc 7?.-modulcs. (Sec [104], [93] or Proposition 22.10.7 be- 
low.) Thus, we obtain a globally defined 7vL-triplc. It is a wild pure twistor £>-module 
on Y of weight with a polarization (id, id). 

17.3.7. Some isomorphisms and a polarization of Ker(T). — Let (T, S) and 

Y be as in Subsection 17.3.6. Let A be the isomorphism given in Section 17.3.1. 

Lemma 17.3.11. — The pair of the morphisms tpi := (A, id) gives an isomorphism 

iyfiyT s Kcr(T) <g> T s (-l/2). 

Proof We have only to consider the case Ai' = M." =: A4. We have only to 
check the compatibility of ipi and the sesqui-linear pairings. Since iyji Y M is strictly 
.^-decomposable, we have only to check the compatibility on the generic part. Hence, 
we have only to consider the case in which T comes from a harmonic bundle on X. 

Let T s (0) = (Ox, O x , C ). We have the isomorphisms iy^i Y M ~ M <g> iy\i Y O x 
and j^j* M/M ~ M ® j*j*Ox/Ox- For local sections f<E>a<E M<E)j*j*Ox/Ox and 
g <E> b £ Ai ® iyfi Y Ox, we have the following: 

\jij*C](f®a, a*(g®b)) = C(f,a*g) ■ \jxfC Q \{a,a*b) 

For local sections / £g> a and g <£> b of Ai ® iy^i Y Ox, we have the following: 

iy\i\C(] ® a, a* (g ® b)) = C(f,a*g) ■ iy^i Y C (a, a*b) 

Hence, we have only to consider the case T = T s (0), X = A and Y = {0}. 

Let cj = x ' y—^-dt ■ dt/2ir, where \ is a test function on U which are constantly 

1 around 0. We can check jij*Co(i _1 , u*l) = t^ 1 directly from the definition. Then, 
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we have the following: 

(jd*Co{t-\a*(d t • 1)), w) = (-X-'Mt" 1 ), u) = -A" 1 
Hence, we obtain the following: 

(V^TX[3U*C }{V^Tt-\a*(3 t ■ 1)), = 1 

We also have (iytiyC ([3 t ], a* [S t ]), w) = 1. (See Section 1.6.d of [104].) Now, we 
can check the compatibility of <pi and the sesqui-linear pairings easily. □ 

Lemma 17.3.12. — The pair of morphisms tp2 '■= (—id, A) gives an isomorphism 

Cok(T) <g> T 5 (l/2) — > i^t^T. 

Proof Using an argument in the proof of Lemma 17.3.11, we can reduce the issue 
to the case T = T s (0), X = A and Y = {0}. We have j*j*C (&t • 1, = 
Aft(t X ) for the sections S t • 1 e j\j*Ox and € j*j*Ox- Let w be as in the proof 
of Lemma 17.3.11. Then, we have the following: 

CM* 0)(3t ■ 1, ^(r 1 )), w) = (AftCT 1 ), w) = A 
Hence, we obtain the following: 

((>/=lA)- 1 [7,j*Co](-3 t • l,a*{yf=ir 1 )), u)= 1 
Then, we can check the desired compatibility easily. □ 

We obtain an isomorphism cp 3 = (-A, A) : Cok(T) (8 T 5 (l/2) ~ Kcr(T) <g> 
T s (— 1/2). We obtain the following isomorphisms: 

(357) Ker(T) g> T s (-l/2) ^4 Cok(T) g> T s (l/2) °^? ) Cok(T*) (8 T s (l/2) 

— > Kcr(T)* ® T s (l/2) — ► (Ker(T) ® T s (-l/2))* 
The third map is given in Lemma 17.3.10. The composite is denoted by (p±. 
Lemma 17.3.13. — We have the following commutative diagram: 
Ker(T)®T s (-l/2) (Ker(T) ® T s (— 1/2))* 

■ -t <r ivii f Y S . a _» 

Hence, ifi4 gives a polarization o/Ker(7~) ®T (— 1/2). 

Proof The first component of ip^ is the composite of the following: 

j*j*M'/M' i Y] i Y M' i Y] i Y M" A i Y ^ Y M" ^- i Yf i Y M" 
Hence, the first component of Lp\ o 934 o is 

A o ((— A) -1 o o (—1)) o id = i Y \i Y <p' 
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It is equal to the first component of iyfiyS. The equality for the second components 
can be checked in a similar way. □ 

Let iSKer(T) : Kcr(T) — > Kcr(T)* <2> T s (l) denote the induced polarization of 
Ker(T). 

17.3.8. Relation with the Lefschetz morphism. — Let (T, <S) and Y be as 

above. Let ax denote the obvious map from X to a point. Let c be the cohomology 
class 27r[V]. When we take a C°°-form uj representing c, we have the induced map 

J r ► o'+ 2 



C c = {-L u , LJ) : a x {T a^T ® T(l), i.e., 



a x \M' <— — a x \- 2 M', a x ^M" — a l +^ 

Here, L u is given by the multiplication of A _1 u;. The map C c is called the Lefschetz 
morphism. (See [104]. See also Subsection 22.2.4.) 

From the exact sequence — > Ker(T) — > j\j*T — > T — > of TvLx-triples, we 
obtain the following morphism: 

** Y , Gys :a xi (T)~^a^(Kcr(T)) 

From the exact sequence — > T — > j*j*T — > Cok(T) — > 0, we obtain the 
following morphism: 

l ^ s :a x1 Cok(T)^a%\T) 
Recall that we have obtained the isomorphism 

<Pz 1 : Kcr(T) ® T s (-l/2) — -> Cok(T) <g> T s (l/2). 
Lemma 17.3.14- — The following diagram is commutative: 
o^CH a% 2 (T) ®T S (1) 



■Gys 



a^(Ker(T)) ^ ^ ') a% (Cok(T)) g> T«(l) 

Proof Let n := dimX. Note that we recall the construction of etxf.M' and 
axf-A/f" in Subsection 22.2.4. We use the notation there. For a local defining function 
t of Y, the section A _1 [S(]dt of iY^iyOx^^x IS independent of the choice of t. Hence, 
it defines a global section of iy^yOx®®^- Similarly, we have the well-defined global 
section X^dt/t of j*j*O x /O x <g> W x . 

Let s be a C°°-section of .M"(g>f2^, such that ds = 0. The induced map a x ^M." — > 
in iy.Gys * s given by the following correspondence: 

jij* M" ®M X — > M" ® tt^ 



i t itM" ® — » j\j*M" <g> 
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(s,0) — ► s 

(-lyU-^ad-cffc-siy — > (O.C-l^A-MSil'dt-siy) 
Here, (—1)™ appears because of the shift of the degree. By the isomorphism A : 
i f i^M" ~ j*j*M"/M" in ^ 1 : Kcr(T) ~ Cok(T) <g> T(l), we have the correspon- 
dence: 

A" 1 [9 t ] • • s\ Y < — ► yf-iX^db/t ■ s\ Y 

We take a hermitian metric g of the line bundle 0(Y). Let er : O — > 0(Y) be 
the canonical section. We obtain the function log |cr|p- Recall that the C°°-form 
y/ — ldd log \a\ g represents the cohomology class 27r[Y]. Then, we obtain the image of 
(-l) n V=TA- 1 ift/* ■ s\ Y via the map a$f(j m j m M"/M") — -> a£f (.M") in i^ 8 , by 
the following correspondence: 

j*j*M" ® n^ +1 — > (j*j*M"/M") <g> 

X" ® fi^+ 2 — -> j*j*M" ® fi^+ 2 

(-l)' i V /3 TA- 1 91og|(T|2 . s — ► (-l) n vA=TA -1 ^/f-a|y 
V^TA-^eioglcr^ . a — ► \/^TA- 1 aeiog| f 7|2 . s 
Thus, we can conclude that is equal to the (a l Xj .M" — > a A4") -component of 
*F* S ° a x" 1 ( ( ^3^ 1 )°*FGys- Similarly we can check that is equal to the (a~£r 2 M! — > 
a x ^M') -component of iy^ s o a^ 1 ((/5 3 _1 ) o iy Gys . □ 

Corollary 17.3.15. — We have the following commutative diagram: 
(358) 

a-*(T) -^-U a x ; +23 - 2 (T)®TS (j -l) a-^(T)®TS(j) 



x- s t +1 (Ker(T)) £ ° 1 > a-^ 23 '- 1 (Ker(T)) ®T s (j-l) — ^ — ► a"^" 1 (Cok(T)) ® T s (j) 



fl (Kcr(T)) £ ° 1 > a-^-^KcrCT)) ® T s ^' 

Here, a^| +2j_1 (^3 1 ) is denoted just by 1 . □ 



17.3.9. A lemma. — Let us consider the case in which AT is a projective variety 
and Y is a smooth ample hypersurface. We recall the following lemma. 

Lemma 17.3.16. — Let M. be an IZx-module on C\ x X , which is strict, coherent 
and holonomic. Then, we have the vanishing a x i = for i > 0. 

Moreover, the following holds: 

- Ifi > 1, a xf (j*j*M/M) ~ a^M. 

- Ifi = 0, a° x1j (j*j*M/M) — > a x ±M is surjective. 
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Proof Let us show the first claim. We shall argue such a vanishing on a small 
compact neighbourhood K. of Ao G C* x . We put X( x °*> := K X X . For an O X (\ )- 
coherent sheaf J 7 , we have a^(j <g> Ox(*y)) = for i > 0, because Ox{y) is 
relatively ample. If K. is sufficiently small, Ai x(*a) has a finite filtration of 7?.-modules 
such that the associated graded 7?.-modulc is the limit of O X (\ ) -coherent submodulcs. 
Hence, we obtain the vanishing a l Xje (j*j* M <gip^f^ ) = for i > and any r > 0, 
where fi r '° denote the sheaf of holomorphic r- forms on X. We can deduce the first 
claim from the vanishing. The other claim follows from the exact sequence — > 
M — > 'M — > jJ*M/M — >0. □ 



CHAPTER 18 



HARD LEFSCHETZ THEOREM 



We show Hard Lcfschctz theorem for polarized wild pure twistor D-modulcs. which 
is essentially due to M. Saito and C. Sabbah. This chapter is included for rather 
expository purpose. 

18.1. Statement 

Let X and Y be complex manifolds, and let / : X — > Y be a projective morphism. 
Let A be a Q-vector subspace of C. Let (T, S) be a polarized .A-wild pure twistor 
D- module of weight idoiiI. We have the graded 7?.-triple (J) flT on Y . We have the 
Lefschetz morphism C c : f^T — > f^ +2 T <8> T s (l) for the Chern class c of a relatively 
ample line bundle. We also have the induced Hermitian sesqui-linear duality (J) flS 
of ©/|T with weight w. (See [104].) Let us show the following theorem in this 
chapter. 

Theorem 18.1.1. — ((J) flT, C c , (J) /+<->) is a polarized A-wild Lefschetz twistor D- 
module with weight wonY. 

Let M. be the underlying 7?.-module of T. We obtain the D-module by taking the 
specialization at X x for A ^ 0, which is denoted by M. x . 

Corollary 18.1.2. — Let (T,S) be a polarized wild pure twistor D -module on 
X. The Hard Lefschetz Theorem holds for the D-module A4 X (A ^ 0), i.e., 
L % c : f^~ l (A4 x ) — > is isomorphic. As a result, we have an isomorphism 

Rfjj(A4 x ) ~ ®R l f^{M- X ) in the derived category of cohomologically holonomic 
complexes onY. (See [28]. ) □ 

Hard Lefschetz Theorem was proved by Bcilinson-Bernstein-Dclignc-Gabber [9] for 
regular holonomic D-modulcs of geometric origin by the method of mod p-reductions. 
Then, it was vastly generalized in the original work due to M. Saito for polarized 
pure Hodge modules [108]. Using the argument of M. Saito, C. Sabbah proved it for 
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regular polarized pure twistor £>-modulcs [104]. We closely follow the argument of 
Saito and Sabbah. (But, we follow Saito's argument more closely in some part.) 

18.1.1. Plan of the proof. — We use the induction on the dimensions of the 
strict supports Supp(T) and /(Supp(T)). Let us consider the following claim for any 
n > m: 

P(n,m) : The claim of Theorem 18.1.1 holds, in the case that dimSupp(T) < n 
and dim /(Supp(T)) < m hold. 

The claim P(0,0) is obvious. The proof is divided into the following three steps. 

Step 1 : Prove the Hard Lefschetz Theorem for a polarized wild pure twistor 
D-module in the case that X is a smooth projective curve and Y is a point 
(Proposition 18.2.1). 

Step 2 : Give the argument for P(n — 1, m — 1) =>■ P(n, m). 

Step 3 : Give the argument for P(n —1,0) => P(n, 0). 

We will show Step 1 in Section 18.2. A rather detailed argument for Step 2 is 
explained in Chapter 14.6 of [93] in the regular case. Hence, we will indicate how to 
modify the statements in Section 18.3. We will give a rather detailed argument for 
Step 3 in Section 18.4 by following M. Saito, although it is just a translation of his 
argument to the case of wild pure twistor D-modules. We also rely on some results 
of Sabbah in [104]. In the following argument, we omit to distinguish A. 

18.2. Step 1 

18.2.1. Statement. — Let X be a smooth projective curve, and let D be a finite 
subset of X . Let ax denote the obvious morphism of X to a point. Let w be a Kahler 
form of X. 

Proposition 18.2.1. — Let (T,S) be a polarized wild pure twistor D-module on 
X of weight w. Then, the push-forward ((J) a x JT, £ u , a-x^S) is a polarized graded 
Lefschetz twistor structure of weight w. 

We have only to consider the case in which the strict support of T is X. 

18.2.2. The L 2 -cohomology for (P*£ A , B\ h). — Let X be a smooth projective 
curve. Let D be a finite subset of X. We take a Kahler metric gx-D of X — D which 
is Poincare like around any point of D. Let uj\ denote the associated Kahler form. 
We assume J X _ D wi = J x cu. 

Let (E,dE,0,h) be a wild harmonic bundle on X — D. We have the associated 
filtered A-flat bundle (P*£' A ,D) for A G C. Recall that the norm estimate holds for 
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(■p*£ A ,B A , h) (Proposition 8.1.1). Because of the results in Section 5.1, we have the 
following quasi-isomorphisms of the complexes of sheaves: 

(359) S(P*£ A (g>Q^°) — > C' poly (V,£ x ,B x ) — -> £* (7\£ A , B A ) 
In particular, we obtain the following corollary. 

Corollary 18.2.2. — The cohomology groups H* (t(C* (V*£ X ,B X ))^ associated to 
C {T , *£ A , B A ) is finite dimensional, where T denotes the functor taking global sections. 

Proof The hyper-cohomology group associated to S(V^£ X ® 0*^ ) * s finite di- 
mensional. Hence, we obtain Corollary 18.2.2 by the quasi isomorphisms in (359). 

□ 

Let Harm 1 denote the space introduced in Section 8.4.1. 

Proposition 18.2.3. — The induced map Harm 4 — ► H l (T{C'{V*£ \ KD A ))) is an 
isomorphism. 

Proof We have only to apply Lemma 8.4.13 with Corollary 18.2.2. □ 

We have the factorization Harm 1 C r(£ poly (V*S x , B> A )) C T(£ l (V*£ x ,B x )). 
Hence, we obtain the following factorization: 

Harm 1 ~ H* (r(£ poly (V,£ A , D A ))) ~ H l (r(£*(V*£ x ,B x ))^ 

In the case A ^ 0, we also have the factorization Harm* C r(£ poly (V*£ A , ID A )) C 
T(£ poly ('P*£ x , B A ))) , according to Proposition 8.4.5 and Corollary 7.5.4. It induces 
the following factorization: 

(360) Harm' ~ H* (r(Z poly (V*£ A , B A ))) ~ W (r{C poly (V*£ A , D A ))) 

We have the multiplication L Ul of u>\ on Harm* and IP (r(£ poly (V*£ x , B) A ))^ , 
which is compatible with (360). We also have the multiplication L u of to on 
w(r(? poly (T*£ x ,B x ))). 

Lemma 18.2.4- — The isomorphism (360) is compatible with L Ul and L^. 

Proof There exists r such that (i) uj — u>\ — dr, (ii) r is bounded with respect to 
gx-D- Hence, it is easy to show L u = L Ul on W (r(£ poly (V*£ A , ID A ))) ■ Then, the 
claim of the lemma follows. □ 

Remark 18.2.5. — Recall X-connection is equivalent to ordinary connection in the 
case A ^ 0. Let V m i n £ x denote the Dx-submodule ofV£ x generated by V<\£ x over 
Dx- If A is generic, it is the same as the standard minimal extension, and we obtain 
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an isomorphism between the cohomology group of the D-module 7 3 m i n £' A and the L 2 - 
cohomology group from the quasi isomorphism (359). For this 

isomorphism, we do not need the harmonicity of h but the norm estimates. □ 

18.2.3. Deformation caused by variation of the irregular values. — Recall 
Q*£° := V*£°, and hence we have the isomorphism <I> : Harm 1 — > HP(<S(Q*£° ® 
O^ )). In the case A / 0, let Qh be a hcrmitian metric of £ A on X — D whose 
restriction to a neighbourhood of D is as in Section 5.1.1 for the filtered A-flat bundle 
(Q£ A ,B A ). Wc can construct the metric Q/i (1+|A|2) as in Section 5.1.3 with T = 
1 + |A| 2 . Then, Q/i( 1+ ' A l ) and h are mutually bounded (Lemma 5.1.6). Hence, we 
obtain the following quasi isomorphisms because of the results in Section 5.1.3: 

(361) £ poly (7>^ A ,D A ) ^C poly (£\Qh (1+ ^ 2 \h) £ poly (Q^\ D A ) 

They induce the isomorphisms of the associated cohomology groups. Therefore, we 
obtain a natural isomorphism: 

(362) $ A : Harm' — ► W l (S(Q«£ x <g> 

Lemma 18.2.6. — We have the compatibility $ A o L LOl — L u o $ A . 

Proof The multiplication is compatible with the quasi isomorphisms in (361). 
Then, Lemma 18.2.6 follows from Lemma 18.2.4. □ 

If |A| is sufficiently small, due to Proposition 8.4.5 and Proposition 10.2.3, we have 
the following inclusions which are the quasi isomorphisms: 
(363) 

Harm* C T(T poly (£\ Qh^ 2 \ h)) C r(Z Poly (Q*£ A , © A )) C T(£' poly (Q*£\ B A )) 

It is easy to see that the composite of (363) is equal to the isomorphism $ , if |A| is 
sufficiently small. 

18.2.4. Quasi-isomorphisms for local families. — Let us consider the family 
case. Let U(X ) denote a small neighbourhood of A in C\. We have the family of 
flat A-connections (q1 Aq ■*£,©), for which we take a hermitian metric hi as in Subsec- 
tion 5.3.1. We have the following quasi-isomorphisms of the associated complexes of 
sheaves (the left hand side is given only in the case Ao ^ 0): 

(364) £ poly (Ql Ao) £,D) ► £ poly (Ql Ao) £,lB)) < S{o£ a) £ ® Q'f) 

Let px denote the projection U(Xo) x X — > U{\q). By considering the push- 
forward for px, we obtain isomorphisms: 

R l PxX poly {Qi Xa) £ ,D) K l px*C; oiy (Qi Xo) £,B) ^- R l p x *S{Qi Xa) £ ® n' x °) 

They are 0[/(A o )-coherent. 
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Around A = 0, we have the inclusion Harm* ®O(7(0) — ► Px* (£* oly (Q* £, D)) 
due to Proposition 8.4.5 and Proposition 10.4.2. Therefore, we obtain a morphism of 
the coherent 0;y(o) -modules: 

(365) $ (0) : Harm 4 ®O u{0) — > R*p x * (S(Q i ° ) £ g> fi£ )) 

i i 

Lemma 18.2.7. - 

— $ ° is an isomorphism. 

— The specialization of R l px* (<S(Q* £ ® ffl ^ £ ^(0) is naturally isomor- 
phic to IP(<S(Q*£* ® r^x)), awrf i/ie specialization of is the same as <& 
under the isomorphism. 

Proof For simplicity of the description, we put := S(Q*£ ® 0*'°). For any 

,(0) 
|Ai 



Ai £ C^(0), let denote the specialization of at {Ai} x X. We remark that we 

have the natural quasi isomorphism — > S(Q*£ Xl ®fi*'°) . By using the remark in 
the last paragraph of Subsection 18.2.3, we obtain the following commutative diagram 
of the 0(y(o)- co h erei rt sheaves: 

Harm 1 (8)0,7(0) A ~ Al > Harm 1 <8>£>(y(o) ► Harm* ► 



'1 * (0, 1 



Here, A — Ai means the multiplication of A — Ai. Then, it is easy to show the claims 
of the lemma. □ 

Let us see around Ao ^ 0. Let Ti(A) := 1 + |A| 2 . We have the metric h^ 1 ^'' as 
constructed in Section 5.3.4. 

Lemma 18.2.8. — If we shrink U(\q) appropriately, the metrics h\ 1 and h are 
mutually bounded. 

Proof Let ho be a hcrmitian metric for the family of filtered A-flat bundles 
(vi Xo) £,D) as in Subsection 5.3.1. Let S be a small sector in U(X ) x (X - D). 
We can take a Mat splitting P (Ao) % = s V^ Xo) £ a ,s of the full Stokes filtration. 
Let p^p s denote the projection onto Vq X °' ] £ a .s- Let Fs(w) be given as in (198): 

Fs(w) := exp(wBs), B s := ^ ap ,s 

O£lrr(0) 

According to Corollary 10.4.3, the metrics Fs(— A + Xo)*ho and h are mutually 
bounded on 5. By construction of Q^°^£ (see Subsection 4.5.3), the metrics 
Fs(Xo)*ho and hi are mutually bounded on S. Hence, h and Fs(—\)*hi are 
mutually bounded. It implies the claim of Lemma 18.2.8. □ 
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Then, we obtain the following inclusion, due to Proposition 8.4.5 and Proposition 
10.2.3: 

L(A)h 



Harm' ®O u{Xo) — > p x , (c' poly {Q {Xo) £ , fcf l( 



We also have the following quasi-isomorphisms of the complexes of sheaves due to the 
results in Section 5.3: 

(366) ? poly (Qi Xo) £,h^ W) ) <^T poly (Q^£,h u h^») ^? poly (Qi Xo) E,B) 

C' poly (Qi Xo) £, D) S(Q (Xo) £ <g> fl x °) 
Thus, we obtain a morphism of coherent Oj/^^-sheaves: 

Lemma 18.2.9. - 

— $ A ° is aw isomorphism. 

— The specialization of R t px*(S(Q* £ (8 a ^ ^ "= ^(^o) * s naturally iso- 
morphic to M 1 (S (Q*£ x ®Q*' )) , and the specialization of $ at A is i/ie same 
as $ under the isomorphism. 

Proof The claims can be shown by the arguments in the proof of Lemma 18.2.7. 
For simplicity of the description, we put iS>( A °) := S(Qi £ (£> ft'' ). For any Ai £ 
f/(Ao), let Sn^° denote the specialization of 5' A °- ) at {Ai} x X. We remark that 

we have the natural quasi isomorphism S^'^ — > 6>(<2*£ Al (g) fi"'°). By using the 
commutative diagrams (85) and (86), we obtain the following commutative diagram 
of the ©[/(^-coherent sheaves: 

Harm 4 •S>O u{Xo ) X Xl > Harm 1 ®Of/(A ) ► Harm 1 ► 



x )| * <Ao) | * Al | c 



R l Px *S^ &px.SV*) > R i p x *sj x f > R i+1 px*S iXo) 

Here, A — Ai means the multiplication of A — Ai. Then, it is easy to show the both 
claims of the lemma. □ 



18.2.5. Global isomorphism. — Let Q x ° denote the holomorphic de Rham com- 
plex on X . We have the complex (E ® Q x induced by D and Xdx ■ We would like 
to compare the hyper-cohomology of £ <g> £l x ° and the harmonic forms. Let U(\q) 
denote a small neighbourhood of Ao in C\. Let (£( A °) denote the restriction of (£ to 
C/(A ) x X. 



18.2. STEP 1 



463 



Lemma 18.2.10. — The naturally defined morphism S(Q (Ao) £ <g> Q' x °) — > <£ (A °) <g> 
fl x ° is a quasi-isomorphism. Therefore, we obtain an isomorphism: 

$(Ao) . Harm « ^ 0[/(Ao) _^ (g(Ao) g, j^O) 

Proof We have only to show the acyclicity of the quotient complex of S(Q^ Xo ^£ ® 
) — >■ (£( Ao ) (g>f2*^°. For that purpose, we may replace them with their completions 
at U(\q) x D. For the regular part which comes from a tame harmonic bundle, the 
issue was studied in [104] and [93]. For the irregular parts, both of them are acyclic. 

□ 

For U(Ai) C U(\ ), we have £ (Al) = &\uf Xl s xX - According to Lemmas 18.2.7 and 

18.2.9, we obtain $$$0 = $(Al) - Hence, we can glue {$( A °) I A € C}, and we obtain 
the global isomorphism: 

(367) $ : Harm 1 ®Oc x — > Jfyx. (<£ 8) fi^°) 

i 

Lemma 18.2.11. — We have the compatibility <f> o L U1 =L u o$. 

Proof Since the specialization of R l px* i^-^^'x) a ^ ^ ^ s naturally identified with 
HP(S(Q*£ A ® ft*' )), the claim follows from Lemma 18.2.6. □ 



18.2.6. Twist. — To consider the push-forward of TvL-triplcs, we twist the dc Rham 

1,0 
x 



complex as in [104] which we refer to for more details and precision. Let Cl ' 



X^pin 1 / C p* x fl x °(*(X x 0)), and fl p f := f\ p . The derivation d x for Sl x ° 
induces the derivation of f2^°. We have the natural isomorphism p* x VL*^ ~ fi^ i via 
which d x is identified with Xd x on p x fl x . 

We have the derivation on £ ® fi*^ induced by and d x , which is also denoted 
by D f . We have the natural isomorphism (<£ ® , ) ~ (£ f2^°, D) induced by 
the natural isomorphism f2^° ~ p^fi^ given by the multiplication of A. Shifting the 
degree, we consider the complex (iS&f^*' , U)f). We have a similar twist 6>(Q( A °)£ ® 

n£-'°). 

We put ft^ 9 := OpT/f^ 9 . The derivation -d x - dx induces the derivation 
on O^ 1 "*'*. By the natural isomorphism fi^*"*'* ~ p^Cl^*, —dx — dx corresponds 
to —Xd x — dx- By the natural isomorphism, we obtain the complex of sheaves 
/C* oly (Ql Ao) £,0) corresponding to £* oly (gl Ao) £,D). Then, we have the following 
quasi- isomorphisms: 

( 368 ) K?oiy(G^ o) £> D ) < S(Q (Ao) £ g> ► g( A °) ® f2^ +, '° 

If Ao = 0, we have the induced inclusion: 

iw®cv (0) ^r(^ oly (Ql°)f,©)) ^r(/c^ ly (Ql 0) f,i 

Thus, we obtain the isomorphism <£>( ) : Harm 1 " 1 "* ~ * (*£ <8> Ox"'' ] 
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If Ao 7^ 0, we have the corresponding twist for the diagram (366): 

(369) r^fsl^f^f^^A^tgf^f,^,^'^) ^>7c; oly (g! An) £,B) 

We also have the induced inclusion: 

Harm* ®O u(Xo) — ► r(^(Qi Ao) f , ftf l(A)) )) 

We obtain induced isomorphisms 5> (Ao) : Harm 1+ * ®£>;y(Ao) — > Rpx*(& Xo )®tix~'' )- 
By gluing them, we obtain $ : Harm 1 " 1 "* (g)0 Cx — > Rpx* (£ ® 0^ + *'°) • 
We put "H p := Harm p+ ®Oc x - We obtain an induced isomorphism 

18.2.7. The graded Lefschetz twistor structure on the space of harmonic 
forms. — Let C°(S, C) denote the sheaf of continuous functions on S = {|A| = l}. 
Recall that the natural multiplication and the integration induces the following scsqui- 
linear pairing: 

C% :U^ s p ®a*(U p ) ls — ► C°(S,C) 

Thus, we obtain the ^-triples fi p := (Mr 11 \W ',Cg) (p = -1,0,1). We put Sj* := 
©f) p . We have the Lefschetz morphism C Ul = (— L Wl ,L Wl ) : i} -1 — ► S) 1 ® T S {1). 
We regard it as the morphism Sj* — > f)* <E) T s (l). We also have the Hcrmitian 
sesqui-linear duality Sf, : Sj* — > (■£)*)*■ The following lemma can be shown using the 
argument for Hodge-Simpson theorem 2.2.4 in [104]. 

Lemma 18.2.12. — (S)', C Ul , <Sjj) is a polarized graded Lefschetz twistor structure 
of weight 0. □ 

18.2.8. Compatibility with the sesqui-linear pairing. — Let Cf denote the 
induced sesqui-linear pairing: 

C? : R- p p x * (<£ <g> n]+' fi ) ls ® a* (R p px* (<S ® ^ + ''°)) |S — ► C°(5, C) 
We have a^(T) = (a^(€), a* t (C), Cf ). 

Lemma 18.2.13. — C p and are compatible with the isomorphism $. Namely, 
the following diagram is commutative: 

Harm^P^Oc^s® cr*(Harm 1+p ®Oc A )| S — C°(S,C) 

(370) S^cr*?!^ =| 

i?-Ppx*(£®^ + ^°)| S ®a*(i?Pp Xst ((£®^ + *' )) |s C°(S,C) 
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Proof Let Aq € C such that |Ao| = 1. Wc have the following pairings: 



XX 



1.1 



lCj ly (Qi Xo) £, hi, h^ ] ) lI{Xo)xX ® a* (^ oly (Ql- Ao) £, fti, ft< Tl >)) 



|/(A„)xX 
S>f>j(A )xX//(A ) ® ^ 



/c 



po p ly (Ql Ao) £,P)| J(Ao)xX ® ( r*(^ oly (Ql- Ao) £,©)) |J(Ao) 



:X 



®&/(A )xX//(A ) ® 



^i y (2l Ao) ^^)|/(Ao)xx®^K oly (Ql- Ao) £:,©)) |J(Ao 



)xX 



SE'/(Ao)xX//(Ao) ® 



S(Q^£ nr p '°)|i(Ao)xX <S a*(5(fii-^£ ^ +P '°)) |j( a o)x * ~> 

25b/(A )xX//(A ) ® 

(The continuity of distributions follows from the remark in Subsection 5.3.1.2.) They 
are compatible with the quasi- isomorphisms in (366) and (368). Hence, we obtain the 
commutativity of the diagram (370). □ 

Then, we obtain the isomorphism of 72.-triples ft* ~ a' x ± (T) . It is clearly compatible 
with the induced Hcrmitian scsqui-linear dualities. We also have the compatibility 
with the Lefschetz morphisms by Lemma 18.2.11. Hence, Proposition 18.2.1 follows 
from Lemma 18.2.12. □ 



18.3. Step 2 

In this section, the most proof is referred to our previous paper [93]. However, we 
should emphasize that it is essentially due to Saito and Sabbah, as remarked in [93] . 

18.3.1. Preliminary I. — Let / : X — > Y be a projective morphism of complex 
manifolds. Let Z be a closed subvariety of X. Let c be the first Chern class of 
relatively ample line bundle on X. In this subsection, the following assumption is 
imposed. 

Assumption 18.3.1. — The claim of Theorem 18.1.1 holds for a morphism f and 
polarized wild pure twistor D-modules whose strict supports are contained in Z . □ 

Let us consider a tuple (T, M, N, S) on X as follows: 

Condition 18.3.2. 
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— An Tlx -triple T with any increasing filtration M such that Gr i T are wild pure 
twistor D-modules of weight w + i. The support ofT is contained in Z . 

— A nilpotent map N : T — > T(— 1) whose weight filtration is equal to M . 

— A Hermitian sesqui-linear duality S : T — > T*(—w). We assume that N is 
skew adjoint with respect to S , i.e., N* o S + S o N = 0. 

— So Ni gives a polarization of P Gr^ T for each j > 0. □ 

We put T l := Gr^T, and then we obtain the graded 7\!.-triplc T = ®jT J '- Wc 
have the naturally induced nilpotent map N : T J — > T J+2 ( — 1) and the hermitian 
sesqui-linear duality S : T — > T*(—w). By the condition, the tuple (T,N,S) is a 
polarized graded wild Lefschetz twistor D-module of weight w and type —1. 

We obtain the complex f^T of 72.y-triples with the nilpotent map ffN and the 
Hermitian sesqui-linear duality ffS. (See [104].) We have the induced filtration 
M on f\T, which is the weight filtration of f^N. We also have the Lefschetz map 

£c:/ t T— ►/ t T[2](l). 

By taking the cohomology, we obtain flT with @f2N, @flS, and the Lef- 
schetz map C c . We also have the induced filtration M on each flT- Wc put 
T lJ := Gr^ flT. The induced nilpotent map and sesqui-linear duality are denoted 
by N and S. The Lefschetz map is also denoted by L c . 

Proposition 18.3.3. 

— Let (7~, M, N,S) be as in Condition 18.3.2. Under Assumption 18.3.1, the tuple 
(T,S,N,jC c ) is a polarized wild bi-graded Lefschetz twistor D-module of type 
(—1, 1) with weight w. 

— The induced filtration M on flT is equal to the weight filtration of f^N. 

Proof It can be shown by using Lemma 17.1.6, Lemma 17.1.17 and the argument 
in the proof of Proposition 14.133 in [93]. □ 

18.3.2. Preliminary II. — Let / : X — > Y be a projective morphism of a complex 
manifolds. Let g be a holomorphic function on Y. Let c be the first Chern class of a 
relatively ample line bundle on X . Wc put g = g o /. Let Z be a closed subvariety of 
X such that g is not constantly on Z. We impose the following assumption in this 
subsection. 

Assumption 18.3.4- — The claim of Theorem 18.1.1 holds for the morphism f 
and polarized wild pure twistor D-modules whose strict supports are contained in 

g-^nz. □ 

Let us consider a tuple (T, S, a) on X as follows: 



Condition 18.3.5. 
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— T is a holonomic TZx-triple, S : T — > T*{—w) is a hermitian sesqui-linear 
duality, and a £ Cft" 1 ]. 

— T is strictly S -decomposable along g. The support of T is contained in Z . 
Moreover, it is strictly specializable along g with ramification and exponential 
twist by a. 

— For each u £ R x C , we put T a ,u '■= tpg,a,uT- The induced nilpotent map and 
Hermitian sesqui-linear duality are denoted by N a ^ u and <S a ,w Let M denote 
the monodromy weight filtration of N a . u . Then, (T a ,u, M, N a ^ u ,S a ,u) satisfies 
Condition 18.3.2. □ 

We put Ta.u '■= Gt m Ta.u- The induced nilpotent map and the Hermitian sesqui- 
linear duality are denoted by N a ^ u and S a ^ u . The tuple [Ta.u, ^0^,^0,11) is a polarized 
graded wild Lefschetz twistor D-modulc of weight w and type —1. 

Lemma 18.3.6. — Let (T,S,a) be as in Condition 18.3.5. Then, flT is strictly 
specializable along g with ramification and exponential twist by the a £ C[t~ ], and 
we have the natural isomorphism ip g , a ,ufjT — f^ipg.a,uT. 

Proof Applying Proposition 18.3.3 to any (T a ,u,M,N a . u ,S a ^ u ), we obtain f^T a , u 
are strict. Hence, the claim follows from Proposition 22.11.3 and Proposition 22.11.5. 

□ 

For any u £ R x C, we put 

j-hj — q t m J fjj- 
1 a,u ■ — rg,a,u./j ' • 

Here, M denotes the weight filtration for the induced nilpotent maps for ipg,a,u- Then, 
we obtain the bi-graded 7?.-triplcs T a ,u = © Ta'u- The induced nilpotent map and the 
sesqui-linear duality are denoted by N au and S a u . The Lefschetz map C a ^ u is also 
induced. 

Proposition 18.3.1. — Let (T,S,a) be as in Condition 18.3.5. Under Assumption 
18.3.4 ; (Ta.u, <5a.i4, N a ^ u , C a: u) is a polarized bi-graded wild Lefschetz twistor D-module 
of type (—1,1) with weight w. 

Proof It can be shown by using Proposition 18.3.3 and the same argument as 
that in the proof of Proposition 14.139 of [93]. □ 

Let (T,S) be as in Condition 18.3.5 with a = 0. We put To := <fe (T)(-l/2), 
and Tq := Gr^7o- Then, we obtain the graded 7^-triple To- We have the induced 
nilpotent maps No and the sesqui-linear duality So- The tuple (To, So, No) is a po- 
larized graded wild Lefschetz twistor D- module of weight w + 1. We have the maps 
Can : T-s a — > To and Var : % — > T-s a (~ 1)> such that N-s = VaroCan and 
No = Can o Var. The maps Can and Var are adjoint with respect to the sesqui-linear 
dualities. The nilpotent map Nq induces the nilpotent map No on flTo- Let M 
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denote the wei ght filtration. We put T^ 3 := Gr^/^To. The induced scsqui-linear 
duality is denoted by Sq. We also have the induced Lefschetz map C$. 

Proposition 18.3.8. - 

— The underling IZy -modules of f^T are strictly S -decomposable along g. 

— The tuple (7o, Sq, No, Co) is a bi-graded wild Lefschetz twistor D-module of 
weight w + 1 and type (—1, 1). 

Proof It can be shown by using Proposition 18.3.3, Lemma 17.1.16 and the same 
argument as that in the proof of Proposition 14.140 of [93]. □ 

Let M! i and M![ are the underlying TvLy-modulcs of /|T. Due to the S- 
decomposability of M.\ and M", we obtain the sesqui-linear pairing of ipgfiiMj) and 
i>g,o {M'D by the specialization. As a result, we obtain the 7?.-triple 4> g:0 f^T. 

Lemma 18.3.9. — c/) Si o/|T(— 1/2) and f^To are isomorphic. 

Proof It follows from Lemma 22.10.6 and Proposition 18.3.8. □ 

18.3.3. The explanation for Step 2. — The following assumption for the induc- 
tion is imposed in this subsection. 

Assumption 18.3.10. — Letn andm be non-negative integers. Let f : X — > Y be 
a projective morphism. Let (T, S) be a polarized wild pure twistor D-module of weight 
w on X whose strict support Supp(T) is irreducible. We put n(T) — dimSupp(T) 
and m(T) = dim /(Supp(T)). The claim of Theorem 18.1.1 holds for T if n(T) < n 
and m(jT) < m are satisfied. □ 

Under the assumption, we show that the claim of Theorem 18.1.1 holds for T such 
that n(T) < n + 1 and m(T) < m + 1 arc satisfied. 

Since the claim is local on Y, we may replace Y with any open subset of Y. Let g be 
any holomorphic function on Y such that g is not constantly on /(Supp(T)) . Due to 
Proposition 18.3.8, the underlying 7?.y-modulcs of (J) /|T are strictly S'-decomposable 
along g. Then, we have the decomposition flT = @z(f\7~)z by the strict supports. 
The decomposition is compatible with the Lefschetz map C c and the induced Hermi- 
tian sesqui-linear duality (J) fiS. By using Proposition 18.3.8 and Lemma 18.3.9, we 
can check that ®j{flT)z with (£ c )z and 0j(/+<S)x is a polarized graded Lefschetz 
twistor structure if dimZ = 0. Then, by using Proposition 18.3.7, we can check that 
(© fl 7~> £c) @j fl$) is a polarized graded wild Lefschetz twistor .D-module of weight 
w. Thus, we finish Step 2 in the proof of Theorem 18.1.1. 



18.4. STEP 3 



469 



18.4. Step 3 

18.4.1. Statement. — Let X be a smooth projective variety with an ample line 
bundle Ox{^)- Let ax denote the obvious morphism of X to a point. Let (T, S) 
be a polarized wild pure twistor D-module on X of weight w, whose strict support 
is an irreducible closed subset Z of X with dim Z = n. We will show the following 
proposition in this section. 

Proposition 18.4-1- — Assume P(n— 1,0) holds. Then, a\^T , C c , a l x1j S^j 
is a polarized graded Lefschetz twistor structure of weight w, where C c denote the 
Lefschetz morphism associated to Ox(l)- 

We follow the argument of [108] very closely. We also use the results in [104]. We 
may assume w — 0, T = (Ai,Ai, C), and S = (id, id). 

18.4.2. Preliminary. — We fix an embedding X C P . Let Xq be the intersection 
Iflffifl H 2 . where Hi denote general hypcrplanes such that Xq is strictly non- 
characteristic to T. Let X be the blow up of X along Xq. We obtain the following 
diagram: 

X X — P 1 

Here, p is the Lefschetz pencil for H\ and H 2 . We have the Tvl-triplc (T, <S) on X, 
as in [104]. Let Ai denote the underlying 7?. ^-module of T. We have the naturally 
induced Hermitian sesqui-linear duality S of T . 

Lemma 18.4-2. — {®iP\T, C c , is a polarized graded wild Lefschetz 

twistor D-module on P 1 , where C c denotes the Lefschetz map associated to tt*Ox{^)- 

Proof See (1) and (2) in Chapter 6.4 of [104]. □ 

Lemma 18.4-3. — We have the vanishing iAT = for j ^ ; and the canonical 
decomposition (ir-fT, 7T|<S) = (T, S) © (7i,5i) of IZx -triples with Hermitian sesqui- 
linear duality. 

Proof See (3) in Section 6.4 of [104]. We just give a remark on the vanishing 
7r|T = for j 0. According to (3) in Section 6.4 of [104], it can be shown that the 
underlying T^jf-modules of are strict. Hence, we have only to show the vanishing 
of the specialization tt^ti^ M. 1 at A = 1, where Ai 1 denotes the specialization of Ai 
along A = 1. Hence, we can reduce the issue to the case of Djsf -modules. By the 
projection formula, we have the isomorphism n^n^ M. 1 ~ Ai 1 <E) L ^\O x in the derived 
category of .D^ -modules. We have the vanishing tt^O x = for j ^ 0, and ir^Ox 
is isomorphic to the direct sum Ox © M2, where Mi is locally isomorphic to the 
push-forward of Ox - (See Section 5.3.9 of [108], for example.) Since X is non- 
characteristic to M 1 , we obtain that Ai 1 ® L M 2 — M 1 <S> M 2 . □ 
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By Lemma 18.4.2 and Deligne's result [28], the spectral sequence a^^T 
a *~"f T degenerates at the i? 2 -level. Hence, due to Proposition 18.3.3, Oj^T is a pure 
twistor structure of weight i. According to Lemma 18.4.3, a x1j T is a direct summand 
of a?- T. Hence, a l x ^T is a pure twistor structure of weight i. 

We have the Leray filtration: 

L 1 a l ~ i M C L°a l ^M C L~ x a l ~ M 

A f A T A f 

Because of the degeneration of the spectral sequence, we have the isomorphisms 
Gr^fa 1 - ,-M) — a^p^AL We also have the Leray filtration for pure twistor struc- 
tures of weight I: 

L^fcL°a^fcL-yLf 

We have the isomorphisms Gr % L (a l ~7") ~ O^^p^T . 

We will use the following general lemma in linear algebra. 

Lemma 18.4-4- — Let V be a pure twistor structure of weight w with a polarization 
S . Let Vi be a pure twistor structure of weight w with a monomorphism tp : Vi — > V . 
We have the following maps: 

Vi v > V — ^— > V* (8 T(-io) V * ) V* ® T(-w) 
Then, the composite Si gives a polarization of V± . 

Proof We can reduce the problem to the case w = 0. Then, the claim is the same 
as the following: 

— Let V be a C-vector space, and let V\ be a subspace of V. Let h be a hcrmitian 
metric of V. Let hi denote the restriction of h to V\. We have the induced anti- 
linear maps tfh ■ V — > V y and 93^ : V\ — > V± . Let i denote the inclusion 
Vi — > V. Then, the following diagram is commutative: 

V 1 V? 



The claim can be checked directly. □ 

18.4.3. Gysin maps. — Let Y denote a general fiber of p. For Y C X, wc apply 
the construction in Section 17.3. We have obtained the polarized wild pure twistor 
Z?-module (Ker(T),«5>Kcr(T)) with weight — 1. (See Section 17.3.7.) Since the support 
of Ker(T) is contained in Y, the hypothesis of the induction can be applied. 
Recall we have obtained the morphisms iy Gys and iy y * in Section 17.3.8. 

Lemma 18.4-5. — The following holds: 
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— iyQys ■ a l xij T — > a l x ^ Ker(T) is an isomorphism for i < — 1 and a monomor- 
phism for i = — 1 . 

— The morphism (iy Gy J* : (a^" 1 Ker(T)) * — > a xjO~)* is an isomorphism if 
i < —1, and an epimorphism if i = — 1. In other words, iy^ 15 : a x ± Cok(T) — > 
a l x ^T is an isomorphism for i > and an epimorphism for i = 0. 

Proof Since we have already known that a X i Ker(T), a x ± Cok(T) and a x ^T arc 
pure twistor structures with appropriate weights (Section 18.4.2). the claim follows 
from Lemma 17.3.16. □ 

Lemma 18.4-6. — The morphism L l c : — > a x ^A4 is an isomorphism for 
i > 2. 

Proof We identify j«j*M/M and iyfiyM by A. (See Section 17.3.1 for A.) 
According to Corollary 17.3.15, wc have the factorization of L l c up to signature, as 
follows: 

a x ^M — - — > a x ^ +1 iYfiyM — — > a l ^i Y fi Y M — — ■> a x ^M 

Due to Lemma 18.4.5, bj (j = 1, 2) are isomorphisms. Since we can apply the hypoth- 
esis of the induction on Kcr(T), wc also have the middle arrow is an isomorphism. 
Thus, we obtain Lemma 18.4.6. □ 

Lemma 18.4-7. — The following diagram is commutative: 

a x )T (a x )T)*®r s (i) 

(371) ^, Gys | (v, Gy J*| 

a x ) +1 Kcr{T) 5Kc '"' r)0£: \ (a x \ +1 Kct(T)Y <E)T s (i) 

Here (iy Gy J* denotes the Hermitian adjoint ofi Y Q ys , and iSKer(T) denotes the po- 
larization o/Ker(T) given in Section 17.3.7. 

Proof We have the commutativity of the diagram (358) in Corollary 17.3.15. Note 
that iSkoi-(T) can ^ e factorized as follows: 

Ker(T) ^4 Cok(T) ® T s (l) Cok(T) g) T s (l) — -> Ker(T)* ® T s (l) 

Here, if 3 is given in Section 17.3.7, tp§ is induced by the polarization S of T, and the 
right arrow is the natural identification given in Lemma 17.3.10. 

We have the following commutative diagram: 
(372) 

a x (T — a xf (T*) ► a xf (T*) > {a x )T)* 



a^C6k(T) o^CokCT*) > a^(Ker{T)*) > {a x \ +1 Ker(T))* 



472 



CHAPTER 18. HARD LEFSCHETZ THEOREM 



The horizontal arrows are the natural identifications. Composing (358) and (372), we 
obtain the commutativity of the diagram (371). □ 

18.4.4. The case i > 2. — Let us consider the case i > 2. Let Pa x \T denote the 
kernel of C+ 1 : a x \T — ► a%?T g> T s {i + 1). 

Lemma 18.4-8. — We have the following commutative diagram: 
Pa x )T -^U (Pa x )T)*®T s (i) 

(373) *] 

Pa x ) +1 Kcr(T) 5Kcr(T) ° £rl > (Pa^ +1 Kcr(T))*®T s (i) 

Proof By Lemma 18.4.6, we have the decompositions a x ^(A4) = Pa x l ^(Ai) ®Af\ 
and a x ±M = Pa x ±M ®7V 2 : 

Pa x \{M) := Kcr(Ll +1 : a x )M — > a*£?M), M := Im(i c : a x ^ 2 M — > a^.M) 

P<4 f (M) := Im(i' c : Pa x \M — > a^-M), A/" 2 := Im(i J c : M — > a^M) 
Let 71 denote the image of C c : a x ) +2 T ®T s (-l) — > a^T. Then, the underlying 
7£- modules of Pa x \T (resp. 7i) are given by Pa x ^M and Pa^-M (resp. N2 and 
A/i). We also have a similar decomposition for a x l J~ (Ker(T)). Then, we can directly 
check that the morphisms in the diagram (371) preserves the decompositions. Hence, 
we obtain (373) from (371). □ 

Since the lower horizontal arrow gives a polarization of Pa^T 1 " 1 Ker(T) by the hy- 
pothesis of the induction, the Hcrmitian scsqui-lincar duality SoC l c gives a polarization 
of Pa x \T. 

18.4.5. The case i = 1. — In the case i = 1, we obtain the following commutative 
diagram from (371): 

a^T (a x \T)* ®T S (1) 



(V.Gyo) 

•5Kor(T) 



(374) 

< t Ker(T) " Ko, ' T) > « f Ker(T)) * ® T s (l) 



Since we have already known that Lj? : a x ?.M — > a x ±A4 is an isomorphism, we 



have the following decompositions: 

a x ^M = L c ■ a x ^M © Ker^L^ : a x \M — > a x ^M 

a x ^M = L\ ■ a x ^M 8 Ker(i c : a x ^M — > a 3 x ^M 
This decomposition is compatible with the scsqui-linear pairing. We set 
Pa x )T := (KerL c ,KerL^,Ci), Ti := (lni^,ImL c ,C 2 ) 
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Here, C, denote the naturally induced sesqui-linear pairings. We have a x ^T~ = 
Pa x ^T © 71- We have already known that a x ^T is a pure twistor structure with 
weight —1. (Section 18.4.2). Hence, Pa x ^T and 71 are also pure twistor structures 
with weight —1. The morphism S o C c : a x ^T — > (a x ±T)* (8 T 5 (l) preserves the 
decomposition. It is easy to show that the induced map 71 — > T{ <£> T s '(l) is an 
isomorphism, by using the fact that L\ : a x 3 ^M — > a x1j M is an isomorphism. 

We have the primitive decomposition a° x ^ (Ker(T)) = Pa xf (Ker(T)) ®T 2 - Here, 
the underlying 7?.x-modules of Pa X i. Ker(T) are given by the following: 

Ker(i c : a° x f (j*j*M/M) — > a xf (j*j*M/M)) , 

Kcr(^L c : a x ^(iY\iyM) — > a^f (iYfiyM)^ 
The underlying 72.-modules of T2 are given by the following: 

Im(Z c : a x ] (j*f M/M) — ► < f (j.fM/M)) , 

ImLL c : a X f(^ t i y .M) — > a xt (iy t i r .M)j 

Lemma 18.4-9. — TTie morphism «y Gys : ^xt^ - — ^ a xt Ker(T) induces the mor- 
phisms: 

Pa x \T — > P< t Kcr(T), Ti — ► T 2 

Proof We put .Mo : = iyfiy-M. Wc will identify Mq and j^j* M/M via A. We 
have the following commutative diagram: 

a x \M £ — > a x j.M 2 — ^ a^-xAl 

./' 

a^TWo L " > Lc > a xf M 

Hence, we obtain /(ImL c ) C Im(L c ) and /(KerL^) C Kcr_L c . 
We have the following commutative diagram: 



a x *M - 


L c 


-> a XJf M - 






-] 




•I 




1 


a x ^M 











Hence, we obtain <?(Ker(L c )) C Ker(L c ) and <?(lm(L c )) C Im(L^). Thus, Lemma 
18.4.9 is proved. □ 
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We obtain the following commutative diagram from (374) and Lemma 18.4.9: 
Pa x )T (Pa x )T)* ®T S (1) 



P<4 t Ker(T) Kc ' (T) > Pa^ t Kcr(T)* ®T S (1) 
We know that bi is monomorphic, and b* is epimorphic (Lemma 18.4.5). By the 
hypothesis of the induction, iSKer(T) gives a polarization of Pa Ker(T). Hence, 
we can conclude that C c '■ Pa x \T — > Pa x ^T <2> T s (1) is an isomorphism, and 
(Pa^|7~ ,S') is a polarized pure twistor structure of weight —1 due to Lemma 18.4.4, 
where S' := S o £ c . Since the induced map 71 — > 7~i <8> T s (l) is an isomorphism, we 
also obtain that C c : a x ^T — > a x ^T ® T s (l) is an isomorphism. 

18.4.6. The case i = 0. — We have already known C 2 C : a x 2 T — ► a 2 xf T <8 T(2) is 
an isomorphism. In particular, we obtain the decompositions of 7?.-modules a? x ^M = 
lvaL c ®Pa X jM and the ^triples a x] T = lm£ c ®Pa x ^T, where Pa° x1j M := KerL c 
and Pa x /T := Ker£ c . We have already known that Im£ c and Pa x ^T are pure 
twistor structures of weight 0. The decomposition is compatible with the Hermitian 
scsqui-lincar duality. Let So denote the induced Hermitian scsqui-lincar duality of 
Pa° X jT- We would like to show that So gives a polarization of Pa° x ^T. 

We have the following pure twistor structures: 

~ ( a %M ~ \ a %X 

L°a°~T= * f - L°a°~ M, C x , * f „ = {L°a%.T)* 

Here, C\ denotes the naturally induced sesqui-linear pairing. 
Proposition 18.4-10. — We have the following factorizations: 

Pa%T -> L°4 t f -> 4 f f, o^f* -> ^g^j -> P<4 f T 

Af 

Proof We have only to show the first factorization. We have already known the 
twistor property of Pa x ^T, P°a~^T and of- T. Hence, we have only to have such 
factorization for the specialization at A = 1. Namely, we have only to show that 
Pa x ^M x is contained in LPaP-M 1 . We put Y := Y and let i y : Y — > X denote the 
natural inclusion. 

Lemma 18.4.11. — We have the following commutative diagram: 

> M 1 > jvfM 1 > j*j*M 1 /M 1 > 

(375) /it h 

> n^M 1 > ^(jJ^M 1 ) > njQxfM 1 /M 1 ) > 
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> iy^iyM 1 > jifM 1 > M 1 > 

(376) 92 9i | 

Here j\ and g\ are the natural morphisms 



> Tl^iyJ-M 1 ) > TTiQj'M 1 ) > 7Tf (M 1 ) > 



Proof We will use commutative diagrams in Section 22.6.5 below. Because of 
the non-characteristic condition, we obtain (375) and (376) from (429) and (430) 
respectively, by taking the tensor product with M ■ □ 

Let us return to the proof of Proposition 18.4.10. We obtain the following commu- 
tative diagrams: 
(377) 

a^j+fM^M 1 ) ► a'+^M 1 ) a^iM 1 ) ► a% 1 fai^M 1 ) 

L _ L i_ l 

a^fM'/M 1 ) > a^{M l ) a^M 1 ) ► a^fe,^ 1 ) 

We also have the following commutative diagram: 

a%M l > a^M 1 ► a^i^itM 1 ) 

( 37g ) l \ «j 

a^M 1 > a^M 1 i a^&j'M 1 / M 1 ) 

The right arrow is the natural isomorphism. From (377) and (378), the morphism 
L c : aPx^M 1 — > a^M 1 is factorized as follows: 

a^M 1 > a^M 1 ► a^i^itM 1 ) = a^iy^yM 1 ) — a^M 1 

Hence, we obtain the following: 

Pa^M 1 C Kcr(^ : a^M 1 — > a^iy^-M 1 )) 

Note we have the decomposition p^M 1 = Ni N2, where the strict support of 
N\ is P 1 and the support of N2 is 0-dimensional. We have Opi^A^) = for j ^ 
0, and / e CLfiANi) is if and only if the restriction of / to some general point 
is 0. Hence, we obtain the injcctivity of the natural morphism Gr£ 1 a^(A / J 1 ) ~ 

a^p^M 1 — > a 1 (i Y ^i~.M 1 ) . Hence, we obtain PaP^M 1 C L°a°~ M 1 . Then, the 
claim of Proposition 18.4.10 follows. □ 
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Because C c : L 1 a Q ~^M. — > L 1 a 2 ~^M is an isomorphism, the following induced 
morphism is injective: 

L°a%,M a°~M 
Pa°M — > Gr° a°~M = ^ C * f ~ 

Due to Proposition 18.4.10, we obtain the following morphisms: 

(379) Pa%T — > i°4 t T — > Gr° a| f f ~ agi f p?f 

(380) a° lfP °f * ~ Gr° a| f* -> -> Pa° Yt T* 

^ Y f ' 

The composite of (379) is denoted by F. The composite of (380) is the adjoint F* . 
They are morphisms of pure twistor structures of weight 0. Since Pa° x A4 — > a^p^AA 
is injective, F is a monomorphism. 



We have the primitive decomposition: 

api|P|T = apif • Pp| 2l T 

i>0 

Lemma 18.4-12. — We have the following factorization of F: 
Pafx^T — y Qj^-LxPp^T ^ &^>ixp^T 

Proof Because of the twistor property, we have only to show that the image of 
Pa^M 1 — > a^^M 1 is contained in dp! . Pp|./Vl ^ . The composite of the following 
morphisms is 0: 

Pa° M 1 ► L°a%M l — L°a%M x 

A T X\ X\ 

Hence, the composite of Pa^^M 1 — > Gr" a^M 1 — > Gr° a~ M 1 is 0. It implies 
the above claim. □ 

Lemma 18.4-13. — The following diagram is commutative: 

Pa° Yt T — a° lf Pf>?f 
(381) s sj 

Pa° Yt T* <-^— a° lf Pp°f* 

Here S\ denote the naturally induced polarization of a^^Pp^T ■ 
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Proof Wc have started from the following commutative diagram: 



Pa%T 



+ 4/ 



Pa%T* <- 



4 t T * 



We obtain the commutativity of the following diagram, because it is obtained as the 
factorization (Proposition 18.4.10): 



Pa%T 



Pa%T* f- 



47* 



L 1 ^- T* 



+ 4t r 



4 t r * 



Then, we obtain the following commutative diagram: 



(382) 



Pa° xi T 



Pa° x ^T* f- 



4t r * 



L1 4t r * 



- Gr«4 f f 



Gr° L 4 f T* 



Since (381) is obtained as the factorization of (382) in Lemma 18.4.12, we obtain the 
desired commutativity. □ 

Since F is monomorphic, (Pa? x ±T, So) is polarized, and hence Proposition 18.4.1 
is proved. □ 
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CORRESPONDENCES 



In this chapter, we study some correspondences and their application to a conjec- 
ture of Kashiwara. In Sections 19.1-19.3, we establish the correspondence between 
wild harmonic bundles and polarized wild pure twistor Z?-modules on complex man- 
ifolds (Theorem 19.1.3). The argument is essentially the same as that in the tame 
case in [93], although we have some additional difficulties caused by Stokes structure 
and ramification. In Section 19.4, we show the correspondence between scmisimplc 
algebraic holonomic -D-modules and polarizable wild pure twistor D-modules on pro- 
jective varieties (Theorem 19.4.1). As an easy consequence, we obtain Kashiwara's 
conjecture (Theorem 19.4.2). 



19.1. Wild harmonic bundles and wild pure twistor D-modules 

19.1.1. Preliminary. — Let X be a complex manifold, and Z be any closed ir- 
reducible subvariety of X. Let A be a Q-vcctor subspace of C. In the following, 
"Zariski open" means "the complement of some closed analytic subset" . Let U be a 
smooth Zariski open subset of Z. Recall that a harmonic bundle (E, 8e, 0, h) on U is 
called A- wild on (Z, U), if we have a complex manifold Z and a birational projective 
morphism ip : Z — > Z satisfying the following property: 

— D := Z\ (y5 _1 (J7) is a normal crossing divisor. 

— ip*(E,dE,0,h)\u is an A- wild harmonic bundle on (Z,D). 

Definition 19.1.1. — Let (V, ID A ,S') be a variation of polarized pure twistor struc- 
ture of weight w defined on U. We say that (V, D , S) is an A-wild variation of 
polarized pure twistor structure of weight w on (Z,U), if the underlying harmonic 
bundle is A-wild on (Z, U). □ 

Let (T, S) be a polarized „4-wild pure twistor D-module of weight w whose strict 
support is Z. As remarked in Lemma 17.1.10, there exists a Zariski open subset U 
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of Z such that (7~, 5)|x\y comes from a harmonic bundle (E, 8e, 0, h) on U with the 
Tate twist, where Y := Z\U . We will prove the following lemma in Section 19.3. 

Lemma 19.1.2. — (E,d E ,9,h) is A-wild on (Z,U). 

19.1.2. Statement. — Let Z be an irreducible closed subset of X, and let U 
be a Zariski open subset of Z, and Y := Z \ U. Let VPT wild (Z, U, w, A) denote 
the category of .A-wild variations of polarized pure twistor structure of weight w on 
(Z, U). Let MPT™ r ld t (Z, U, w, A) denote the category of polarized .A-wild pure twistor 
D-modules such that (i) their strict supports are Z , i.e., the support of any non-zero 
direct summand is Z , (ii) their restriction to X \ Y come from variations of pure 
polarized twistor structure of weight w on U. In the both categories, we consider only 
isomorphisms. By Lemma 19.1.2, we obtain a functor 

$ : MPT^ ct (Z, U, w, A) — ► VPT wiId (Z, U, w, A). 

The following theorem is one of the main results in this monograph. 

Theorem 19.1.3. - <E> is an equivalence. 

Note that this theorem implies the following: 

— Let (V, D A ,S') be an .A-wild variation of polarized pure twistor structure of 
weight w on (Z,U). Then, (T,«S) € MPTj£? ct (Z, U, w, A) such that (T,S)\x\Y 
comes from (V, D A ,S'). In other words, (V,D A ,S < ) is extended to a polarized 
wild pure twistor D-module on X. It is called a minimal extension of (V, D A , S). 

— If (T', S') is another minimal extension of (V, U A , 5), we have (T, S) ~ (T',S'), 
where the restriction of the isomorphism to X \ Y is the identity of (V, D A , 5). 
Namely, a minimal extension is unique. 

— In particular, if (V,B A ,S) = 0(V5, D A , we have the corresponding decom- 
position (T,5) = ®(7i,5j). 

We will show the essential surjectivity of $ in Section 19.2, and the fully faithfulness 
in Section 19.3. 

19.1.2.1. Variant. — Let Z,U,Y be as above. Let (V, B A ) be a variation of pure 
twistor structure of weight w defined on a smooth Zariski open subset U of Z. We 
say that (V, D A ) is a polarizable .A-wild variation of pure twistor structure of weight 
w on (Z,U), if there exists a polarization S of (V, E )A ) such that (V, D A , S) is an 
.A-wild variation of polarized pure twistor structure of weight w on (Z,U). Let 
VPT wlld (2', Z7, w, A)' denote the category of the polarizable .A-wild variations of pure 
twistor structure of weight w on (Z, U). Morphisms in this category are defined to 
be morphisms for variations of twistor structure on U. 

Let MPT™ r ld t (Z, U, w, A)' denote the category of polarizable *4-wild pure twistor 
D- modules of weight w such that (i) their strict supports are Z , (ii) their restriction 
to X \ Y come from variations of twistor structure of weight w. (We consider the full 
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subcategory of the category of wild pure twistor D-modules of weight w on X.) By 
Lemma 19.1.2, we obtain the following functor: 

$ : MPT£Srt(Z, U, w, A)' — > VPT wild (Z, U, w, A)' 

Corollary 19.1.4- — $ is an equivalence. 

Proof The essential surjectivity follows from Theorem 19.1.3. Let us consider 
the fully faithfulness. Note that both the categories MPT™ ld t (Z, U, w, A) 1 and 
VPT wiM (Z,U,w,A) are semisimple. Hence, we have only to show the following: 

- $(T) is simple if T G MPT^^Z, U, w, A) is simple. 

- Let Ti e MPT^ ct (Z,U,w,A) (i = 1,2) be simple. If $(Ti) ~ $(T 2 ), then 
Ti ~ Ti. 

The both claims follow from Theorem 19.1.3. □ 

19.2. Prolongment to polarized wild pure twistor D-modules 

We shall prove the essential surjectivity of $ in Theorem 19.1.3. The argument is 
essentially the same as that in the tame case [93]. 

In Subsection 19.2.1, we will reduce the issue to the local and unramified case, in 
which we have already constructed an 7?.-triple in Chapter 12. We have only to show 
that it is a wild polarized pure twistor .D-modulc (Proposition 19.2.1). In Subsection 
19.2.2, we give a preparation for the functoriality of the family of filtered A-flat bun- 
dles associated to an unramificdly good wild harmonic bundle. In Subsection 19.2.3, 
we shall show that the 7£-triple in Chapter 12 is strictly .^-decomposable along any 
function. In Subsection 19.2.4, we study the specialization along a monomial function 
with an exponential twist. Then, in Subsection 19.2.5, we argue the specialization 
along any function with exponential twist. 

Recall that we have already studied the specialization of the 7?.-triple along mono- 
mial functions without exponential twist, in Sections 12.4 and 12.7. Namely, we 
have already known that it is strictly S'-decomposable along any monomial function 
(Proposition 12.4.3), and we have also known that we obtain polarized graded wild 
Lefschetz twistor D-module as the specialization along a monomial function (Propo- 
sition 12.7.3. More precisely, we use the hypothesis of the induction on the dimension 
of the strict support.) The specialization along any functions can be reduced to that 
along monomial functions by Hironaka's resolution and the propositions in Subsection 
18.3.2. 

19.2.1. Reduction to the local and unramified case. — Let X = A™ and 

D = \J e i=1 Di. Let (E,dE,0,h) be an unramifiedly ^4- good wild harmonic bundle 
on X — D. We have constructed the 7?.x-module <£ with the sesqui-linear pairing 
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£ : &\sxx ® CT *^|Sxx — ► ®b SxX /s- (See Sections 12.1 and 12.5.) We will prove the 
following proposition in Sections 19.2.2-19.2.5. 

Proposition 19.2.1. — 1(E) := (£,£,£) is an A-wild pure twistor D-module of 
weight 0. The natural Hermitian sesqui-linear duality S = (id, id) gives a polarization. 

Let X and D be as above. Let (E,dE,0,h) be an „4-good wild harmonic bundle, 
which is not necessarily unramified. We show the next lemma by assuming Proposition 
19.2.1. 

Lemma 19.2.2. — There exists an A-wild pure twistor D-module (<£i, (Si, <£i) of 
weight with the natural polarization (id, id) satisfying the following: 

— The restriction to X — D is isomorphic to the polarized pure twistor D-module 
associated to (E,dE,0,h). 

— Let X := C\ x X andT> := C\XD. Then, &.i®Ox(*T)) is naturally isomorphic 
to Q£ . In particular, we naturally have <E\ C Q£ . 

Proof Take a ramified covering ip : (X,D) — > (X,D) such that (E,d^,9,h) := 
(p^ 1 (E, dE,9,h) is unramified. We obtain the associated polarized A- wild pure twistor 
D-module 1(E) = (<£,<£,£) with 6 = (id, id) as in Proposition 19.2.1, which is 
Gal(X/X)-equivariant. Hence, we obtain a polarized *4-wild pure twistor D-module 
Pip^l(E) on X with the Gal(X/X )-action. The invariant part of Pip^T^^x-D is 
isomorphic to the polarized pure twistor D-module associated to (E, dE,0,h). Note 
that a wild pure twistor D-module has the decomposition by strict supports, because 
it is assumed to be strict S'-decomposablc in definition. We have the direct summand 
Ti = (<£i, (Si, £i) of the invariant part P<£ t T(i?) Gal W x ) such that the strict support 
of Ti is X, with the naturally induced polarization &% = (id, id). Then, (Ti,6i) 
gives a prolongment of (E, dE,0,h). 

We have ip*Q£ = Q£, and hence Q£ is naturally isomorphic to the Ga\(X / X)- 
invariant part of tp^ Q£. We also have <B<8> 0^(*T>) = Q£. Hence, we obtain a natural 
morphism £i — > Q£ satisfying €i ® Ox(*T>) ~ Q£ . □ 

Let X be a complex manifold with a normal crossing hypersurface D. Let 
(E,dE,0,h) be an ,4-good wild harmonic bundle on (X, D). We show the next 
lemma by assuming Proposition 19.2.1 and hence Lemma 19.2.2. 

Lemma 19.2.3. — There exists an A-wild pure twistor D-module ((£i, <£i, <£i) of 
weight with the polarization (id, id), whose restriction to X — D is isomorphic to 
the polarized pure twistor D-module associated to (E,dE,0,h). 

Proof Let U be an open subset of X with a holomorphic coordinate system 
(z\, . . . , z n ) such that D DU — Uj=i{ z i = 0}- By applying Lemma 19.2.2, we obtain 
the wild pure twistor D-module := ((£[/, £u) with the polarization (id, id). 
Let Ui (i = 1,2) be such two open sets. Then, the restriction of <tjj i ® 0(*T>) to 
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C\ x (Ui n U2) are naturally isomorphic to Q£\C\x(UinU2)- Let g be a holomorphic 
function on U\ n U2 such that Ui n U2 H D = {g = 0}. Since both ^■Ui\UinU 2 are 
strictly .S-decomposable along g, the isomorphism on (U\ fl C/2) \ D is extended to 
the isomorphism on U\ n ^2- (See Lemma 22.4.10.) Hence, by varying U and gluing 
1(7, we obtain the globally defined TvLx-triplc 1(E) := (€1, £1, £1) with the Hermitian 
sesqui-linear duality &(E) :— (id, id). Let us check that (1(E), &(E)) is a polarized 
wild pure twistor D-module of weight 0. According to Lemma 17.1.5, we have only 
to show that (£1 is a good 7?-x-module. (See Subsection 22.2.3.) 

Note that <B\ is naturally contained in Q£. Let K be any compact subset of A. 
For any Ao S C\, there exist a large number N and a neighbourhood U of {Ao} x K 
in X, such that an 0^ -module €1 n Q ^g £ generates Hence, £1 is good. Thus, 
the proof of Lemma 19.2.3 is completed. □ 

Let us show the essential surjectivity of <J> assuming Proposition 19.2.1, and hence 
Lemma 19.2.3. Let ((E, 8e, 0, h)) be an ^4-wild harmonic bundle on (Z, U). We take 
a complex manifold Z and a birational projective morphism ip : Z — > Z such that (i) 
the complement of (^ _1 ([/) is normal crossing, (ii) (p~ 1 (E,dE,6 7 h) is a good ^4-wild 
harmonic bundle. By applying Lemma 19.2.3, we take a polarized „4-wild pure twistor 
D- module (Ti,©i) on Z whose restriction to iy9 _1 (L7) is isomorphic to the polarized 
pure twistor D-module associated to <p~ 1 (E,dE : Q,h). According to Theorem 18.1.1, 
(0i f]^i^c, ©j Vl&i) is a polarized graded .4- wild Lefschetz twistor D- module on 
X, where C c denotes a Lefschetz map associated to a line bundle relatively ample with 
respect to ip. Let Pip^li be the primitive part of <£>°Ti. We have the decomposition 
PyftZi = 1 2 © 1' 2 , where the strict support of 1 2 is Z, and the support of 1' 2 is 
strictly smaller than Z . We have the naturally induced polarization & 2 on 1-2- Then, 
(T2, 62) gives the desired prolongment of (E, 8e, 0, h). Thus, the proof of the essential 
surjectivity of $ is reduced to that of Proposition 19.2.1. 

In the rest of this section, we will prove Proposition 19.2.1. We use an induction 
on dim A. 

19.2.2. Pull back of the associated family of meromorphic A-fiat bundles. 

— Let A := A™ and D := [J i=1 Di. Let (E, 8e, 6, h) be an unramifiedly 4-good wild 
harmonic bundle on A — D. Let ip : Ai — > A be a birational projective morphism 
such that D 1 := ip^ 1 (D) is a normal crossing divisor. 

Lemma 19.2.4- — (-^i> ^Ed hi) := ip~ 1 (E 1 dE,9,h) is an unramifiedly A-good 
wild harmonic bundle on Ai — D±. 

Proof Because the claim is local on A, we may assume to have the decomposition 
(E,d E ,0) = ®(E a ,d Ea ,9 a ) 8£(a). Then, the claim is clear. □ 

Let V <0 £ x be the union of V b £ x for b e R e such that 6, < (i = 1, . . .,£). 
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Lemma 19.2.5. — We have ip*V£ x = V£ x and ip*'P < o£ x C V <0 £ x . 

Proof Because ip*V<o£ x = Ox x ® v -^o x ( P~ 1 T ? <o£ X , we have only to show 
Lp~ 1 V < o£ x C V < o£ x , which follows from the definition. (See Subsection 7.4.1.) □ 

Let Q <0 £ x be the union of Q b £ x for b G R e such that 6* < (i = 1,. . .,£). We 
obtain the following lemma from Lemma 4.5.7. 

Lemma 19.2.6. — We have ip*Q <0 £ x C Q <0 £ x and ip*Q£ x = QSf. □ 

It is easy to derive the following lemma from Lemma 19.2.6 by using the local 
freeness of Q^)£ x and Q^ o) £i. 

Lemma 19.2.1. — For any X , we have tp* Q { <° ] '£ C Q^Si and ip*Q {Xa ^£ = 
Q (Ao) £i. □ 

19.2.3. Strict S'-decomposability. — Let X, D and (E,dE,9,h) be as above. 
Let g be any holomorphic function on X. Let us show that l£ is strictly S- 
decomposablc along g. Let X be a complex manifold with a projective birational 
morphism ip : X — > X such that (i) X - ip" 1 (g _1 (0) U D) ~ X - (g _1 (0) U D), 
(ii) c/5 _1 (<7 _1 (0) U fl) is a normal crossing divisor. We obtain the .A-good wild 
harmonic bundle (E,dg,9,h) := tp~ 1 (E 1 dE 1 Q,h) and the associated 7?.^-triple 
1(E) := (<£, <£, £). Let 51 := g a ■ IIj=i z j J f° r some a, ?ij e Z> . We put <?i := gi o (p. 

— By Proposition 12.4.3, 1(E) is strictly S'-dccomposable along "g\. 

— For any u £ R x C, according to Proposition 12.7.3 and the hypothesis of the 
induction on dim X, Gr^ ^g 1<u (1(E)) with the induced morphism Af and 
Hermitian sesqui-linear duality is a polarized graded ,4-wild Lcfschetz twistor 
D-module of weight 0. 

Namely 1(E) and the Hermitian sesqui-linear duality (id, id) satisfy Condition 18.3.5 
with a = 0. According to Proposition 18.3.8, (pll(E) is strictly S'-decomposable along 
g\. Hence, we have the decomposition ip®<£ = Mi © M2 such that (i) Mi contains 
no non-trivial 7?.-submodulcs whose supports are contained in D U <? _1 (0), (ii) the 
support of Mi is contained in <? _1 (0) U D. By construction, we have the natural 
identification of the restrictions of € and Mi to C\ x (X — (D U {g = 0})). 

Lemma 19.2.8. — The above identification is naturally extended to a morphism 
k : <£ — > Mi on C\ x X. 

Proof It can be shown using an argument in Section 19.3.1 of [93]. We give 
only an outline. We consider the corresponding right 1Z x -modules, (£ <£> ojx and 
(£(8>W£. By Lemma 19.2.7, any section of Q^£ ®u>x naturally induces the section 
of Q<^£ ® u)£ C £ 65 cj^. Hence, it naturally induces the section of tp®(<£ ® ui^)- 
(See Lemma 14.11 of [93].) Hence, we obtain F : (£ ) ®ux — > Mi ® uj x . 
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Let /, (i = 1,2) be local sections of Q K g (£) ®u>x, and let Pj (i = 1,2) be local 
sections of IZx- If /i • Pi = fi • P2 in <£ ® ^x, the restrictions of F(fi) ■ Pi to 
C\ x (X — (Z?U.9 _1 (0))) are the same. By using the strict S-decomposability of A^i 
along g ■ n^ = i Zj, we obtain F(/i) ■ Pi = P(/ 2 ) ■ P 2 on X. 

Since € <g> w^r is generated by Q<g £ <S> over TZx, we obtain the desired map. 

□ 

Let us show that re is an isomorphism. Since &\C\x(X-d) comes from a harmonic 
bundle, we know that {£ic a x(x-.d) is strictly S-decomposablc along g\x-D- (See [104] 
or [93].) Hence, k\x-d is an isomorphism, due to Lemma 22.4.10. We have already 
known that (£ is strictly S'-decomposable rij=i z j- Hence, re is an isomorphism, due 
to Lemma 22.4.10 again. In particular, we obtain that <£ is strictly S'-decomposable 
along g. 

19.2.4. Specialization along monomial functions with exponential twist. 

— We study the specialization along monomial functions before considering the 
general case. 

Proposition 19.2. 9. - Let g := rj* =1 z™' . 

— T(P) is strictly specializable along g with ramification and exponential twist by 
any a £ Cfc 1 ] 

— PGt^ ' i/) g atU %( t E) are A-wild pure twistor D-modules of weight I with the 
naturally induced polarization for any u £ R X C and a £ C[i~ ]. 

— Moreover, PGr^ ^ ^g.a,u^{E) = unless u £ R x A. 

Proof We first consider the unramified case, i.e., a £ C[f _1 ], and then we argue 
the general case. 

19.2.4-1. Unramified case. — Note that (E,dE,0,h) <£> L(—g*a) is not necessarily 
good. According to Proposition 15.3.1, we can take a birational projective morphism 
{X,D) — > (X,D) such that (i) X - (<p* g)' 1 (0) ~ X-g' 1 ^), (ii) if- 1 ((E, d E , 0, h)® 
L(—g*a)) is an unramifiedly .4-good wild harmonic bundle on (X, D). We set g := 
ip*g. We set 

(E,d E ,9,h) := tp*{E,d E ,0,h), (E\d gn e',h') := (E,d s ,6,h) <g> L(-g*a). 

We have the associated ^-triples T{E) := (£,£,£) and T(E') := (<£',<£',<£') with 
the Hcrmitian sesqui-linear dualities (id, id). Let i g (resp. ig) denote the graph 
X — >XxC t (resp. X — > XxC t ) for the function g (resp. g). Since (E', <9g,, 0' , h') 
is also unramifiedly „4-good wild, the following holds: 

— The Tlxy.c -triple igfl(E') is strictly S-decomposablc along t. 

— According to Proposition 12.7.3 and the hypothesis of the induction on dim A, 
®j Gr^ %j)g U (%(E'y} with the induced morphism Af and Hermitian sesqui-linear 
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duality is a polarized graded .4- wild Lcfschctz twistor D-module of weight for 
each u £ R x C. Moreover, ipg^ u (l(E')) = unless u G R x A, by Corollary 
12.4.5. 

Because igf1(E')(*t) ~ igj1(E)(*t) g) £(— g*a), we obtain the following: 

— The Tlx xCt (*t)-triple igj1(E)(*t) <E> £,(—g*a) is strictly specializable along t. 
~ ^g,u,a(1(E)) with the induced morphism I\f and Hermitian sesqui- 

linear duality is a polarized graded „4-wild Lefschetz twistor D-module of weight 
for each u G R x C. Moreover, ipg^ u ^ a (1(E)) = unless u G R X A. 

Namely, 1(E) and the Hermitian sesqui-linear duality (id, id) satisfy Condition 18.3.5 
with a. We also have i g j(pj1(E)(*t) <£>£,(— g*a) = unless i = 0. According to Lemma 
18.3.6 and Proposition 18.3.7, the following holds: 

— The lZxxc t (*t)-triple i g ^ip^1(E)(*t) <Ei £(— <?*a) is strictly specializable along t. 

~ ©; Gr^ ipg iU ^ a tpi(%(Ey) with the induced morphism J\f and Hermitian sesqui- 
linear duality is a polarized graded wild Lefschetz twistor D-module of weight 
for each u G R x C. Moreover, Tp giU . a ip®(l(E)) = unless u G R x A. 

Let us show that i g j(p®1(E)(*t) and i g f1(E)(*t) are isomorphic. We have only 
to show that (p®1(E)(*g) and 1(E)(*g) are isomorphic. By construction, their re- 
strictions to X — {g = 0} are naturally isomorphic. As in Section 19.2.3, the iso- 
morphism of the underlying 7?.-modules is extended to £(*<?) — tp®<£(*g), and hence 
tp® r £(E)(*g) ~ 1(E)(*g). Hence, we are done in the unramified case. 

19.2.4-2. General case. - Let ip m : X x Ct m — > X x Ct be induced by 
¥>m(*m) = C- Let 7T TO : X — > X be the ramified covering given by 7r m (Ci, . . . , Cn) = 
(Cf, • • • , C™i Cfe+ii • • • j C»)- The induced morphism A x C tm — > X x C tm is also 
denoted by 7r m . We put 7r m := (p m o 7r m . Let L ff := {t — g = 0} G X x Ct- Let oj m 
be a primitive m-th root of 1. We have the following decomposition: 

m— 1 

^r s = U{*»-<-f(Ci»»- ) C») = o} 

p=0 

Let j p : X — > X x C tm be the graph of • g(Ci, ■ • ■ , Cn)- 

We set (E,dg,0,h) := 7r~ 1 (i?, 0, ft,), which is unramificdly „4-good wild. We 
have the associated 7?.-module (£ and the associated Tvl-triple 1(E). The direct sum 
® p jpf^(E)(*t m ) ® £(-a) is Gal(A/A)-cquivariant. 

Lemma 19.2.10. — </?^i g ^(^)(*t) (8 £(— a) is identified with the Gal(A/A)- 
invariant part of 

*Vnt (0 M^^X***.) ® £(-0)) . 
P 
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Proof Wc have the following natural isomorphisms: 

<«fet«® o(*t))) - z* m (hi<£ ® ©(**)) - 0i P t^ ® o(**m) 

Therefore, we have the following: 

j pt £ <g> 0(*t m ) <g> C{-a) s C(<(i 9t e (8 0(*t)) <g> £(-a)) 
By using Lemma 22.7.1, we obtain the following: 

TTmt (0 Jpt« ® C(*im) 8> £(-a)) ~ ^(i^C ® 0(*t)) <8 £(-o) (8 7T mt < n O(*t In ) 
Hence, (^ 5 f <£ <£> <8> £(— ft) is identified with the Gal (X/X) -invariant part of 

7I"mt 

We have the sesqui-linear pairing of ip* m (i g j (£ <g> 0(*t)) <X> £(— a) induced by ^C. 
The sesqui-linear pairing of © j P f £ <£> £(— ft) also induces a sesqui-linear pairing of 
<^j(i ff t<!:®0(*£)) ®£(— ft). Since the restriction of them to X x Ct m \{i TO = 0} are the 
same, they are the same on X x C* m . (Note the sesqui-linear pairing of 7£(*4 m )-triples 
has the values in the moderate distributions.) Thus, we obtain Lemma 19.2.10. □ 

Let us return to the proof of Proposition 19.2.9. By the previous result in the 
unramified case, j p j1(E)(*t m ) <E> £(— ft) arc strictly specializable along t m , and 
(Gr^ t (j p {1(E)),Af p ,S p ^ arc polarized graded .A-wild Lefschctz twistor D- 
modules of weight 0, where Af p and S p are the naturally induced nilpotent maps and 
Hermitian sesqui-linear duality. Moreover, i>t m ,u,a(jpf1(E)) = unless u £ R x A. 
By Proposition 18.3.7 and Lemma 18.3.6, the following holds: 

— Km\(jp\1(E) <8> £(— ft)) arc strictly specializable along t m . 

— (Gr w ^t m ,u,a^mi(jp^1(E)),Af p ,S' p ) are polarized graded A-wild Lefschetz 
twistor Z?-modules of weight 0, where Afp and S' p denote the induced nilpotent 
maps and Hermitian sesqui-linear duality. Moreover, ipt m ,u,a'^mAj P \ c ^(E)) = 
unless u € R x A. 

Then, the first claim of Proposition 19.2.9 follows from Lemma 19.2.10. Since 
is a direct summand of 0PGr[^ ipt m ,u,a^mf(jpf1(E)), the 
second and third claims of Proposition 19.2.9 follows. □ 

19.2.5. End of Proof of Proposition 19.2.1. — Let g be any function on X. Let 
a G Cfi" 1 ]. We take a complex manifold X\ and a birational projective morphism tp : 
X x — > X such that (i) X 1 -tp- 1 (g- 1 (0)) ~ X-g-^O), (ii) y~ l (g~ l (0)u£>) is normal 
crossing. We have the unramificdly A-good wild harmonic bundle (E, d^, 8, h) := 
tp^ 1 (E, 8e,9, h). We have the associated 7£-triple 1(E) = (<£, (£, €). Let g := go (p. 
Due to Proposition 19.2.9, the following holds: 

— 1(E) is strictly specializable along g with ramification and exponential twist by 
n. 
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— -PGr ; ( ' "ip-g u a %{E) is an -A-wild pure twistor D-module of weight I, and the 
naturally induced Hcrmitian sesqui-linear duality gives a polarization. More- 
over, ipg^ u ^ a 1(E) = unless u € R x A. 

By construction, we have tplZ(E)(*g) = unless i — 0. According to Proposition 
18.3.7, the following holds: 

— ip®1(E) is strictly specializable along g with ramification and exponential twist 
by a - 

— P Gr^ ^ if) gjU>a (p9%(E) is an .A-wild pure twistor f-modulc of weight I, and the 
naturally induced Hcrmitian sesqui-linear duality gives a polarization. More- 
over, ip g , u ^ a ip^1(E) = unless u £ R x A. 

As in Section 19.2.3, we have the natural isomorphism c I(E)(*g) ~ (p9%(E)(*g). Thus, 
the proof of Proposition 19.2.1 is finished. □ 



19.3. Wildness and uniqueness 

We shall show Lemma 19.1.2 and the fully faithfulness of $ in Theorem 19.1.3. 
The faithfulness is clear by strict S-decomposability of wild pure twistor D-modulcs. 
Indeed, let / : M.\ — > M.2 be a morphism of strictly ^-decomposable 72.- modules 
whose strict supports are Z. If its restriction to a Zariski open subset of Z is 0, it 
is on Z. Hence, we have only to show Lemma 19.1.2 and that the induced functor 
$ is full. Let us rewrite the claims. Let Z be an irreducible closed subset of X. Let 
(7~, S) be a polarized ^4-wild pure twistor 7J-module of weight w whose strict support 
is Z. There exists a Zariski open subset U of Z such that (T, S)\x~y comes from a 
harmonic bundle (E, 8e,0, h) on U with the Tate twist, where Y := Z — U. 

Proposition 19.3.1. 

— (E,dE,8,h) is A-wild on (Z,U). In particular, we obtain a functor 

$ : MPT^ ct (Z, U, w, A) — > VPT wiId (Z, U, w, A). 

— Recall that we have constructed the polarized A-wild pure twistor D-module 
(X, &) of weight associated to (E,dE,Q,h) which is A-wild on (Z,U). Then, 
we have a natural isomorphism (T, S) ~ (T, 6) <£> T s (— w/2). 

The first claim is Lemma 19.1.2, and the second claim implies that $ is full. 

In Subsection 19.3.1, we consider the case dimZ = 1. To argue the higher di- 
mensional case, we reduce the issue to the local case in Subsection 19.3.2. We give 
a preparation in Subsection 19.3.3. We study the restriction to curves in Subsection 
19.3.4, and the behaviour around a good point in Subsection 19.3.5. Then, we finish 
the proof in Subsection 19.3.6. 

Although much part of the argument is essentially the same as that in the tame 
case, we have some additional difficulties. In the tame case, it is rather easy to show 
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that the corresponding harmonic bundle is tame by using a convenient curve test, i.e., 
for a given harmonic bundle, it is tame if its restrictions to curves are tame. Although 
we have a curve test in the wild case (Proposition 13.5.1), we need preliminary to apply 
it, and additional argument to use Proposition 15.3.1. 

Another difficulty is caused for the second claim by Stokes structure. Recall that we 
have the uniqueness of an extension of a flat bundle to regular singular mcromorphic 
flat bundle. Hence, if we are given regular polarized pure twistor D-modules 71 
(i = 1,2) whose restriction to a Zariski open subset is isomorphic, it is rather easy to 
obtain that the underlying 7^-modules of % are isomorphic. Because we do not have 
such uniqueness in the irregular case, we need some arguments to obtain the desired 
isomorphisms. Hence, wc will study the comparison of the associated mcromorphic 
objects. 

Recall that we have already established the correspondence in the case that Z is 
smooth and one dimensional (Section 17.2), in which the wildness is easy to show, but 
the uniqueness is not so easy. Note that we have used the uniqueness result (Theorem 
12.6.1) in an essential way. 



19.3.1. The case dimZ =1. — Assume dimZ = 1. Let P G Z \ U. We take a 
small neighbourhood Xp of P. We have the decomposition T\x P = (Bi % by strict 
supports, corresponding to the irreducible decomposition ZdXp = lJj gA Zi. We have 
only to show the claims of Proposition 19.3.1 for each %■ Hence, we may assume (i) 
X = A™, (ii) Z is not contained in {z n = 0}. Let (T,S) be a polarized .A- wild 
pure twistor D-module of weight 0, whose strict support is Z. We assume that the 
restriction of (7~,S) to X — {z n — 0} comes from a harmonic bundle (E 1 dE,9,h) on 
U = Z\{z n = 0}. We may assume T = {M,M, C) and S = (id, id). Let tt : X — ► A 
be the projection onto the n-th component. Let Z := A z , and let (p : Z — > Z be a 
normalization. The composite 7r o ip is denoted by tt. We may assume tt(z) = z m for 
some m > 0. 

Let T 1 = (M',M',C) denote the direct summand of Pir®T whose strict sup- 
port is A. It is an A- wild pure twistor Z?-module of weight with the naturally 
induced polarization S' = (id, id). We also have the corresponding ,4-wild harmonic 
bundle (E',d EI ,6',ti) := n*(E,d E ,9,h) on A*. According to Proposition 17.2.1, 
(T',5') is naturally isomorphic to the „4-wild pure twistor £>-module associated to 
(E',dE'>9',h') by the construction in Section 17.2.2 or Section 19.2. 

Lemma 19.3.2. — (E,d^,9,h) := ip*(E,dE,9,h) is an A.- wild harmonic bundle. 
Namely, the first claim of Proposition 19.3.1 holds in the case dimZ = 1. 

Proof Since (E,d^,9,h) is a direct summand of tt*(E', Be 1 , 9', h'), the claim is 
clear. □ 
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Let us show the second claim of Proposition 19.3.1 in the case dimZ = 1. We 
have the wild pure twistor D-modulc 1(E) = (<£,<£, <t) with the polarization & = 
(id, id) on Z, associated to (E,dg,0,h). Let C c be the Lefschetz map of ip'1(E) 
for a relatively ample line bundle with respect to ip. Let Pcp^l(E) be the kernel 
of C c : f^1{E) — ► tf%(E). Let Ti = {Mi,Mi,Ci) be the direct summand of 
Pip9l(E) whose strict support is Z, which is equipped with the naturally induced 
polarization Si. Let Aii denote the underlying 7?. ^ -module of 7i- We would like 
to show (7i,5i) ~ (T, <S). For that purpose, we have only to show that the natural 
isomorphism Mi\x-{z n =o} — ■M\x-{z n =o} is extended to an isomorphism on X. 

Lemma 19.3.3. — We have a natural isomorphism ir^AA{*z n ) ~ M'(*z n ). 

Proof By construction of A4'(*z n ), we have a natural morphism i : A4' — > tt^AA, 
and the support of Ker(t) and Cok((.) are contained in {z n = 0}. Because of the 
coherence, we obtain the vanishing of Cok(t) and Ker(t) after the localization. □ 

In general, for a given 72-x-uiodule M on C\ x X, let A/" A denote the specialization of 
N to {A} x X. Let A ^ 0. We set V A := L~ n+ V M x {*z n ). Note Vip*M x {*z n ) = 
for any j =/= —n + 1. As remarked in Lemma 22.6.3, it gives a meromorphic A-flat 
bundle on (Z,D). 

Lemma 19.3.4- — We have a natural isomorphism tr : ip®V x — > M. (*z n ). 

Proof As remarked in Section 22.6.1, we have the trace map 

tr : (p 1 L(p*M x [l - n] — > M x . 

If we take the localization with respect to z n , we have ip^ L(p*M x [l — n](*z n ) ~ (p®V x . 
Thus, we obtain the desired morphism. To check that it is an isomorphism, we have 
only to see that the restriction is an isomorphism on X — {z n = 0}, and it is clear. 

□ 

Lemma 19.3.5. — We have a natural isomorphism V x ~ Q£ x = (£ A (*z). 

Proof Because A4' x (*z n ) = QS' X as in Proposition 17.2.1, we have the natu- 
ral inclusion Q£ x C tt* M' x (*z n ). Note Q£ x , V A and ir*M /X (*z n ) arc locally free 
C^(*£')-modules. Because the restriction of V A and Q£ x to <£>~ 1 ([/) are the same in 
5r*A^ (*z n )i ¥ ,-i(m, we have only to show that V A is also contained in ir*A4' x (*z n ). 
We obtain the following natural isomorphisms from Lemma 19.3.3 and Lemma 19.3.4: 

n*M' x (*z n ) ~ K*(rfM x {*z n )) ~ i*7r t Vt(V A ) ~ i*i t (V A ) 

Since n is a ramified covering, is the same as the push-forward for O-modules, as 
explained in Lemma 22.7.1. Hence, V A is naturally identified with a direct summand 
of 7r*7T|(V A ). Thus, we are done. □ 

Lemma 19.3.6. — We have a natural isomorphism J\A x (*z n ) ~ A4 x (*z n ) for A ^ 0. 
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Proof It follows from Lemma 19.3.4 and Lemma 19.3.5. □ 

The rest is essentially the same as the argument given in Section 19.4.2 in [93]. 
We give an outline with minor simplification. Let Ao G C\. Let t/(Ao) denote a 
small neighbourhood of Ao- Let v = be a frame of Q<q £■ Each i>j naturally 
induces a section <p^(vi) of Mi(*z n ). The tuple of tfif(vi) is denoted by ip\(v). Let 
^(v)-TZx(*z n ) denote the submodule of M.i(*z n ) generated by <p^(v) over TZx(*z n ). 

Lemma 19.3.1. — We have f^{v) ■ TZx(*z n ) = M.i(*z n ). In other words, ip-\(v) 
generates M.\{*z n ) over lZx{*z n ). 

In particular, A4i(*z n ) is generated by the restriction of ip^(v) to {A} x X . 

Proof It is easy to show the coincidence of the restriction of them to X~ {z n = 0}. 
Then, the claim follows from Lemma 22.4.9, for example. □ 

Let £ denote the 7^c/-module on C\ x U associated to (E, /i). Let ijj : U — > 

X. Then, we obtain the 7^-module lu^S- As remarked in Lemma 19.25 of [93], any 
section / of ijj\£ (rcsp. lu^£ x ) on U(\q) x X (resp. X) is uniquely expressed as 
follows: 

(383) /= E r-'-.':-Jn,-\[^ 

Here, f n .i are holomorphic functions on U(Aq) x U (resp. U). 

Lemma 19.3.8. — Let f be a section of Mi(*z n ) on X. Then, each f n ^ is mero- 
morphic on Z . 

Proof Let z be a holomorphic coordinate of Z. Then, ip~ 1 (d/dz n ) is expressed as 
the linear combination of d/dz and ip~ 1 (d/dz i ) (i = 1, . . . , n — 1) with meromorphic 
coefficients. Then, the claim of Lemma 19.3.8 follows from Lemma 19.3.7. □ 



Lemma 19.3.9. — We have a natural isomorphism M(*z n ) ~ M.\{*z n ). 

Proof We have only to show Ai(*z n ) C Aii(*z n ) in lu^E. Let / be a section of 
M(*z n ) on U(Xo) x X. We have the expression of / as in (383). The restrictions 
fn,i\{\}xx are meromorphic on X for each A ^ contained in U(Xq). Hence, as 
remarked in Lemma 19.23 of [93], we obtain that f n ,i is meromorphic on C/(Ao) x X . 
Then, it is easy to see that / is contained in A4i(*z n ). Thus, we obtain Lemma 
19.3.9. □ 

Then, we obtain M. = Mi due to Lemma 22.4.10. Thus, the second claim of 
Proposition 19.3.1 is finished in the case dimZ = 1. 
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19.3.2. Preliminary for the general case. — Before going to the case dim Z > 1, 
we give some lemmas to show that we can shrink X and U arbitrarily in the proof. 
Let Z be a closed analytic subset of X. Let [E, 8e, 9, h) be a harmonic bundle defined 
on a Zariski open subset U of Z. 

Lemma 19.3.10. — Assume the following: 

(Locally wild) : For any point P of Z , there exists a neighbourhood Up of P in 
X such that (E, 8e,9, h)\u P nu * s wild °n {Z H Up, U C\Up). 
Then, (E,dE,9,h) is wild on (Z,U). 

Proof We take a birational projective morphism ip : Z\ — > Z such that D\ := 
p~ l {Z — U) is a normal crossing hypersurface of Z\. By the assumption, the eigen- 
values of (p~ 1 (9) are (possibly multi- valued) meromorphic 1-forms. By replacing ip 
and U appropriately, we can assume that the ramification of the 1-forms may happen 
only at D\. For any point of Pi € Z\, the local wildness condition is satisfied. Hence, 
(p^ 1 (9) is generically good. Due to Proposition 15.3.1, we can take an appropriate 
refinement of ip such that <p*9 is good. Then, ip*(E, Be, 9, h) is good wild. □ 

Let (E, dE,9,h) be a wild harmonic bundle on (Z, U). We have the polarized wild 
pure twistor D-module (1, ©) of weight 0, associated to (E,dE,9,h) as in Section 
19.2. Assume that we are given another polarized wild pure twistor D-module (T, S) 
of weight whose strict support is Z, such that the restriction to X — Y comes 
from (E,dE,9,h), where Y := Z — U. Then, we have the natural isomorphism 

\X—Y — \X-Y 

Lemma 19.3.11. — Assume the following: 

(Locally extendable) : For any point P e Z , there exists a neighbourhood Up 

of P in X such that the isomorphism F\ Up \y can be extended to an isomorphism 

Fu P ■ (%&)\u P — ► (T,S)\ Up . 
Then, F is extended to an isomorphism F : (X, &) — > (7~,S). 

Proof By the strict S'-decomposability of the underlying 7?.-modules of pure 
twistor D-modules, we have the following general and easy fact: 

— Let T be a pure twistor D-modulc whose strict support is Z±. Let ip be an 
automorphism of T ■ If the restriction of tp to some Zariski open subset of Z\ is 
equal to the identity, then ip is equal to the identity. 
Then, we obtain F Up \ UpVUq = F Uq \ UpVUq , and thus we obtain the global isomorphism. 

□ 

By Lemmas 19.3.10 and 19.3.11, we may shrink X arbitrarily to show Proposition 
19.3.1 in the following argument without mention. 

Let us discuss shrinking U. Let U' C U be a Zariski open subset. We put Y := Z\U 
and Y' := Z\U'. 



19.3. WILDNESS AND UNIQUENESS 



493 



Lemma 19.3.12. — Let (E,dE,0,h) be a harmonic bundle on U. Then, 
(E,dE,0,h) is wild on (Z,U) if and only if (E,dE,0,h)\i/i is wild on (Z,U'). 

Proof We argue only the only if part. The other case can be discussed similarly. 
We can take a projective birational morphism (p : Z — > Z such that (i) Z is smooth, 
(ii) ip~ 1 (Y) and ip~ 1 (Y') arc normal crossing, (iii) tp~ 1 (E,dE,9,h)u' is good wild 
on {Z, tp~ l (Y')). Then, it is easy to check that ip -1 (E, 8e,8, h)jj is good wild on 
&<p-HY)). ' □ 

Let (E^e,®,™) be wild on (Z,U). We have constructed polarized wild pure 
twistor D-modules (T, &) and associated to (E,dE,0,h) on (Z, U), and 

(E, Be, 0, h)\u' on (Z,U') respectively. By construction, we have a natural isomor- 
phism (T, 6) ~ (T', &') whose restriction to U' is the identity. Hence, we may and 
will shrink U arbitrarily for the proof of Proposition 19.3.1 in the following argument. 

19.3.3. Meromorphic flat connections. — In the following argument, we will 
not distinguish meromorphic A-flat bundles and meromorphic fiat bundles in the case 
A 7^ 0. Let us consider the case dim Z = k + 1 > 1. By shrinking U, we may assume 
Z — U = i g _1 (0) n Z for some function g. Let <p' : Z' — > Z be a birational projective 
morphism such that Z' — ((ys')~ 1 (C/) is a normal crossing hypcrsurfacc. Note that the 
Higgs bundle (p')^ 1 (E, 8e, 6) can be extended to a meromorphic Higgs sheaf on Z' 
given by (i^')*^ . By shrinking U, if necessary, we can take a birational projective 
morphism ip : Z — > Z, which factors through Z', such that the following holds: 

— Z — is a normal crossing hypersurface. 

— The ramification of the eigenvalues of (p~ 1 (9) may happen only at D := Z — 
<p-\U). 

We put V A := L~ n+k+1 p*M x ® 0(*D) for A ^ 0. It is a holonomic D-module whose 
characteristic variety is contained in Z U tt^ 1 (D), where it : T* Z — > Z denotes the 
natural projection of the cotangent bundle. Hence V A gives a meromorphic A-flat 
connection. It is an Og(*D)-reflexive module [84]. 

Lemma 19.3.13. — ip®V x and M x (*g) are naturally isomorphic. 

Proof As remarked in Section 22.6.1, we have the trace map tr : ip^L(p* Ai x [k + 
1 — n] — > A4 X . After localization with respect to g, we have ip^ Lip* Ai x (*g)[k + 1 — 
n] ~ p^V x . Then, we obtain a naturally defined morphism tr : ip®V x — > Ai x (*g). 
Since the restriction tr | jy is an isomorphism, the support of Ker(tr) and Cok(tr) are 
contained in g _1 (0). Since the action of g on ip®V x and A4 x (*g) are invertible, we 
obtain tr induces an isomorphism on Z. Thus, we obtain Lemma 19.3.13. □ 

19.3.4. Restriction to a curve. — Let C be a smooth curve in Z transversal 
with the smooth part of D. We have the wild harmonic bundles {E^,, 8e~ , Qq, hg) := 
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ip l (E,dE,6,h),Q,g. We have the associated meromorphic A-flat bundle (Qf~,B~) 
on C. We put C := 99(C). 

Proposition 19.3.14- — We have a natural isomorphism Q£~ ~ V A ~. The har- 

c \c 

monic bundle (E^,, 8e 6 , Oq, hg) is A-wild. 

Proof In the proof of the proposition, we may and will shrink X and Z without 
mention. 

Lemma 19.3.15. — We can take a function f on X with the following property: 

- C C\U is contained in the smooth part of / _1 (0) n Z . 

Proof Let Ic denote the ideal sheaf of Ox corresponding to C . Let P E Cf]{g = 
0}. We have some functions /1, . . . , /at which generates the ideal sheaf Iq around P. 
If Q G Cn U is sufficiently close to P, /1, . . • , /jv generate Ic at Q. In particular, one 
of dfi\Q is not on TqZ, which gives a desired function. □ 

Lemma 19.3.16. — We can take functions f\ , . . . , fu with the following property: 

-ccznnUfrHo)- 

- C n U is contained in the smooth part of Z n |~)i=i /i _1 (0)- 

- /^i(0) and Z n f|Li /i" X ( ) are transversal atCnU. 

Proof We have only to apply Lemma 19.3.15 inductively. □ 

We put := Z, := Z, := C and gW := g. Let Z^ denote the 

irreducible component of Z n C\i<j fi which contains C. We take functions 

<jrO') — (jWgrU- 1 ) such that the singular part of Z n Hi<j /i~ (^) i s contained in 
(g( J ')) _1 (0). We take inductively as follows: Assume that we are given with 
a birational projective morphism {p^> : Z^> — > Z and the curve 

Ctt) c Z^> such 

that </?W (C^rt ) = C. We take a birational projective morphism /i^' : Z^ — > Z^ 
with the following property: 

- It is bi-holomorphic on Z& \ (gW)- l (Q). 

- WcputFj := (tp^o f x^)*(f j+1 )a,iLdG :j := (^lo^))'^'^)). Then, Fr 1 (0)U 
G~ 1 (0) is normal crossing. 

Let be the proper transform of C^h Let Z^ +1 ^ denote the irreducible compo- 

nent of F J _1 (0) which contains C" +1 '. We have the induced map ip^ +1 > : Z < J+ 1 ) — ^ 
2'U+ 1 ). Note that the intersection of Z^ +1 ' and another irreducible component of 
Fr^O) is contained in Gj^O). Let V A ^ be the pull back of V A via the induced 
morphism Z^ — > Z. 

We obtain the polarized .4-wild pure twistor D-modules 7"' of weight whose 
strict supports are Z^\ inductively as follows: 
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— We put T' - 1 := T. Assume that we are given on We have the polar- 
ized .A-wild pure twistor D-module P GrJ^ ipf j+ll -s T^ , which is decomposed 
by the strict supports. Let denote the Z^+^-component. 

Let M^* 1 denote the underlying 1Z- module of "7w. 

Lemma 19.3.11. — We have a natural isomorphism ipY'V*^ — M.^ x (*g^). 

Proof We use an induction. The case j = is the claim of Lemma 19.3.13. 
Assume that the claim holds for j, and we will derive the isomorphism for j + 1. We 
put Vi W) := fi^*V x ^ <g) O SU) (*Gj). We put k« := o j/W. Then, we have the 
following natural isomorphisms: 

K \ j) vt (j) ~ ^ViV J> v A ^(*<? (j+1) ) ~ ^V«(*<^' +1 )) ~ m« a (*<^' +1 >) 

Here, we have used the isomorphism fA fj,W)*V*U) (*g(J+ 1 )} ~ y A 0')(*<}>C?+ 1 )) induced 
by the trace map. Then, we obtain the following isomorphisms: 

(384) * ^ fj+1 M4 3)v i U) ) * 1>f j+ u-iM<»\*gU + Q) 

Let Z^ 1 ^ denote the irreducible components of F J _1 (0) which are not contained in 
G~ 1 (0). (We put ZY + '■= Z^ +1 \) We have the decomposition by the supports: 

And, A/^o+i) ~ t|V A ^ +1 ), where t denotes the inclusion Z (j ' +1) — ► Zf ^. 
We have the following natural isomorphisms: 

MV+»(*gW) cPGT^^ll_ So M^(*g^) * ^U#(^ +1 ') 
We also have the following isomorphism: 

(<S,-*o^*S°' +1) )) A * ^ +I ,-i-M« A (*<^ +1 >) 

Hence, the restriction of (384) to the Z^+^-component gives the desired isomorphism. 
Thus, we obtain Lemma 19.3.17. □ 

Let us return to the proof of Proposition 19.3.14. By construction, we have Z^ fe ' = 
(j{k) ^ q Tj n cl cr the isomorphism, we have V xi ^> ~ V?~ and tp( k > = (p^Q. We also 

have C = Z&\ and T {k) gives the polarized .A-wild pure twistor _D-module of weight 
whose strict supports is C . We have obtained the following isomorphism: 

(385) ipfv m ^M^ x (*g^) 

The rest of the argument is essentially the same as the proof of Lemma 19.3.5. We 
give only an outline. We may assume to have a coordinate iooiiC such that CC\D = 
{w = 0}. We take a projection n : X — > A such that the composite ^ := tt a <p( k > : 
Z( k ) — ► A is given by *(w) = w e for some £ > 0. Let V = (M',M',C) denote the 
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direct summand of the polarized ,4-wild pure twistor _D-modulc 7T?7~^ whose strict 
support is A. We have the corresponding .4-wild harmonic bundle (E' ,8e' ,0' ,h') on 
A*, which is obtained as the push-forward of (E, 8e, 0, h)\c- As in Lemma 19.3.3, we 
have the natural isomorphisms: 

* t V A ^ ~ 7T t ^ fc) V A ( fe ' ~ ^M {k)x {*g (k) ) ~ M' x {*w) 

As in the proof of Lemma 19.3.5, we have natural inclusions V A ( fc ) — > <I'*.M' A (*u>) 
andQ£^ — > ^*M' x (*w). Since the restriction of V A(fe) and Q8^ to Z^-{G^ = 0} 
are the same, we obtain V A W ~ Q£~, and thus the first claim of Proposition 19.3.14 
is proved. Since (EQ,dE e ,&^j,h^) is a direct summand of (^W)" 1 ^', d E >, 0', h'), 
the harmonic bundle (E^,dE s ,&^,h^) is also *4-wild. Thus, we obtain the second 
claim of Proposition 19.3.14. □ 

19.3.5. Around a good point. — For distinction, we set (E,d^,6,h) := 
tp~ 1 (E,dE,0,h). Let us fix Ai ^ 0. We continue to use the notation in Subsection 
19.3.4. Let P be a smooth point of D around which V Al is good. (Recall that the set 
of good points is non-empty and Zariski open. See [84].) 

Lemma 19.3.18. — On an appropriate neighbourhood U of P, (^j ^g, 0, /i)^, g is 
A-good wild on (U, D n U), and Q£ x u is naturally isomorphic to for any A ^ 0. 

Proof Take a ramified covering 77 : (W, D') — > (W, D nW) such that 77* (V Al , D Al ) 
is unramified. Let I denote the set of the irregular values of 77*(V Al ,D Al ). We may 
assume that IA is equipped with a coordinate system (z\, . . . , z n ) such that D (114 = 
{zi = 0}. Let 7r : U — > D n U denote the projection given by the coordinate. 

We apply Proposition 19.3.14 to the harmonic bundle 



(^tt-i(Q),C>£ x _i ,#7r-i(Q),^7r-i(Q)) — {E , 8 g, 6, tl)\ n - 



Since the meromorphic Ai-flat bundle rf Q^^-ifa) IS unramified, the meromorphic 
A-flat bundle rj* Q£ x ^ ± ^ are also unramified for any A, according to Theorem 7.4.5. 
Moreover, the set of irregular values are given as follows: 

Irr(?f Q£ A _ 1(Q) ,D A ) = {a\ v - lir - HQ) \ a E 1} 

According to Lemma 2.7.14, r/*V x also has an unramifiedly good lattice V x . 

We have the generalized eigen decomposition VJq = E Q ( V^q) with respect to 
Rcs(D A ). Let us consider the following set: 

Sp(Q, A) := | a + n ■ A E Q (V^) ^ 0, n 6 z| 

It is well known and easy to see that the set Sp(Q, A) is independent of the choice of 
lattices V x . It is also independent of Q. 

We have the set }CJ^AS{rj~ x E\ v -iiQ^) of the KMS-spectra of the unramifiedly 
good wild harmonic bundle n~ 1 (E, (9g, 8, h)\ w -irQ\ at A = for each Q. We have 
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a discrete subset A(Q) c C* such that the map e(A) gives the bijection between 
KMS^E^-i^)) and Sp(Q,X) for any A e C* - A(Q). (See Proposition 8.2.1.) 
Then, we can conclude that the sets K,M.S(rf~ 1 E\n- 1 {Q)) are independent of the choice 
of Q, which is denoted by KMS^E, D'). 

Let A be generic with respect to the set JCM.S {ji -1 E , D'} , namely, the map e(A) : 
K.MS (rj^ 1 E ', D') — ► C is injective. For any c £ R, we can take a good lattice C V 
of rj*V x with the following property: 

— The set of the residue Res£>'(lB) A ) G EndfcV'p') is given by the following set: 

|e(A, u) u e fCMS^E, D'), c- 1< p(A, u) < c| 

Thus, we obtain an unramifiedly good filtered A-flat bundle (!/„', B A ) on (U' , £>'). By 
taking the descent, we obtain a good filtered A-flat bundles (14, B A ) on (U,D nW). 
By construction, we have V A = (J 

Let T := (1 + |A| 2 ), and let us consider the deformations and V"J T ' (Section 

4.5.2). We have the natural isomorphism ( 7 7*"^ A )[ J-i(Q) — r l*'P^n- 1 {Q) (Section 12.1) 
and hence (V X ) < ^1 1 ^ ~ VE^-hq). By using the characterization of the lattices 
(Proposition 8.3.1), we obtain (K )|ti— — ^ > *^-i(q) < Hence, we obtain that 
(£", 0, /i)|w\5 * s w ^ an< ^ S 000 -) °-ue t° Proposition 13.5.1. Since the eigenvalues of 
Res(D°) on Q£° are the same as those of the residue on Q£?^, the harmonic bundle 

is .4-good wild. For any A ^ 0, we have the isomorphism Q£| A -i(Q) — ^i*- i(q)j anc ^ 
hence we obtain the isomorphism Q£ A ~ V A . Thus, we obtain Lemma 19.3.18. □ 

19.3.6. End of Proof of Proposition 19.3.1. — Let us show the first claim of 
Proposition 19.3.1. Due to Lemma 19.3.18, (E, dg, 0, h) satisfies the assumption made 
in Section 15.3.1. Hence, we can take a birational projective morphism ip' : Z' — > Z 
such that ip'*(p*8 is good due to Proposition 15.3.1, and so we can assume (E, <9g, 8, h) 
is a good wild harmonic bundle on (Z, D) from the beginning. 

Lemma 19.3.19. 

— For any A 7^ 0, we have a natural isomorphism Q£ x ~ V A . 

— (EjdgjOjh) is an A- good wild harmonic bundle. 

Proof There exists a closed analytic subset W C D such that V A is good on Z—W. 
Then, we have the isomorphism <2£ A = ... — V A ~ because of Lemma 19.3.18. Then, 

\Zi — W \Zj — vv 

it is extended to an isomorphism on Z by the reflexivity of Q£ A and V A . Thus, we 
obtain the first claim of Lemma 19.3.19. The second claim also follows from Lemma 
19.3.18. □ 

Hence, we can conclude that (E, dE,@,h) .4- wild harmonic bundle on (Z, U). Thus, 
the first claim of Proposition 19.3.1 is proved. 
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In the above argument, we obtain the .A-good wild harmonic bundle (E, d^, 9, h) = 
ip~ 1 (E, 8e, 0, h) on (Z, D). We have the associated polarized „4-wild pure twistor D- 
modulc (1(E), &) on Z whose underlying 7?.^-modulc is denoted by <£. Let 71 denote 
the direct summand of <p±'S(E) whose strict support is Z. We have the naturally 
induced polarization Si of 71. We would like to show (7!,<Si) ~ (T,S), which is the 
second claim of Proposition 19.3.1. Let A4i denote the underlying Tvl-module of 71. 
We have only to show M \ ~ M . 

The rest is essentially the same as the argument in Section 19.4.3 of [93]. We give 
only an outline. We put r := n — k — 1. 

Lemma 19.3.20. — We have a natural isomorphism tpj£(*g) ~ M.(*g). 

Proof By shrinking U, we may assume to have holomorphic functions ai, . . . , a r 
with the following property: 

— Z is one of the irreducible components of Hj=i a J 

— We put wj := X)"=i dzi a j ' Then, wx, . . . , w r give a frame of the normal 
bundle of U in X. 

We have the 7£[/- m odule £ on C\ x U, associated to (E,dE,6,h). Let i denote the 
immersion U — > X. We have only to show that Ai(*g) and ip^<B(*g) are the same in 

Lf£. 

Let s be any section of Ai(*g) on U(Xq) x X. When we regard s as the section of 
, it is expressed as a finite sum of the following form: 

r 

s = m «( s )-I1 w ? 

Here u n (s) are holomorphic sections of £ on U(Xq) x U. We can naturally regard 
them as the sections of £ on U(Xq) x (Z — D). 

Lemma 19.3.21. — u n (s) are meromorphic sections of Q£ on U(Xq) x Z 

Proof Let C be a curve in Z as in Section 19.3.4, and let C = <p(C). We also 
use the other objects and the notation in Section 19.3.4. Let us see that s induces 
sections s^ of Ai^' (*gU') inductively. We may assume that fj are coordinate func- 
tions on X, by replacing X with X x C . Let us consider the specialization along 
fi. Since s\ X -{ g =o} is contained in (^ / K*S'))|x-{ g =o}' where ]/( A °) is the In- 

filtration along fx, we obtain s € tM(*g)) . Hence, it induces the section s' 1 ' 

of GtYT (M(*g)). Since the support of ipfi.^Ai) is contained in {g = 0} unless 
u g Z<o x {0}, we have Gr^ ° (M.(*g)) = V^'-So (*<?)). F° r a similar reason, 
we obtain the natural isomorphism Wf^_gM-(*g) — Ai^ (*g). Thus, s^ is induced. 
By the same procedure, we obtain s^ +1 - ) from s^\ By applying Lemma 19.3.8, we 
obtain that the restrictions of u n (s) to C are meromorphic sections of Q£\ur\ wg- 
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Then, we can conclude that u n (s) are meromorphic sections of Q£ on U{Xq) x Z. 
Thus, we obtain Lemma 19.3.21. □ 

Let us return to the proof of Lemma 19.3.20. Let T v : Z — > Z x X denote the 
graph. Each u n (s) ■ IIj=i ° gi yes a section of Q£, and hence it induces a section 
of ip^Q£ (See Lemma 14.11 of [93], for example.) Therefore, s is naturally contained 
in tpf<S(*g) ~ (fijQ£, and we obtain M.{*g) C <p^<£(*g). By using the coherence 
property of M. and € and Lemma 22.4.9, we obtain M(*g) = <p^<£(*g). Thus, we 
obtain Lemma 19.3.20. □ 

We have the natural isomorphism A4i(*g) ~ (pi&(*g), and hence Mi(*g) ~ 
M(*g). Since both A4i(*g) and M. are strictly 5-decomposable along g, we ob- 
tain that Mi and ./Vf are isomorphic due to Lemma 22.4.10. Thus, the proof of 
Proposition 19.3.1 is accomplished □ 



19.4. Application to algebraic semisimple holonomic £>-modules 

19.4.1. Main theorems. — Let X be a smooth proper complex algebraic vari- 
ety. Let Z be an irreducible closed subvariety of X. Let Holz(X) denote the cate- 
gory of holonomic £)-modules whose supports are contained in Z . (We consider the 
full subcategory of D-modules, i.e., morphisms are not necessarily isomorphisms.) 
Let Holz iSS (X) denote the category of semisimple holonomic -D-modules whose strict 
supports are exactly Z, and let Ho\z, s {X) denote the category of simple holonomic 
D-modules whose strict supports are Z. 

For an integer w, let MT™'^!', w, yJ—lR)^ denote the category of polarizablc 
V— 112- wild pure twistor D-modulcs of weight w, whose strict supports are exactly 
Z, i.e., the support of any non-zero direct summand is Z. (We consider the full 
subcategory of MT wlld (X, w), i.e., morphisms are not necessarily isomorphisms.) Let 
MT^g (X, w, \J— 1 R) ^ denote the category of simple polarizablc y/— 112- wild pure 
twistor D-modules whose strict supports are Z. 

We have the naturally defined functor E DR : MT^^l, w, y/=lR)W — > Rol z {X) 
by taking the specialization of the underlying 1Z- modules at A = 1. We will prove the 
following theorem in Sections 19.4.2-19.4.3. 

Theorem 19. 4.1. — Fix an integer w . The functor ^dr naturally induces an equiv- 
alence of the categories MT™l, d (X, w, \J — lR)^ and Ho\z, S s(X). It also induces an 
equivalence of the categories M.T^f(X, w, \f— 1R)^ and Holz. s (X). 

Before going to the proof, we give the following consequence, which is one of the 
main motivations for this study. 

Theorem 19.4-2 (Kashiwara's conjecture). — Let X be a smooth complex alge- 
braic variety, and let J- be an algebraic semisimple holonomic D-module. 
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— Let F : X — > Y be a projective morphism. Let L denote the Lefschetz morphism 
for some line bundle which is relatively ample with respect to F. Then, F^{!F) 
are also semisimple for any j, and the induced morphisms L J : 1 J- — > 
F^J- (j > 0) are isomorphic for j > 0. In particular, F^(J-) is isomorphic to 
@ F^{J~)[— i] in the derived category of cohomologically holonomic Dy -modules. 

— Let g be an algebraic function on X, and let a € C^" 1 ]. Then, Gr w ifi g ^ a (J-) 
and Gr w cj) g (T) are also semisimple, where (i) tpg,a denotes the nearby cycle 
functor with ramification and exponential twist by a (see Section 22.6.3), (ii) 
<fi g denotes the vanishing cycle functor, (Hi) Gr w is taken with respect to the 
weight filtration of the naturally induced nilpotent maps. 

Proof We take a smooth proper variety X which contains X as a Zariski open 
subset such that X — X is a normal crossing hypersurface, by using Nagata's em- 
bedding and Hironaka's resolution. We take the minimal extension J 7 of J 7 on X. 
By Theorem 19.4.1, we can take a polarizablc \J— li?-wild pure twistor D-modulc T 
on X such that Edr{T) — T. Let T denote the restriction of 7" to X. We have 
2da(T) = T. Because F^(F) ~ Ejjr(F^ (T)), the first claim follows from Theorem 
18.1.1. 

We also have the following: 

Gr^^GF)- E DR (Gv w ^ a , u (r)), Gr w <fi g {T) ~ E DR (Gv w </> g (T)) 

iL— (a, a) 
-l<a<0 

Hence, the second claim is also clear. □ 

19.4-1-1. For the proof of Theorem 19.4.1, we have only to show the following two 
claims: 

(A) : E DR (T) is simple for any T £ MT^ d (l,w, ^/^Ti^) (p) . 

(B) : H dr induces an equivalence between the categories MT^l, d (X, w, y/^lR) ^ 
and Ro\ z ,s( x )- 

19.4.2. Construction of wild pure twistor D-module. — Let M be a simple 
holonomic D-modulc whose strict support is Z. There exists a smooth Zariski open 
subset U C Z such that M\ X -(z-u) comes from a fiat bundle on U . We can take a 
smooth projective variety Z and a birational projective morphism 7r : Z — 5- Z such 
that M := L~ dim x +dim z ir* M <g) 0(*D) is a meromorphic flat connection on (Z, D), 
where D := Z — 7r~ 1 (C/). (Sec Proposition 22.6.2 and Lemma 22.6.3.) According to 
Theorem 16.2.1, we may and will assume that it is a meromorphic flat bundle, and 
that the Delignc-Malgrange lattice associated to M is good. 

We have the meromorphic flat bundle V = M^ 2 \ obtained as the deformation of 
M by the procedure explained in Section 4.5.2 with T = 2. (Recall that we used the 
deformation in the construction of Q£.) 
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Lemma 19.4-3. — V is also simple. 

Proof We have only to consider the case dimZ = 1 due to Mehta-Ramanathan 
type theorem (Proposition 13.2.1). Let V' C V be a flat subbundle such that < 
rank(y') < rank(F). Let P be a point of Z, where the connection of V has the pole. 
Let Up be a small neighbourhood of P, and let (pp : Up — > Up be a ramified covering 
such that both <p P V and (fpV have the unramifiedly good Deligne-Malgrange lattice. 
Then, it can be easily checked that the irregular decompositions are compatible. 
Hence, we have the naturally defined morphism p^'v 1 / 2 ) — >• yC 1 / 2 ) = M with < 
rankV'w 2 ) < rankM, which contradicts with the simplicity of M. □ 

Due to Theorem 16.1.1, we can take a pluri-harmonic metric h of _g, which 

is adapted to the Deligne-Malgrange filtered bundle V® AI associated to V. Let 
(E, 8e, h, 9) be the corresponding -y/^LR-good wild harmonic bundle on Z — D. We 
have VE 1 = V and QE 1 = M. Let (1(E), &) be the associated v^H-wild polarized 
pure twistor D-module of weight on Z. Let T = (M,M,C) be the -v/^LR-wild 
polarized pure twistor D-module of weight 0, which is a direct summand of Ptt2'X(E) 
whose strict support is Z. We have the induced polarization S of T. 

We would like to show A4\\—i — M. We can take a divisor D of X such that 
(Z — U) C D. We may assume U = Z \ D from the beginning. We have the trace 
map tr : 7rj?Af — > M(*D). The restriction of them to X — D are isomorphic. Hence 
the support of Ker(tr) and Cok(tr) are contained in D. Both ir®M and M(*D) are 
algebraically localized on X — D, and hence we can conclude that they are isomorphic 
on X. Thus, wc obtain the isomorphism ® 0(*D) ~ M ® 0(*D). Since M is 

simple, it is strictly S'-decomposable along D. We know that Ai\\—i is also strictly 
iS-decomposable along D. Hence, we can conclude A4\\=i ~ M by the same argument 
as the proof of Lemma 22.4.10. 

19.4.3. End of the proof of Theorem 19.4.1. — Let (T,S) be a simple po- 
larized \] — li?-wild pure twistor D-modulc of weight whose strict support is Z. 
Let M := Ep>p(T). We have a Zariski open subset U C Z such that (T,S) E 
MPT™^ t (Z, U, 0, s/^lR). (See Subsection 19.1.2 for MPT™ 1 ^.) Let (E,d E ,9, h) be 
the corresponding harmonic bundle on U , which is \] — l_R-wild on (Z, U). By shrink- 
ing U , we may assume to have a divisor D of X such that Z — U = Z n D. We can 
take a smooth projective variety Z with a projective birational morphism tp : Z — > Z 
such that (i) D := ip^ 1 (Z — U) is simply normal crossing, (ii) (E,dg,6,h) := 
(p^ 1 (E,dE,9,h) is a 1-R-good wild harmonic bundle on (Z,D). We have the 
associated polarized \J— 11?- wild pure twistor £>-module (T(i?),6) on Z. We know 
that T is isomorphic to the direct summand of PyPJZ(E) by the correspondence in 
Theorem 19.1.3. 
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Due to Theorem 16.2.4, (7- > £ 1 ,D 1 ) is semisimplc. By using Proposition 13.6.1, 
we can take an orthogonal decomposition (E, <9g, 6, h) = Q)(Ei, <9g. , 6i, hi) such that 
(VEi, V) 1 ) associated to (Ei,dg , 9i, hi) are simple. We have the decomposition 1(E) = 
®. t T(^), and Pip°1(E) = ®P(p°I(£,), which induces a decomposition of (T,<S). 
Since we have assumed (T, S) is simple, we obtain that {PS 1 , D 1 ) is also simple. (Note 
that the restriction of ip is isomorphic on a generic part of Z .) Using the argument in 
the proof of Lemma 19.4.3, we obtain that Q£ 1 is simple. By construction of M, we 
have the isomorphism M ®0(*D) ~ ip®Q£ 1 ®0(*D) induced by the trace morphism. 
Hence, the support of any non-trivial submodule of M is contained in D. Because 
M is strictly S-decomposable along any function g on X such that Z <f_ g _1 (0), we 
obtain that M is also simple. Thus, the claim (A) is proved. 

By the construction in Section 19.4.2, we obtain the essential surjectivity in the 
claim of (B). Let us show the fully faithfulness. Let (%,Si) (i = 1,2) be simple 
polarized v/— LR-wild pure twistor D-modules of weight 0. We put M, := E^^Tl)- 
Let (Ei,dEi,9i,hi) be \/— lJ2-wild harmonic bundles on (Z,U) underlying (%,Si). 
Let ip : Z — > Z be a birational projective morphism such that (Ei,d^,,9i,hi) := 
ip*(Ei, , Oi, hi) are \J — 1-R-good wild harmonic bundle on (Z, D), where D denotes 
some normal crossing divisor of Z. Let {Q£},fSi\) denote the meromorphic flat bundles 
associated to (Ei,d^. , 6i, hi). 

Let / : Mi ~ M2 be a morphism. By Lemma 19.3.19, we obtain the induced 
isomorphism (Q£{,Hi\) ~ (QS^Dl) as meromorphic flat bundles. It induces an iso- 
morphism of the associated Dclignc-Malgrange filtered flat bundles Q*£l ~ Q*£\. It 
induces V*£\ ~ "P*^- Hence, we obtain / : {E\,d^,Q\,h\) ~ (E 2 , 8^,02, h 2 ). (See 
Corollary 16.1.4 or Proposition 13.6.1.) Because of the correspondence in Theorem 
19.1.3, we obtain an isomorphism F : (7i,<Si) — (72, £2). By construction, we have 
the coincidence of the restrictions of 'Edr(F) and / to a Zariski open subset of Z. 
Because Mi are simple, we obtain He>r(F) = f, i.e., Sdb. is full. 

Let F : 71 — > 72 be a morphism such that Edr(F) = 0. We obtain the vanishing 
of the induced morphism of variations of pure twistor structure on U. Then, we obtain 
F = 0. Hence, ^dr is fully faithful. Thus, the proof of Theorem 19.4.1 is finished. 

□ 
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PRELIMINARY FROM ANALYSIS ON MULTI-SECTORS 



In Section 20.1, we give a generalization of Hukuhara-Malmquist type theorem. 
Namely, we study a lifting of a formal solution of some non-linear differential equation 
to a solution on small open multi-sectors. It is one of the fundamental tools in the 
study of Stokes structure in Chapters 3-4. For the proof, we use a classical argument 
explained in [128]. 

In Section 20.2, we give some estimates of sections on a sector. Lemma 20.2.1 will 
be used for comparison of irregular decompositions (Sections 7.6 and 10.2). Lem- 
mas 20.2.2 and 20.2.3 will be used in the study of L 2 -cohomology associated to wild 
harmonic bundle on curves (Chapter 5). 

In Section 20.3, we give some estimates of the growth order of solutions of some 
differential equations on multi-sectors. In Section 20.3.1, we give an estimate of the 
growth order of a section whose derivative rapidly decays. In Section 20.3.2, we give 
an estimate of the growth order of a flat section. We reformulate it in Sections 20.3.3- 
20.3.4. These results will be used implicitly in many places. For example, it will be 
used to give a characterization of Stokes nitrations. 



20.1. Hukuhara-Malmquist type theorem 

20.1.1. Statement. — We study a lifting of a formal solution of some non-linear 
differential equation to a solution on small open multi-sectors. See [79] and [128] for 
the history and the classical arguments in the one dimensional case. For the higher 
dimensional case, it was studied in [79] more generally but in a different manner. We 
give some statements and the outline of a proof in our convenient way. Although 
we will use it for analysis on a multi-sector around (Chapters 3-4), it is more 
conventional and easier to consider it on a multi-sector around oo. The translation 
can be done in a straightforward way. 
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We set S 1 :— {w £ C | \w\ = l} for which we use a polar coordinate. Let 
{6^\ef\. . . , 6>i 0) ) be a point of [S l ) n+1 . Let W be a compact region in C M , where 
M denotes some non-negative integer. For given 

R S -R>o, R y ^(Ri,...,R n )eR r ; , e€]0,27r[, e y = (e x , . . . , e„) e]0, 2tt[", 
let S(R,e,R y ,e y ) denote the multi-sector in C* x (C*) n x VK: 

S{R,e,R v ,e y ) := {seC| |x| > J?, | arg(x) - 6> (0) | < e}x 

n 

l[{y eC\\y i \>R i ,\ arg( yi ) - ^ (0) | < e,} x W 

i=l 

We fix a multi-sector S (R(°\ e(°\ R { °\ e y 0) ) for some given R^°\ e^°\ R w and e y 0) . 
Let a be a non-negative integer such that 2e°) (a + 1) < it. and let 6 = (bi, . . . , b n ) S 
Z™g. Let Ai(w) (i = 1, . . . , d) be holomorphic functions on W satisfying the following 
condition: 

— Let us consider the region 

ff(e(°\4 0) ) := {(Mi,-- -AO 6 | \0-0 {0) \ < ^Wdi-Of^ < e,[ 0) } 

and the functions 

Fj{6, B u ...,e n) w)-= Re(A,H exp(^T(^ 6^ + (a + 1)0))) 

for j = 1, . . . ,d. Then, the following holds for each j: 

• If {Fj = 0}n (H [e^ QS> , Ey ^ ) x W) is not empty, it is connected and contained 
in H(ef\e y 0) ) x W for some ef ] < e(°>. 

Let us consider the following differential equation for C d -valued functions u on 
5(^(0), e(0),<),6f): 

(386) x ~ a ~dx~ = ^ ■ u + p( x >y> w > u ( x >y> w )) 

— A is a diagonal d-th square matrix whose (j,j)-th entries are of the form 
X J {y,w)y b . 

• v ■= IL=i% ■ 

• Xj(y,w) are holomorphic functions independent of the variable x, and 
satisfy 

n 

\X j (y,w)-X j (w)\=0(j2\Vi\- 1 



p(x, y, w, u) = (jpj (x, y, w, u) | j = 1, . . . , d) is a C d -valued holomorphic function 
on S , (i?(°),e(°),H< ; 0) ,e^ ) ) x C d , and it is decomposed into 

p^ (a;, y, w) + p^'(x,y,w) ■ u + p' 2 -* (x,y,w,u) 

with the following property: 

• p(°)(x, y, w) = 0(\x\~ m \y\~ m } for any m. Here, |y| denotes n™=i \Ui\- 
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• p^(x,y,w) ■ u is linear with respect to u = (iii, . . . ,Ud)- We have 
\p^(x,y,w)\ < g(x) \y b \, where g(x) — > in \x\ — > oo. 

• p( 2 \x,y,w,u) is polynomial with respect to u, and the coefficients are 
0(|x|~ m |y| _m ) for any m. We also assume that it does not contain the 
constant and linear terms with respect to u. 

Take a positive number e' < e<-°\ We assume e' > e^ 0) , if {i^ = 0} D (H (e^, e { y } ) x 
WJ is not empty. We will show the following proposition in Sections 20.1.2-20.1.9. 

Proposition 20.1.1. — If R and are sufficiently large, we have a solution u 
of (386) on S(.R,e',i4 0) ,4 0) )> such that \u\ = 0(\x\~ m \y\- m ) for any m > 0. 

We follow the argument in Chapter 14 of the standard text book [128]. We rec- 
ommend the reader to read it to understand the idea. In the following argument, 
we may and will assume 9^ = 9^ = 0. We will also consider only the case a = 0, 
because the general case can easily be reduced to the case a = by the change of the 
variables £ = x a+1 . (Sec [128].) 

20.1.1.1. Remark for simplification of the proof. — Assume the following: 

(*) : {Fj = 0} n (H (e(°), ej, 0) ) x W) is not empty for each j = 1, . . . , d 

Then, the proof below can be simplified, i.e., the arguments in Sections 20.1.6-20.1.8 
are not necessary: Since we have only to consider the case (B) in Section 20.1.2 under 
the assumption (*), the integral equation V Xl {u) = u is independent of the choice of 
x\, which implies that U(mo) in Section 20.1.5 is independent of mo- Hence, we 
obtain U(mo) = 0(\x\~ m \y\~ N ) for any m in the end of Section 20.1.5. Actually, we 
have the uniqueness in Proposition 20.1.1 if the condition (*) is satisfied. 

We will apply Proposition 20.1.1 for lifting of formal irregular decomposition to 
a decomposition on multi-sectors, for example, in Sections 3.5.1, and 3.6.1. For this 
application, we have only to consider the case in which the condition (*) is satisfied. 
Although we keep the proof for generality, the reader can skip Sections 20.1.6-20.1.8. 

20.1.2. Integral transforms. — We put T := {z\ |arg(z)| < e( )}. We take a 
positive number x\. Let x\ + T denote the subset {xi + z | z e T) of C. Note that 
the set {x | | arg(x)| < e', \x\ > R} is contained in x\ + T, if R is sufficiently large. 
For each x € x\ + T, we take a tuple of paths r(a;,xi) = (71(2;, x\), . . . ,jd(x, xi)) 
contained in x\ + T as in Chapter 14.3 of [128]: 

(A) : If Fj < on i?(e^,e^), let Jj(x, xi) be the segment connecting x\ to x. 

(B) : Otherwise, we can take some 6K 1 ) such that F j (9^,e 1 ,...,e n ,w) > for 
any < e| ' and w € W. Let Jj(x, x\) denote the path connecting 00 and x 
on the line {x + s exp(V— 1#^) | s > 0}. In this case, r jj(x 7 xi) is independent 

of X\. 
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Wc put S( Xl ,R v ) := ( Xl +T) x Uti{v e C I Iwl > fli,|arg( W )| < e| 0) } x 
For a C d - valued holomorphic function u = («x,...,«d) on we consider 

the following integral, if it is convergent: 

/ exp((x — t)A) v(t, y, w) dt := 
Jr(x,xi) 



/ exp((x- - t) Xj (y, w) y b ) v(t, y, w) dt 



Then, we consider the following integral transform: 



.7 = 1, 



V Xl (w)(x, y,w) := / exp((a; - t)A) p(t, y, w, v(t, y, w)) dt 

Jv{x,xi) 

Wc will construct the solution of the integral equation V Xl (u) = u in Sections 20.1.3- 
20.1.4. 

20.1.3. Preliminary estimate. — Wc put A := min^ |Aj(u>)|. If i?j are suf- 
ficiently large, there is a positive constant (1q such that the following holds for any 
(t,y,w) G ^(x, Xl ) x Uti{y G C \ \Vi\ > R f\ |arg(tfi)| < ef} x (See Lemma 

14.1 in [128]): 

(387) Re((x - t) \ 3 {w) y b ) < -|x - t| A po \y b \ 

Then, we can show the following lemma by using the argument in the proof of Lemma 

14.2 in [128]. 

Lemma 20.1.2. — There exists a constant K m > 0, which is taken independently 
from large R y and x\, with the following property: 

— Let x(x,y,w) be a C d -valued holomorphic function on S{xi,R y ) such that 

\ X (x,y,w)\ <c\x\- m \y\~ N 
for some c > 0, m > and N > 0. We put 

^{x,y,w):= / cxp((x~t)A)x(t,y, w)dt. 
Jr(x,xi) 

Then, the following inequality holds: 

\^(x,y,w)\ < c\xr n \y\- N 

□ 

We may assume K m < K m+ i holds. For each m, we take a small 7 m > such that 
7m K m < 1/2 and 7 m > 7m+i- Wc can take x^p (to) such that the following holds for 
any (x, y,w) e S(x { ^ (m), R^): 

\px{x,y,w)\ < -7 m |y b | 
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( 2) 

Take a constant Co which is independent of m and N. We can take x\ (m) > 
x± (m) such that the following holds for any \u^\ < Co (i = 1,2) and (x,y,w) € 
S(x?\m),R^): 



p 2 (x, y, w, - p 2 (x, y, w, u w ) 



(2). 



< o7m \U 



( 2 ) 



Thus, we obtain the following for any |itW| < Co (i = 1,2) and (x,y,w) G 
S(4 a) (m),H( 5): 



p(x, y, w, - p(x, y, w, u (Z> ) 



(2)- 



< lm \u^-u^\ 



20.1.4. Construction of limit for each (m,N). — For each m > and N > 0, 
we can take C TOj jv > such that \p n (x 7 y,w)\ < C 7U) n \x\~ m \y\~ N . We can take 

„( 3 )/ 



(3) 

(388) 



x^ 3 (m, N) > x{ (m) such that the following inequality holds on S(x^' (m, iV), -R^ ') 
1 K„ 



c 



m,N \X\ 



\y 



-N 



<C n 



c 



m,N \X\ 



\y 



-N 



<Cn. 



1 - IraKm \ V b 

We put Vq := and := V x (3)^ m N ^{vi-\) for i > 1, inductively. 

Lemma 20.1.3. — The limit Voo(m,N) := lim i _ i . 00 exists on S(x( 3 \m,N),R y °>) , 
which satisfies the following estimate on S{x^\rn,N),R)fp): 



l«oo(m,JV)| < 



1 . . 

1-7™^ 'W\ l 1 



|y 



— JV 



Proof Using an inductive argument, we can show the following: 



K„ 



\vi+i -Vi\< (j m K m y C m>N \x\ m \y\ 



-N 



\Vi+l\ 



< 



1 



1 - j m K, 



c m ,N^\x\- m \y\- N 



Then, the claim follows. 



□ 



20.1.5. Estimate for any N and some fixed mo. — We fix tuq and No, and we 

put U(mo) := Voc(mo, No) which is given on S^x^ (mo, No), R y ) ■ 

Lemma 20.1-4. — \U(m )\ < C' N \x\~ mo \y\~ N on S(x^ (m , N ), R^) for any 
N. 



Proof Let C m0t N be the constant as in Section 20.1.4. For each N, we take large 
Rj, ( m 0i N) (i = 1, . . . ,n) such that the following holds on the region 5(m , N) := 
Ur =1 5(4 3) (m ,iV ) ;j R(3)( TOo ,iV)) : 



1 



K„ 



1 - J mo K„ 



J mo,N 



-mo < C[ 



mo.iV \x\- m ° \y\~ N < Co 
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Here, R^](mo, N) denote the tuple such that j-th entry is for (j ^= i) and the 
i-th entry is i? 2 (m , N). 

We put vq = and Vi := T , 3 &$), m N ,(u,_i) for i > 1, inductively. Using the same 
argument as that in the proof of Lemma 20.1.3, we can show the existence of the limit 
U(mop N > := linii_ i . 00 which satisfies the following: 

\U(m ) W \ < l— Cmo , N £s\x\-™ \y\- N 

l-j mo K mo \y b \ 

By construction, the restriction of U(m ) to 5(ij 3 '(mo, N ), R^\(mQ, AT)) is equal to 
U(m Y N \ Hence, we obtain \U(m )\ < C'^ Q <N \x\~ m « \y\~ N on S(m ,N). Thus, we 
are done. □ 

To obtain the estimate |J7(mo)| < C'i im .Ar|a;| _m |y| _Ar for any m and N, we would 
like to compare the two solutions U(mo) and U(m) of the differential equation (386) 
in the case a = 0. Note that we do not have the uniqueness of the solutions of (386) 
in general, and that the integral equation V Xl {u) = u depends on the choice of x\. 
(As remarked in the end of Subsection 20.1.1, if the condition (*) is satisfied, the 
proof is completed in this stage.) We give some preparations in Sections 20.1.6-20.1.8 
to estimate the ambiguity of the solutions of (386), and we will finish the proof of 
Proposition 20.1.1 in Section 20.1.9. 

In the following argument, we may and will assume x\ (rri) < x\ (m + 1) for 
i = 1,2,3. 

20.1.6. Estimate of a solution of the linear differential equation. — Take 
any xi(yn) > x^ (m). Let us consider the following linear differential equation for 
C d -valued holomorphic functions u on S(x2(m), R^): 

du 

(389) — = A-u+pi(x,y,w) -u 



We also consider the following integral transform: 

ftx 2 (m)«= / exp((x-t)A)p 1 (t,y,w)-u(t,y,w) 



dt 



'T(x,X2{m)) 

The following lemma is easy to show 



Lemma 20.1.5. — Let mi < m. If \u\ < C\x\ mi \y\ , we have the following: 

< \(K m ^ mx )C\x\- m - \y\- N 

Hence, if u satisfies \u\ < C |x| _mi |y| _JV and TZ X2 ^ m )(u) = u, we obtain u = 0. 

Proof Recall that we have assumed x^\mi) < x± (m). The first claim immedi- 
ately follows from our choice of K mi and j mi . If u satisfies |u| < C |x| _mi |y| _Ar and 
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7tx 2 (m)( u ) = u j we obtain 

\u\<C(K milmi /2y\x\- m >\y\- N 

for any j using an inductive argument. Hence, we obtain u = 0. □ 

Let u be a solution of the equation (389) on S(x2(m), R^) satisfying \u\ < 
Cjv |x| _mi |y| _Ar for some mi and N. 



Lemma 20.1.6. — We have the estimate \u\< C' N \x\ m \y\ 



-N 



Proof We have nothing to prove in the case mi > m, and so we assume mi < m. 
We have the estimate 7£a; 2 ( m )ti < 7, ni K mi Cn \x\~ mi \y\~ N ■ It is easy to show the 
following equality: 

d 

-Q^(K X2 ( m ){u) -u) = A.(n Xa ( m -)(u) - u) 

Then, we have the estimate 1Z X2 r m \u — u = 0(exp(— r\ |x| \y b \)) for some 77 > 0. In 
particular, we have the following: 

\n X2(m) u-u\ <C w \x\~ mi \y\~ N - 

By an easy induction, we can show the following: 

\K + 2 U( u )~K 2{m) (u)\ < h mi K mi yc 10 \x\-^ \y\~ N . 

Hence, wc have the limit 7Z°° , Ju) := lim^oo TV , Au) which satisfies the following: 



K% (m) (u)\ <(c N + — 



C_ 

'Ym 1 K m 1 

Hence, we can conclude 7?.°° Im \(u) = because of Lemma 20.1.5. 

' x 2 [m ) v. 1 

Because Tt X2 ( m \u — u — 0(cxp(— rj \x\ |y b |)), we also have 



\K X2[m) u-u\ < Cn |y| 



— N 



We can show |^ m) (u) - K 2 (m)( u )\ ^ frm K m ) 1 C n \x\~ m \y\~ N by an easy indue- 
tion. Hence, we have the following: 



M = \u-nz im) (u)\ < Cl1 \x\- m \y\ 



Thus, the proof of Lemma 20.1.6 is finished. □ 
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20.1.7. Existence of a small solution of some equation. — Let us consider 
the following differential equation 

On 

(390) — = A • u +p 1 (x,y, w) ■ u + q(x, y, w) 

Here, q(x, y, w) satisfy \q(x, y,w)\ < C \x\~ m \y\ 



-N 



Lemma 20.1.7. — We have a solution v of the equation (390) satisfying \v\ < 
C'\x\- m \y\~ N . 

Proof We consider the following integral transform: 
Qx 2 (m)(u) = / exp((x-t)A)(p 1 (t,y,w)-u(t,y,w)+q(t,y,w))dt 

JV{x,x 2 (m)) V 7 

If \ Ui \ < C \x\- m \y\~ N (i = 1, 2), we have the following: 

\Qx 2 ( m ){u\) ~ Q X2 ( m ){u2)\ = |^B a (m)(«i - < 7ro K m C \x\~ m \y\~ N 

We put vq := and Vi = Qx 2 (m)(vi-i) for i > 1 inductively. Then, we have |i>i+i — 
Wi| < ("~f m K m y C \x\~ n \y\~ . Hence, we have the limit Woo := lim.i_i.ooWi which 
satisfies the following: 

Qx 2 (m)«oo = Woo, |Voo| < Z ^—^ C M"™ ll/l"^ 

Thus, the proof of Lemma 20.1.7 is finished. □ 

20.1.8. Estimate of the difference of two solutions of the equation (386). 

— Let us consider the equation (386) in the case a = 0. 

Lemma 20.1.8. — Let m (i = 1,2) be solutions of (386) on S(x2(m), R^) , which 
satisfy \m\ < Cjv |a:|~ mo \y\ ~ N for any N and some mo > 0. Then, we have — _2| _■ 
C' N \x\- m \y\- N for anyN. 

Proof We may and will assume mo < m. We put V := u± — «2- We have the 
following equality: 

dV 

— = A • V +pi{x,y, to) ■ V + q{x,y,w) 

Here, q(x,y,w) := p 2 (x,y,w,u 1 (x,y,w)) - p 2 (x,y,w,u 2 (x,y,w)). By assumption, 
we have \q(x, y, w)\ < B N \x\~ m \y\~ N for any N. Due to Lemma 20.1.7, we can take 
v(m) on S(x2(m), R^) satisfying the following: 

d = A • v(m) +pi(x,y,w) ■ v(m) +q(x,y,w), \v(m)\ < C x \x\~ m \v\ 

We have \V — v(m)\ < C^jv \x\~ m °\y\~ N and the following equality: 
d(V - j(m)) = A ^ _ v{m) ^ + ^ y w) ^ _ v{m) ^ 
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Due to Lemma 20.1.6, we obtain \V — v{m)\ < C^tvM m \y\ N ■ Hence, we obtain 
|^| < C^ N \x\- m \y\- N . Thus, we are done. □ 

20.1.9. End of the proof of Proposition 20.1.1. — Let us show |Z7(mo)| < 
C m ,N\x\~ m \y\~~ N for any m and N, where U(mo) was constructed in Section 20.1.5. 
Take m > mo, and let us compare [/(mo) and U(m) on S(x^ (m, iVo), R^) ■ Both 
of them satisfy the differential equation (386), and both of them are dominated 
by Cn |a;| _m ° |y| _JV for any N. Because of Lemma 20.1.8, we obtain the estimate 
|[/(m ) — U{m)\ < A„ hN \x\~ m \y\~ N for any N. Thus, we obtain the desired esti- 
mate \U(m )\ < A' m N \x\~ m \y\~ N , and the proof of Proposition 20.1.1 is finished. 

□ 



20.2. Estimates of some integrals on a sector 

20.2.1. Exponential decay. — Let ^^(ro, 9o, 9\) denote a sector {x = 
re^ 8 | 6*o < 9 < ro < r} around oo for 9o,9\ <E R and ro > 0. Fix any 
9^ such that 9q < 6^°' < 6\. In the following argument, r' and 9\ (i — 0, 1) denote 
the numbers such that (i) r > ro is appropriately large, (ii) 9q <9' Q < 0(°> < 6[ < 9i, 
(hi) \9[ — 9^\ are sufficiently small. Let Y be a complex manifold. Let P be any 
point of Y. In the following argument, Up denotes a small compact neighbourhood 
of P. 

Let (V, V) be a flat bundle on y := Soo{i"o, do, #i) x Y relative to Y (i.e., we consider 
derivations only along S^ro, 9$, #i)-direction). Assume we are given a frame v such 
that Vu = v (da + Adx/x), where A is a constant matrix, and a is a polynomial 
Sj=i a j x ^ whose coefRcients are holomorphic functions on Y. We assume Ofc is 
nowhere vanishing. Let u) = w i be a V-closed section of V <£) Qy/y on 3^ such 
that |cjj| = 0(exp(—e\x\ L )) for some e > 0, where we use the Euclidean metric 
drdr + r 2 d9 d9 on S^o, #0, 

Lemma 20.2.1. — There exists a section r = ^TiVi of V on some small 
Sooiri,, O'o^i) x Up satisfying Vr = lo and 0(\n\) = 0(cxp(-2~ 1 e|x| i )) . 

Proof We may replace v with v exp(— ^41ogx), and so we may assume iank(V) = 
1 and A = 0. Formally, we put 

(391) r(r, 6, Q) := exp(o) / exp(-a)w 

for some path j(r, 9) connecting (r, 9, Q) and (r^, 92, Q), where (r2, 9^) is a base point 
of Soo(ro,9o,9i) U {oo}. Then, it satisfies Vr = u>, if the integral (391) converges. 
The problem is how to choose the path j(r, 9) so that the desired estimate holds. 
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In the case L > k, we choose the path j(r, 9) connecting (r, 9) and oo on the ray 
{(s, 9) | s > r}. Then, r satisfies the desired estimate. So we have only to consider 
the case L < k. 

We have Re(a) = r k Re(a£ e v/ ~ Tfce ) + 0(r fc ~ 1 ) . We also have the following equality: 

(392) ^-(r~ k+1 cxp(-Rc(a) - er L )) = (-fc + 1) r~ fc cxp(- Re(a) - e r L ) 

_ ^_ fe+ i^o) +tLr -k+L^ exp (_ Re ( a) _ er i) 

Note we have r~ fe+1 <9 r Re(a) = fc Re(afc e^~^ he ) + 0(r _1 ). In the case k = L, 
we will have to be concerned with the 0-set of the function r~~ k+1 d r Re(o) + ek = 
k(Re(a k e^ Ike ) + e ) + O^ 1 ) to use (392) for the estimate of the integral of 
exp(— Re(o) — e r k ) . 

In the following, (rg , (9 , 9[) will be denoted by S, for simplicity of the descrip- 
tion. If S x Up is sufficiently small, we may assume that one of the following holds: 

(A) : <9 e Rc(a) ^OonS xU P . 

(B) : <9 r Rc(a) 7^ on S X U P . 

Let us consider the case (A). We may assume that — Re(o) is increasing with 
respect to 9. We may also assume that one of the following holds for sufficiently small 
Up, if we choose 9' appropriately: 

(Al) : L = k and - Re(o fc e^^'o) - e < on U P . 

(A2) : L = k and — Re(a ft e^ ke ») -e>0onU P . 

(A3) : L <k and — Re(a ft e^^'o) < on U P . 

(A4) : L < k and — Re(a fc e^ ke '») > on C/ P . 

In the case (Al), let 71 be the path connecting 00 and (r, 9' ) on the ray {(s, 9' ) | s > 
r}, and let 72 be the path connecting (r,6' Q ) and (r, 6) on the arc jre v/ ~ Tv | #q < 
V < The contribution of 72 to the integral (391) is dominated by exp(— er L ). If 
S x Up is sufficiently small, the contribution of 71 is dominated by the following for 
some C > 0: 

/>00 

exp(Re(a)^ riQ ) / exp(- Re(a)^, s> Q - e ds < C cxp(-e r k ) 

J r 

Here, we have used (392). Thus we are done in the case (Al). 

In the case (A2), let 71 be the path connecting (r' ,8' ) and (r' ,6) on the arc 
{r' e^~^ v \9' < tp < 9}, and let 72 be the path connecting (r' ,9) and (r, 6) on the 
ray {se^ 8 | ro < s < r}. We have Re(afc e v/ ~ Ife6 ') < — e on S x Up. Hence, if 
S x Up is sufficiently small, we may have Re(a) < —(2/3) er k on S x Up. Then, the 
contribution of 71 is dominated by exp(— (2/3) e r fc ) . If r' is sufficiently large, the 
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contribution of 72 can be estimated as follows for some C% > 0, by using (392): 
exp(Rc(a)e, r ,Q) / exp(- Re(a)e, s ,Q - e s k ) ds < C\ ( exp(Re(a)e. r ,Q) + exp 

Jr' 



-er k 



Thus we are done in the case (A2). 

In the case (A3), we take the paths jj (j = 1, 2) as in the case (Al). The contri- 
bution of 72 is dominated by exp(— e \x\ L ). We have the following estimate, by using 
(392): 



exp(- Re(a)e£, a ,Q - e s L ) ds 



r k+1 exp(-er- L ) 



Thus, we are done in the case (A3). 

In the case (A4), we take the paths jj (j = 1,2) as in the case (A2). The con- 
tribution of 71 is dominated by exp(Rc(a)g,r,Q)- If r' is sufficiently large, we have 
Re(a)e,r,Q < Re(a)e' , r ,Q < Re(a k (Q)e"^ Te '°) r k < -er L for any r > r' . Hence, 
the contribution of 71 is dominated as desired. By using (392), we obtain the following 
estimate: 

exp(Re(a)e !l% Q) / exp(- Re(a)e, s ,Q - e s L ) ds < 

C x r- k+1 cxp(-er i ) + C 2 exp(Re(o) e , r , Q ) 

Then, we can obtain the desired estimate for the contribution of 72. 

Let us consider the case (B). If S x Up is sufficiently small, we may assume that 
one of the following holds: 

(Bl) : L = k and - Rc(o fc e ^ Tke ) - e < -e/10 on S x U P . 
(B2) : L = k and — Re(ct fe e ^ ke ) - 2e/3 > e/10 on S x U P . 
(B3) : L < k and - Re(a fc e^ =lke ) <0on5x U P . 
(B4) : L < k and - Re(o fe e^ 1 ™) > on S x U P . 

In the cases (Bl) and (B3), let 7 be the path connecting 00 and (r,6) on the ray 
{se v/ ~ Te I s > r}. In the case (Bl), we obtain the following estimate, by using (392): 



/>oo 

exp(Re(a)0,r,Q) / exp(- Rc(a)e, s ,Q - es k ) < C\ exp(-er fc ) 

J r 

The case (B3) can be estimated similarly and easily. 

In the cases (B2) and (B4), let us take the paths jj (j = 1, 2) as in the case (A2). 
In the case (B2), the contribution of 71 is dominated by exp(Re(o)e,r,Q)- If r b 1S 
sufficiently large, exp(Rc(o)e. r ,o) is dominated by exp(— 2 _1 e r fc ) . The contribution 
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of 72 can be dominated as follows, by using (392): 

(393) exp(Re(a) e ,r,Q) / exp(- Re(a) e , S: Q - e s k ) ds 

< exp(Re(o) e ,r,Q) / exp(- Re(a)e, s ,Q - (2/3) e s k ) ds 

Jr 'o 

< d (cxp ( - (2/3) e r k ) + cxp(Rc(a) e , r , Q )) 

Note that the integral J^, exp(— Re(a)e, s ,Q — (2/3)es fc ) ds is estimated more easily 
than J, exp(— Re(a)g :S ,Q — es fc ) ds, because r~ k+1 d r Re(a) + 2efc/3 < —r\ < for 
some 7] > on S x Up. The case (B4) can be estimated as in the case (A4). Thus 
the proof of Lemma 20.2.1 is finished. □ 

20.2.2. Polynomial order. — We continue to use the setting in Section 20.2.1. 
Let uj = J2 UJ i v i be a V-closed C°°-section of V (8 SI 1 on y such that \uii\ = 0(\x\ N ) 
for some N. 

Lemma 20.2.2. — There exists a C 00 -section t = J2 T i v i of V on S = 
Soo(ro,9o,9i) such that (i) Vr = w, (ii) \n\ = 0(\x\ N+l ), where I > is inde- 
pendent of to. 

Proof As in the proof of Lemma 20.2.1 we may assume rank(V) = 1 and A = 
by making a mcromorphic transform. We remark that the additional growth order / 
may appear, but it is independent of lo. We may assume that one of (A) or (B) holds 
as in the proof of Lemma 20.2.1, if S x Up is sufficiently small. 

Let us consider the case (A). We may assume that — Re(a) is increasing with 
respect to 9. If Up is sufficiently small, and if we choose 9' appropriately, one of the 
following holds: 

(Al') : - RcK e^i) < on U P . 
(A2') : - Re(a fe e^ fee o) > on U P . 

Let us consider the case (Al'). We take the paths 71 and 72 as in the case (Al) in 
the proof of Lemma 20.2.1. Then, |r(r, 8, Q)\ is dominated by the following: 

exp(Re(a)e jri Q) / exp(- Re(a)^, s ,o) s N ds 
J-ri 

+ exp(Rc(a)e ir% Q) / cxp(- Rc^^^q) r N dip 
The contribution of 72 is dominated by r N . We have the following equality: 

(394) A( s -fc+i+A r exp(-Re(a) e , s , Q )) 

= (N-k + l)s- k + N exp(-Re(aVs, Q )- S - fc + 1+jV dR <^ e xp(- Re(a) fl ,., q ) 
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Note s k+1 d s Re(a)g yS ,Q = k Re(ak)$, s ,Q + 0(s 1 ). Hence, we obtain the following: 
f exp(- Re(d)^, s> Q) s N ds < & r N - k+1 exp(- Re(fl)^, r , Q ) 

Therefore, the contribution of 71 is also dominated by r N . 

For the case (A2'), we take the paths ji (i = 1, 2) as in the case (A2) in the proof 
of Lemma 20.2.1. The contribution of 71 is dominated by cxp(Rc(a)). It can be 
shown as in the proof of Lemma 20.2.1 by using (394), that the contribution of 72 is 
dominated by r N . 

Let us consider the case (B). If S x Up is sufficiently small, one of the following 
holds for some S > 0: 

(Bl') : -Re(a) < S on S x U P . 

(B2') : -Re(a) > 5 on S X U P . 
We take the paths 7 as in the cases (Bl) or (B2) in the proof of Lemma 20.2.1, 
respectively. We can obtain the desired estimate as in the cases (Al') and (A2') 
above, by using (394). □ 

Let ui — uji Vi be a C°°-section of V <S> ^i 2 on y such that \uJi \ = 0(\x\ N ). 

Lemma 20.2.3. — There exists a C°° -section r = ^TiVi of V ® ^y/y 071 
S oo (r' ,9 f ,6 , 1 ) x Up such that (i) Vr = u, (ii) n = 0(1x1^+'), where I > is 
independent ofoj. 

Proof As in the proof of Lemma 20.2.2, we may assume rank(F) = 1 and A = 0, 
and we may assume that one of (A), (Bl') or (B2') holds. We have the expression 
ui = f(r, 6, Q) dr dO. In the case (A), we put 

r(r,6,Q) := -(exp(oe,r,Q) / exp(-a ¥ ,. r , Q )/(r, <p, Q) dtp) dr. 

v Jo' ' 

In the case (Bl') or (B2'), we take the paths 7 as in the proof of Lemma 20.2.2, and 
we put 



r(r,e,Q) 



cxp(a r , e ,Q) J exp(-a Si e,Q)f(s,9,Q)dsj d6. 



(We regard that the contribution of 71 is in the case (B2').) Then, r has the desired 
property. □ 

20.3. Some Estimates on a multi-sector 

20.3.1. Estimate of growth order of some integrals on multi-sectors. — 

Let S x and S w be small multi-sectors around 00: 

S x = {(x lt ...,Xi) £ & I R X:i < \xi\, I arg(xi) - 6 Xji \ < S Xji , (i=l,...,£)} 
S w = {(wi,. . . ,w p ) G C p I Rw ti < \uii\, I arg(u^) - 6 Wti \ < 5 w>i , (i = 1, ... ,p)} 
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Let Y be a compact region in C™ . Let A be a holomorphic function on Y. Let 
m e Z> and n S Z> . Let / be a C d -valued holomorphic function on S x X S w xY 
satisfying the following differential equation: 

d x f = (^d x (\(y)x m w n ) +J^Mx,w,y)^J f + u> 

Here, Aj denotes Md(C)-valucd holomorphic functions, and we consider the deriva- 
tions only with respect to the variables Xi, ...,X£. Assume the following for some 
e > 0: 

— u = 0(\x\~ N \w\~ N ) holds for any N > 0, where we put \x\ := J\i=i \ x i\ an d 

H :=IU=iKI- 

— Re(A(y) x m w n ) < -e\x m w n \ on S. 

— \Ai\ and |w| are sufficiently smaller than e |a; m uj"'|. 

— Take some point x G S x . Then, |/|{ :i;o }xs 1 „xy| — 0(|io|" _iV ) holds for any 
N > 0. 

Let T x := {(xi, . . . ,xe) e C e \ |arg(xj) - 9 x ,i\ < S x ,i}- 

Lemma 20.3.1. — Under the conditions, we have f = 0(\x\~ N \w\~ N ) for any N 
and for any x € (xq + T x ) x S w X Y . 

Proof The following is minor generalization of the argument in Lemma 14.2 
of [128]. Let & := x™\ Let £ = (^ 0) , . . . , ^ 0) ) correspond to x . Let T £ := 
{(67 ■ ■ • , &) I I arg(fi) - mi < mi S x ,i, {i = 1, . . . ,£)}. By the above correspon- 
dence, xq + T x is contained in £ + Tg. Hence, we have only to obtain the estimate 
on (£ + T ( ) xS w xY. 

We put := . . . , . . . ,£< 0) ; to, y) for i = 0,...,1 We have C (0) = 

(£ ,KJ,y) and £^ = fe, . . . , w, y) . Let Ti(s) be the segment connecting 
and£ W : 

n(s) = (a, . . • , 6-1, 4 (0) + s & - & {0) ), £,% ■ ■ • , d 0) ; «, W), (0 < a < 1) 
On the path r,(s), we have the following inequalities for some constants Cf. 



(395) ^<2Re An&te-eI 0) )II^ 0) ^ l/f 

+ c (\^-% ~ d 0) i ia-i 1/1 2 + 16 - d 0) i |/| 

Here, we have used |/| < 2(1 + |/| 2 ). 
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Let us show the following estimate for some constant B$ independent of by an 
induction on i: 

\n^)\ 2 <B$u\^- N mp\- N \ w r N 

j<i j>i 

From (395), we obtain the following: 

(396) i/(^)i 2 < exp^nN 16-^1 ni^i i™ n i) i/« ( * _i) )r 

j<i j>i 

+ /' 1 exp(-C 1 (l - a)H\^\ \d - e| 0) | Ilkfl \ wn \) C * KM ds 

J ° j<i j>i 

The first term can be dominated by the following: 

j<i j>i j<i j>i 

In the case \^°^\ < |&|/2, we have |& — > l&l/^s and hence the exponential 
term is very small. In the case |^°^| > |&|/2, we have \^°^\ N < C4 \£,i\ , and 
hence the first term can be estimated appropriately. 

Let us look at the second term of (396). For s > 1/2, we have +s(£j — > 
/2. Hence, the integrand can be dominated by the following: 

(397) c^-en ni^^i^ +-(6-^)1"^ ni^rvr* 

<c 5 , N uk~ N+1 mf\~ N \ w \- N 

Thus, Jy 2 can be estimated appropriately. For s < 1/2, the exponential term in the 
integrand is dominated by 

TTIt.l It. _ TTlt(°)l u.. 



^{^nb\\*-4 o) \m 



j<i ]>i 



The term \id ( .<*>\ is dominated by C 6t at Ilj<i |<?i | N Hj>Mj°^\ N \ w \ N > and |& 



I is dominated by Hence, using the same argument for the estimate of the 

1/2 

first term, we can estimate J . Thus, the induction can proceed. The estimate for 
)| = |/(£)| gives the claim of the lemma. □ 

20.3.2. Estimate of flat sections. — Let S x , S w , T x and Y be as in Section 20.3.1. 
Let 1 < k < £, m g Z> and n g Z^ . Let R be a C°° -section of M d (C) (g) on 
5*3, x 5^ x Yi 



R = V i? (1 ' 0) — + V i? (CU) — 



; = 1 
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We assume the estimates |i?| p ' 9 '| < B 1 x m w n | for (p,q) = (1,0), (0,1) and i = 
!,...,£. Let / be a C d -valued C°° -function on S x X S w X Y satisfying the following 
differential equation: 

d x f = Rf 

We assume f(x , w,y) ^ for some x £ S x . 

Lemma 20.3.2. — We have the following estimate on (xo + T X ) x S w x Y for some 
Co > 0: 

\f(x,w,y)\ 



log 



<B C \x m w n \ log( [] \aa 

i=k+l 



\f(x ,w,y) 
The constant Cq is independent of f . 

Proof Let £j = x" H for i = 1, . . . , k, and £j = a;, for i = k + 1, . . . ,£. We use 
the notation in the proof of Lemma 20.3.1. We have only to obtain the estimate on 
(£o + ^f) x S w xY. On the paths Ti(s) (i = 1, . . . , k), we have the following: 



#i/i 2 



(is 



3=»+l 



Hence, we obtain the following: 



log 



|/(£ W ) 



/(€ (<_1) )| 

i-l 



<ciflbiii6ii6-d o) i n i^ (o) ii™ r 

3=1 3=t+l 
40) I ^ ^ nfe 



Note we have Hp! 101 16 ~ C^l IlJ=<+i 1^1 ^ C ? Il"=i l&l- Hcnce > wc obtain the 
following: 

(398) 



k>g( 



|/(£ (fe) )| 



<c 3 i?onioii u;T 



/(l (0) )| 

On the paths Ti(s) (i = k + 1, ...,£), we have the following: 



> 2 
as 



(0)1 



^ 0) + sfe-C)l^ 



(OK 



By an elementary geometric arguments, we can show the following inequality on Tj(s) 
for some < C4 < 1: 



(399) 

Hence, we obtain 
log( 



(0)1 



j(0) 



< 



c 4 & - e 



(0)1 



(0)1 



,(0)| 



/(I 



<c 6 B iog(i + |^|- 1 |e,-e J (0) |)ni^l 

3=1 



Note 1 + |Ci 0) I _1 |6 - 6 (0) | < Cfcl&l- Thus we arc done 



w 



□ 
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Lemma 20.3.3. — If moreover \R, 
(p,g) = (1,0),(0,1) andi = k + l, 

\f(x,w,y)\ 2 



< B \xr 1 x m w T 



Bo are satisfied for 



, £, the following holds for some C : 



log 



\f{x ,w,y)\ 2 



<BoC'o(\x m w 



io g ( n 



i=fe+l 



Proof We obtain (398) without any change. On Tj(s) (i = k + 1, ...,£), we have 
the following: 



log |/| 2 < Bo 



£< - S 



(0)1 



d 0) +*fc-er) 



(0)i 



Bo 



& - e 



(0)1 



d 0) + *te-<T) 



(0), 



The contribution of the first term can be dominated by log(l + l^l" 1 ^ - C^l)- 
By using (399), it is easy to show that the contribution of the second term can be 
dominated by n*=i I & I \w n I ■ □ 

Remark 20.3.4- — We have a variant of Lemma 20.3.5 corresponding to Lemma 
20.3.3. Namely, if or d(R) > m(l) , then we have an estimate 



lot 



|g exp(A 1 a)\(X,z,y) 
g exp(X- 1 a)\(X,z ,y) 



< C\z m ^\ +Clog 



f(0)| 



1 n i 

i=k+l 



//m^o) < — I; ^ e term \zi(p)\ 1 wi t/ie logarithm is not necessary. See Subsection 
2.6.1 for the order ord R. □ 

20.3.3. Estimate for a flat section of a family of A-flat bundles for A ^ 0. — 

We give a special version of Lemma 20.3.2, which will often be used in our subsequent 
arguments. Let X be a product of A e z and a complex manifold Y. Let JC denote a point 
or a compact region of C* x . Let X := X x JC and T> := D x JC. Let 7r : X (T> ) — >• A" 
denote the real blow up of A" along 2?. Let S z be a multi-sector of (A*) £ . Let 5 be 
a product of S z and a compact region U of Y X /C. Let 5 denote the closure of S 1 in 
#(X>). 

Let m e Z< for some /c € [1,^], and let m(l) = m + 5j(o) for some i(0) € 
Let a be the product of z m and a nowhere vanishing holomorphic function a m on X. 
Let i? be a holomorphic section of M d (C) ® p* x (z m ^ fl 1 / (log D)) on S. 

Lemma 20.3.5. — Let g be a C d -valued holomorphic function on S such that 
Xd z g = (da + R) g. Let Zq be any point of S z . Then, we have the following estimate 
for some C > 0: 

(400) 



log( 



|ff exp(A 1 a)\{X,z,y) 
g exp(A- 1 a)|(A,z ,y) 



<ci^ i )|io g (iz I(0) i- 1 n 



i=k+l 



If m,-(o) < — 1, the term |zj(o)| 1 in the logarithm is not necessary. (If g\ ZoX u = 0; we 
use the convention log(0/0) = 0.) 
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Proof We put f = g cxp(A -1 (a — fl|* xu))- By changing the variables Xi = z\ , 
we apply Lemma 20.3.2 to /. Then, we obtain the desired estimate. (Note we may 
assume that R and g arc defined on S' which is slightly larger than S.) □ 

Corollary 20.3.6. — Let g be as in Lemma 20.3.5. Assume the following: 

- k = i and Re(A -1 a) < -S\z m \ for some 6 > 0. 

If we shrink S appropriately in the radius direction, we have \g\ = 0(exp(— e|z m |)) 
for some e > 0. □ 

Corollary 20.3.7. — Let g be as in Lemma 20.3.5. Assume g\ ZoX u * s nowhere 
vanishing. We also assume the following: 

- k = i and Re(A -1 a) > 5\z m \ for some 5 > 0. 

If we shrink S appropriately in the radius direction, we have \g\ > C\ exp(e|;z m |) for 
some C\ > and e > 0. □ 

20.3.4. Estimate for a flat section of a family of A-flat bundles around A = 0. 

— We give another special version of Lemma 20.3.2. Let X be a product of A e z and 
a complex manifold Y. Let JC denote a neighbourhood of 0a in C\. Let X := X x JC 
and V := D x JC. Let X° := X x {0 A }. We put W := X° U V. Let X(W) denote the 
real blow up of X along W. Let S\ and S z be multi-sectors of K. — {0\} and (A*) e , 
respectively. Let S be a product of S\, S z and a compact region U of Y, and let S 
denote the closure of S in X(W). 

Let m £ Z^g for some k € [1,^], and let m(l) = m + 6 no) for some «(0) € [1, k]. 
Let a be the product of z m and a nowhere vanishing holomorphic function a m on X. 
Let i? be a holomorphic section of M d {C) (8 p£(jg m Wfix(log.D)) on 5. 

Lemma 20.3.8. — Let g be a C d -valued holomorphic function on S such that 

Xd z g = (da + R)g. 

Let Zo be any point of S z . Then, we have the following estimate for some C > 0: 

i 

<q^wA- i |iog(|z l(0) r i n izr 1 ) 

i=k+l 

In the case m.^o) < —1, the term |zj( )| _1 in the logarithm is not necessary. (We use 
the convention log(0/0) = in the case g\s x x ZQ xu = 0.J 

Proof We put / = g cxp(A _1 (a — a\s x x Zo xu)) ■ By changing the variables w = 
A -1 and Xi = z~[ , we apply Lemma 20.3.2 to /. Then, we obtain the desired estimate. 

□ 

Corollary 20.3.9. — Let g be as in Lemma 20.3.8. Assume the following: 

- \g\ is bounded on S\ x Zq x U . 

- k = I and Rc(A _1 a) < — <5 1 A 1 | for some 5 > 0. 



(401) 



log( 



\g exp(A 1 a)\(X,z,y) 
g exp(A- 1 a)|(A,z ,j/) 
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If we shrink S appropriately in the radius direction, we have \g\ = 0(exp(— e|A 1 z Tn \)) 
for some e > 0. □ 

Remark 20.3.10. — We have a variant of Lemma 20.3.5 corresponding to Lemma 
20.3.3. See Remark 20.3.4. □ 



CHAPTER 21 



ACCEPTABLE BUNDLE 



We studied acceptable bundles in [91], [92] and [93] after [22], [113] and [114]. 
In this chapter, we give a review and some complements. The most important one 
is local freeness (Theorem 21.3.1) in Section 21.3. Although there is a considerable 
overlap with [91] and [93], the author thinks it appropriate to give the details in view 
of significance of the theory of acceptable bundles for us. 

In Section 21.1, we recall basic facts on holomorphic vector bundles on Kahlcr 
manifolds. We review in Section 21.2 the fundamental property of the twisted metrics 
for acceptable bundles, with minor refinement. Roughly speaking, if N is sufficiently 
negative, we have the vanishing of higher L 2 -cohomology, due to which we can extend 
holomorphic sections on a hyperplane to those on the whole space. And, if N is 
sufficiently positive, the norms of holomorphic sections are pluri-subharmonic, due 
to which we do not have to care the distinctions between L 2 -estimates and growth 
estimates, or curve-wise estimates and global estimates. 

In Section 21.3, we give the statement of the main theorem (Theorem 21.3.1) 
in this chapter. It briefly means the local freeness of the sheaves of holomorphic 
sections satisfying some growth estimate. It was shown in [93] for acceptable bundles 
underlying tame harmonic bundles. The main body of the proof is almost the same. 
We need only some easy changes for the general case. However, it is used to obtain a 
filtered A-flat bundle from an unramifiedly good wild harmonic bundle, which is one 
of the most fundamental results for us. Hence, we give a rather detailed outline of 
the proof in Sections 21.4-21.7. 

The theory of acceptable bundles on curves was well established by Simpson in 
[113] and [114]. We explain some complements in Section 21.4 for our use, which are 
more or less well known. In Section 21.4.2, we explain that the parabolic filtration has 
the splitting by the weight decomposition with respect to the Galois group after tak- 
ing an appropriate ramified covering. In Section 21.4.3, we review that the parabolic 
weights are essentially the logarithm of the limit of the monodromy. Then, we show 



526 



CHAPTER 21. ACCEPTABLE BUNDLE 



in Section 21.4.4 that the parabolic weights are well defined for the irreducible com- 
ponents of the divisors in the higher dimensional case. (We have used the property 
of tame harmonic bundles for the control of the parabolic weights in [93].) 

To show an O-module is locally free, it is always essential to show that holomor- 
phic sections on a hypersurface can be extended to those on the whole space, in an 
appropriate sense. We study such problems in Sections 21.5-21.6 by the method in 
[91] and [93]. We change the way of construction of a cocycle (Section 21.5.2). Then, 
we show Theorem 21.3.1 in Section 21.7 by using the argument in [91] and [93]. 

In Section 21.8, we show that the small deformation of an acceptable bundle is also 
naturally extended to a filtered bundle, which is useful to show Theorem 9.1.2. 

In Section 21.9 we give some complements. In Section 21.9.1, we study estimate of 
sup norms for L 2 -solutions of the 9-equation. Lemma 21.9.1 will be used in Sections 
21.9.2, 7.4.2 and 8.2.3. We also give a variant of such an estimate in Section 21.9.2, 
which is used in Sections 9.4.1 and 13.5.3. We give in Section 21.9.3 an estimate of 
a unitary connection form with respect to a holomorphic frame compatible with the 
parabolic structure. We show that it is bounded up to log order. We give in Section 
7.5.2 a refinement if the acceptable bundle comes from a good wild harmonic bundle. 
(See also Section 10.3.2.) Such an estimate will be used to obtain an estimate of 
harmonic forms on a punctured disc (Section 8.4.2). 



21.1. Some general results on vector bundles on Kahler manifolds 

21.1.1. Vanishing of L 2 -cohomology and some estimates. — We recall some 
results of Andreotti-Vesentini in [3]. Let (Y,g) be a complete Kahler manifold, not 
necessarily compact. The volume form of Y is denoted by dvol. Let (E,d E ,h) be 
a hermitian holomorphic bundle over Y. Let (•, -)h,g denote the induced fiber-wise 
hermitian metric of E <g> £ly q . The space of C°° (p, g)-forms with compact support is 
denoted by A?< q (E). For any ^ € Ap^{E) (i = 1,2), we define 

(m,m)h := J {vi,m)h,g ■ dvol, \\r)\\ 2 h := (v,v)h- 

The completion of A p .' q (E) with respect to the norm || ■ \ \h is denoted by A^ q (E). 

Let d* E : Af q (E) — > AP^iE) denote the formal adjoint of d E : Al> q {E) — > 
AP ,q+1 (E). We set A" = d E d E + d E d E . We have the maximal closed extensions 
d E : Al q {E) — -> Al q+1 {E) andd^ : A% q {E) — -> A p ^ q ~ 1 {E). We denote the domains 
of d E and d E by Dom(d E ) and Dom(d E ) respectively. 

Proposition 21.1.1 (Proposition 5 of [3]). — A P > q (E) is dense in W p - q := 
Dom(d E ) (1 Dom(d E ) with respect to the the graph norm ||?7|| 2 + ||c?e7/||/[ + Hc^^H 2 ,. 
(See also [22]). □ 
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Proposition 21.1.2 (Theorem 21 in [3]). — Assume that there exists a positive 
number c > satisfying the following: 

For any rj <G W p ' q , we have WdEvWh + ll^iJ 7 ?!!^ > c ' WvWl- 
Then, for any C 00 -element r\ £ A^ q (E) such that 8e{t]) = 0, we have a C°° -solution 
p € A^ q ~ (E) satisfying the equation Oe(p) = V- O 

21.1.2. Kodaira inequality. — We recall some inequality due to K. Kodaira [73] 
and M. Cornalba-P. Griffiths [22]. (See also [91] and [93].) For a Kahler manifold Y, 
we have the operator A : fly q — > fiy -1 ' 9-1 which is the adjoint of the multiplication 
of the Kahler form (see Page 62 of [72]). Let E be a holomorphic vector bundle with 
a hermitian metric h over Y. We have the metric connection of E induced by the 
holomorphic structure 8e and the hermitian metric h. We denote the curvature by 
R(h). Let i?(r2y 9 ) denote the curvature of the Levi-Civita connection on Q,y q . We 
have the following inequality: 

(402) \\d E 4 2 h + \\d E 4l > V^l(A(R(n°^))-v, v) h -V=l(A(R(h) V )-AR(hyrj, rj) h 
(See Section 2.8.2 of [93].) 

We give a more specific formula for (0, l)-forms. We denote the Ricci curvature 
of the Kahler metric g by Ric(g). We can naturally regard Ric(<?) as a section of 
End(E) <g) fly 1 . Let / be a local section of End(E) (g) Cly , and r\ be a local element 
of A°' 1 (E). We put 

(403) ({f,r,)) h :=-V=l(A(f- V )-A(f)-r,, r?)^ 

Let <pi,...,<fd be a local orthonormal frame of ' , and let ei,...,e r be a local 
orthonormal frame of E. For local expressions / = .v,i.j ®e„<g> (f i^j), V = 
Vn,i " e M ® we can rewrite (403) as 

( 404 ) ^2U,u,ij -ViJ,,i-Vu,j> 

where e\ , . . . , denote the dual frame. 

For any rj e Dom(d E ) n Dom(d E ) C A^iE), we have the following inequality: 

\\d E {ri)\\l + \\?E<!i)\\l > j((R(h)+mc(g), V )) h dvol. 
(See [73] and [22]. Sec also Proposition 4.5 of [91].) 

21.2. Twist of the metric of an acceptable bundle 

Let X be a complex manifold, and D be a normal crossing divisor of X. Let 
<7 P be a Poincare like metric of X — D, i.e., for any point P G D, we can take a 
neighbourhood U of P in X such that U \ D is bi- holomorphic to the product of some 
discs and punctured discs, and then g p and the Poincare metric oiU\D are mutually 
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bounded around P. Recall that (E, 8e, h) is called acceptable, if the curvature R(h) 
is bounded with respect to h and g p . (See also Definition 2.44 of [93].) 

Let us consider the case X := A™ and D := [J i=1 Di, where we put Di := {zi = 0}. 
Let (E, dE,h) be an acceptable bundle over X — D. For a € R e and N € R, we set 

i i n 

(405) r(a,N) := - £ o* -log \ Zl \ 2 + N ■ log(- log |z ? f) + ^ log(l - |z,| 2 )) . 
We consider the following metric for any a and TV: 

l n 

(406) h a . N := h ■ e~^) = h . . (_ i og ^a)"" . JT (l _ | Zj f )" w 



iv ; 



We use the symbols | • | a ,Aj 1 1 ■ ||o,JVj ')a,JV and ((■, -)) a ,N instead of | • \h a , N , \ | ■ | \h a 
(•, -)/j N and (-, ■)/ lo N . We also use the symbols A p ^ q N (E) instead of A^ q N {E). 

21.2.1. The case in which TV is sufficiently negative. — We have the following 
equality for any section 77 € A° c q {E) (See the proof of Lemma 2.45 of [93]): ^' 

(407) V^I (A(d<9r(a, N)^) - A(99r(a, N)) ■ 77) =-N-q-r) 
We obtain the following inequality from (402) and (407): 

(408) P^||l >iV +|&|| 2 aiJV > 

v/=T(A(n^_ D ) • 77, ^^-V^T/A^.^-Ai?^).,?, 77) -/V-<?-|MlLv 

\ / a, A' 

There exists a positive constant C > 0, depending only on the bound of the curvature 
R{h), such that the following holds on X — D for any q = 1, . . . ,n and for any 
77 € A° C <«(E): 

(A(fi°£ D ) • r, - A(iZ(fc) • r ? ) + A(i2(fc)) ■ 77, ,)J < C ■ \ v \l 

If we take a negative integer TV such that N < —C — 1 for the above constant C, we 
obtain the following inequalities for any q > 1 and for any 77 € A° ,<z (75), due to the 
inequality (408): 

( 409 ) IMLv + ll^llLv ^ IHlLv 

Lemma 21.2.1. — Let C be a positive constant as above. If N < —C — 1, we have 
the vanishing of any higher cohomology group H' (^4° : ' N (i?) , 8e) (i > 0). 

Proof It follows from Proposition 21.1.1 and Proposition 21.1.2 and (409). □ 



'^The signature in Lemma 2.45 of [93] is opposite. 
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21.2.1.1. Refinement. — Let Z a ' q N (E) denote the kernel of the natural morphism 
d E : A° a q N (E) — > A^^iE). Let A* a ^ q (E) be the space of the sections r of E®n ^ 
such that r and d E r are L 2 with respect to /i a ,Ar and g p . It is also obtained as the 
completion of A°' q (E) with respect to the norm ||T|| ai Ar + Hc^rHa^. The kernel of 
the morphism d* E : A* a % q (E) — ■* A*^' 1 ^) is denoted by Z* a % q (E). 

Let A^ q N (E) denote the space of the sections of E ® fl 0,q such that r, d E r and 
d E T are L 2 . It is also obtained as the completion of A°' q (E) with respect to the norm 
IM| ~ aN ■= \\r\\ a .N + \\dET\\ a .N + \\d E T\\ a , N . We set 

Z° a q N (E) := Kcr(d E : A° a q N (E) A ^\E)), 

Z* a % q (E) := Ker(d* E : A^ N {E) A*^~\E)). 

If N is as in Lemma 21.2.1, for any q > 1, IMI^^ := ||d.ET|| 0i jv + ||9^r|| a ,Ar 
determines the norm equivalent to ||t||~ due to (409). The hermitian pairing 

( T i>T2)x,a,N := {9 E Ti,d E T 2 ) a M + (d E T 1 ,d E T 2 ) a ,N induces the norm || • ||^ aJv . 

Lemma 21.2.2. — If N is as in Lemma 21.2.1, the following holds for any q > 1 
and any a G R e . 

— We have the decomposition A^ 9 N (E) = Z^ q N (E) © 

~~ ®e '■ (Za°N 9 ( E )i II ' lU.a.Tv) — > ( Z a, n^ 1 ( E ) ' II ' Ik^) * s isomorphism. 

— For any p G Z^'°j^ q (E), there exists \i G ^a'/v^^) suc ^ P = ^eM- 

Proof We use a descending induction on g. The claim is trivial for any sufficiently 
large q. Assume that we have already obtained the decomposition A^ q I ^ 1 (E) = 
Z° a q + 1 (E)®Z* a ^ +1 (E), and Z*^+\E) C %{Z^\E)). For any k G 
let us consider the linear map F K : Z a ' q jf (E) — > C given by F k (t) :— (r, n) a ,N- It is 
continuous with respect to |j • ||^ w . By Riesz representation theorem, we have v G 

ZaM 1 ^) such that ( T , K )a,N = (t, v) £,a,N = (P*E T > d *E v )a,N for any r € Z^ 1 ^). 
For any t G Z*^ <z+1 (£'), wc obviously have (d E T,d E v) ai N = 0, and we also have 
(t, K) a ,AT = because r = <9 e t' for some t'. Hence, (r, K) a ,N = (d E T, d E v) a ,N holds 
for any r G J 4°''^" 1 (i?), which implies k = d E (d E v). In particular, k is contained in 
the image of d E : Z* a ° N q (E) — ► Zjfr 1 ^. Then, d £ : — ► ^^(I?) is 

an isomorphism, by definition of || • ||^ N and || • || ,jv- 

Due to (409), we have Z° a q N {E) n Z* a % q {E) = 0. Let w G l^C-B). Applying the 
above result to d E u>, we can take u>± G Z* a j^{E) such that d E ^\ = d E u>. Then, lo — 
ail G Z®' q N (E). Thus, we obtain the decomposition. = Z° a q N (E) ® Z* a °^ q (E). 
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Let p £ Z* a % q (E). Applying the above to d E p € Z® a q + l {E), we can find v £ 
^f+^E) such that = d E p. Then, S^f £ Z* a °^ q (E) and we have d E (d E u - 

p) = 0. Then, we obtain p = d E v. Thus, the induction can proceed. □ 

Lemma 21.2.3. — Let TV be as in Lemma 21.2.1. For any uj £ Z^' 1 N (E), we have 
a section f of E such that df = uj and ||/|| ,jv < IMU.iV- 

Proof Let us consider the linear map F u : Z^' 1 N (E) — ► C as in the proof of 
Lemma 21.2.2, which is continuous with respect to || • II a o jv ^ Riesz representation 
theorem, we have p € Z^ 1 N (E) with ||/o|| j 4 aA r < |M|a,Ar, such that (r, uj) a .N = 
(d E T 7 d E p) a ,N- As in the proof of Lemma 21.2.2, we have uj = d E (d E p). Since we 
have \\d* E p\\ a . N = |Mll, ,jv - II^IU.-^' wc are donc - n 

21.2.2. The case in which TV is sufficiently positive. — Let 7r, : X — D — > Di 

denote the natural projection for i = 1, . . . , n. We put D° := Di \ Uj^i j<e Dj. Let 
P be a point of D°, then wc obtain the curve tt^ 1 (P) which is isomorphic to A* 
(i < £) or A (£ < i < n). Let A" denote the Laplacian on tt~ 1 {P) with respect to the 
Euclidean metric. The restriction of the metric h a jy to E,-i,p. is also denoted by 
h a ,N- Similarly, the restriction of | ■ | ,jv to n~ 1 (P) is denoted by the same symbol. 
We can easily show the following lemma. (Sec Lemma 2.49 and Corollary 2.50 of 
[93].) 

Lemma 21.2.4- — There exists a positive constant No, depending only on the esti- 
mate of the curvature R{h), such that the following holds: 

— Let P be a point of D° , and U be an open subset of the curve n~ 1 (P). Let F 
be a holomorphic section of E\u . Then the inequalities A"|-F|^jy < and 
A" log |-F|o,iV < hold on U for any TV ^ TVo- In particular, \F\ a ^ and 
logli^la^ are subharmonic on U. 

As a result, for any holomorphic section F of E, the functions log I-FI^at an d \F\a,N 
are pluri- subharmonic, if TV > TVo ■ D 

We explain various consequences of this pluri-subharmonicity. Since we will be 
interested in the behaviour of holomorphic sections around the origin O, we put 
X(C) := {(zi, . . . ,z n ) £ X | |*| < C}, Di(C) := D % n X(C) and D(C) = D n X(C) 
for any < C < 1, and we will consider the restrictions of holomorphic sections to 
X(C)* :=X{C)-D{C). 

21.2.2.1. L 2 -estimates on curves and X — D. — The following corollary makes us to 
derive the L 2 -propcrty on curves from the L 2 -property on X — D, which easily follows 
from the pluri-subharmonicity in Lemma 21.2 A. (See Corollary 2.51 of [93].) 
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Corollary 21.2.5. — Let F be a holomorphic section of E on X — D such that 
F £ A^ N (E). Let No be as in Lemma 21.2.4, and let M > max{./Vo, N}. For any 
1 < J < ^ an d P € D° , we have the following finiteness: 

; i - I(w . (o) l^7 i cw-wl^ dTOl -7 i w <00 

Here dvol^-i/p^ denotes the volume form of ttJ (P) with respect to the restriction 

21.2.2.2. From L 2 -estimate to growth estimate on a curve. — Let us consider the 
case X = A and D = {O}. We can show the following lemma by the argument in 
Lemma 7.12 of [92], although it is stated for acceptable bundles induced by tame 
harmonic bundles. 

Lemma 21.2.6. — Let f be a holomorphic section of E on X—D such that ||/||&,iv < 
oo for some b,N € R. Let No be as in Lemma 21.2 A, and M > max{iVo, \N\ + 2}. 
Then, the following holds on X(l/4): 

\f(z)\l<B\\f\\l N \z\- 2b (-log\z\) M 

Here, B > is independent of f. 

Proof Let dvol (resp. dvol Sp ) denote the volume form associated to Euclidean 
metric (resp. Poincare metric). From the subharmonicity, we obtain the following 
inequalities for any < \z\ < 1/4: 



(410) \og\f(z)\{ M < -—p I log |/(«0|£ M dvol 



\w-z\<\z\/2 

< log(-^ / |/M|L/dvol) < log(- / |/H| 2 

V7r R J\w-z\<\z\/2 V K J\w-z\<\z\/2 

< l0g(^||/||6,iv) 



6,W dvol S P 



j20 t 
n 

Thus, we are done. □ 



21.2.2.3. Refinement of growth estimates on a curve. — Let us consider the case 
X = A and D = {O}. We can show the following lemma by the argument in Lemma 
7.13 of [92], although it is stated for acceptable bundles induced by tame harmonic 
bundles. 

Lemma 21.2.1. — Let f be a holomorphic section such that \f\h = 0(|z|~ a ~ e ) 
for any e > on X(C). Let Nq be as in Lemma 21.2.4, and let M > No- We 
set H(z) := \f(z)\l ■ \z\ 2a ■ (-log|z|)" M . Then, H{z) is bounded. More strongly, 
max| 2 |< C / \H{z)\ = max| z | =c , H(z) for any < C < C. 
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Proof We put H e := H(z) ■ \z\ 2e for any e > 0. We have the subharmonicity 
of \ogH e on X*(C). By the assumption, we have lim| z |_>. log H e (z) = — oo. Hence, 
max| z |<c" |iJ e (z)| = max| 2 | = c/ H e (z) for any < C < C. By taking limit e — > 0, we 
obtain the desired estimate. □ 

21.2.2.4- Growth estimates on curves and X — D. — Let us return to the case, 
X = A™ and D = (J»=i ^i- We would like to remark that the growth estimates on 
curves imply the growth estimate on X — D. The following lemma is a refinement of 
Corollary 2.53 of [93]. 

Proposition 21.2.8. — Let F be a holomorphic section of E on X — D. Assume 
that we are given numbers «j G R (i = 1, . . . ,£) such that the following holds: 

— \F\Tr~ 1 (P)\h ~ ( ^(l z il~ ai ~ £ ) f or an y 6 > an d f or an y £ = 1, . . • and P € D° . 
Let Nq be as in Lemma 21.2.4, and let M > Nq. Take < C < 1. Then, there exists 
a constant B, which is independent of F, such that the following holds on X*{C): 

\ F \l < B IT N~ 20J ■ (-!ogN) M • max \F\l 
._, I z j I — ° 

i- 1 i<j<e 

Proof We have only to use Lemma 21.2.7 inductively. □ 

Corollary 21.2.9. — Let F be a holomorphic section of E over X — D such that 
ll^lla.jv < oo- Let Nq be as in Lemma 21.2.4, and let M > A^o- Then, the following 
holds on X*(C) for some < C < 1: 

\ F \l < B IT M~ 2aj ■ (-log|^|) M ■ max 

\Zj\ — o 

3=1 l<j<t 

In particular, F G a E. (See Section 21.3 for a E .) 

Proof We obtain the L 2 -estimates for the restrictions of F to curves transversal 
to the smooth part of D, due to Corollary 21.2.5. It implies the growth estimates of 
the restriction to curves due to Lemma 21.2.6. Then, we obtain the growth estimate 
of \F\ h on X*(C) by Proposition 21.2.8. □ 



21.3. Prolongation to filtered bundle 

Let X := A™, and D := Ui=i{ z i = 0}- Let (E, 8e, h) be an acceptable bundle on 
X — Doi rank r. We naturally identify E with the sheaf of holomorphic sections. Let 
a G R l . The i-th components of a are denoted by ai. For any open subset U C X, 
we define 

£ 

a E(U) := {/ G E(U \ D) | |/|, = 0(1] M^) Ve > o}. 
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By taking shcafification, we obtain an Ox-module a E. In the case a = (0, . . . , 0), we 
prefer the symbol °E. 

Theorem 21.3.1. — Assume that det(E,dE,h) is flat, for simplicity. Then, a E is 
locally free for any a <E R e . Moreover, the family { a E | a S R e } forms a filtered 
bundle. 



It implies that (i) the images l Fb( a E^ i ) of a (i,b)E\Di — > aE\£> i are subbundles for 
any b £E]a,; — l,aj, where the j-the components of a(i,b) and a are equal for j =/= i, 
and the i-th component of a(i, b) is b, (ii) the induced filtrations % F (i = 1, . . . , £) of 
a E\Di are compatible in the sense of Definition 4.37 of [93]. (See Section 2.5.3.) 

The tuple of filtrations ( l F \i = 1, . . . ,t\ is often denoted by F in this situation. 
Let v = (vi, . . . ,v r ) be a frame of a E compatible with F. Namely, the numbers 
di{vk) are attached to any Vk and i = 1,. . .,£, such that {wfe|Di | ^i(^ib) < ^} gives 
a frame of l Fb{ a E] [ D i ) for each pair of i = 1, . . . ,^ and 6 G]oj — 1, a,]. The numbers 
a,j{vi) are often denoted by 3 deg ir («i) in this situation, and called the degree with 
respect to j F. We set 

i 

(411) ^:=^-IlN aiK) - 

i=l 

Let H(h,v') denote the hermitian-matrix valued function whose (p, q)-entries are 
given by h(v' p ,v' q ). 

Theorem 21.3.2. — There exist positive constants C and N such that the following 
holds around O: 

(412) C- 1 - (-X>g|^|j <H{h,v') <C- ^ 5^ log |^| 
/n other words, v' is adapted to h up to log order. 



The holomorphic bundle End(iS) with the induced hermitian metric h is also ac- 
ceptable. We can show the following proposition by using the weak norm estimate 
(Theorem 21.3.2). 

Proposition 21.3.3. — °End(i?) is naturally isomorphic to the sheaf of the endo- 
morphisms f of a E for any a € R l , such that /p. preserves the filtration i F for each 
i = l,...,£. □ 



We will prove Theorems 21.3.1 and 21.3.2 in Sections 21.4-21.7. 
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21.4. One dimensional case 

21.4.1. Weak norm estimate. — In the one dimensional case, Theorem 21.3.1 
was proved by Simpson in [113]. (See also [114]). For any a <G R, we have the 
associated vector bundle a E with the parabolic filtration F. We set 

Tar{ a E) := {b e]a -l,a} \ Grf ( a £) + 0} 

Moreover, he showed the functoriality with respect to dual, tensor and direct sum. In 
particular, if v is a frame of a E compatible with the parabolic filtration, the dual frame 
v v of E v naturally gives a frame of _ a _i +e i? v for some sufficiently small e > 0. Let us 
observe Theorem 21.3.2 in the one dimensional case, by using this fact. Let v' = (v^) 
be as in (411). By using Lemma 21.2.7, we obtain H(h,v') < C\ ■ (— log|z|) Ml for 

some Ci,Mi > 0. We also obtain H(h w ,v w ') < C 2 ■ (-log|z|) M2 , where /i v denotes 
the induced metric of E y . Then, we obtain that v' is adapted. 

21.4.2. Pull back and descent. — For any positive integer c, let ip c : X — > X 

be given by ip c { z ) = z c - We put (E, 9g, h) := i/;~ 1 (E, 8e, h), which is also acceptable. 
For any a, b <E R, let v{a, b) E 7L be determined by b — 1 < v(a 1 b) + a < b. For any 
b € R, it is easy to check 

b E = J2 Z ~" iCa - b) ^c\aE). 
a 

More concretely, let v be a frame of °E compatible with the parabolic filtration F. 
Let ai := deg F (vi). We set 

It is easy to check that v = (v^ is a frame of \,E compatible with the parabolic 
filtration, by using the weak norm estimate. Hence, we have 

Var( b E) = {ca + v(ca,b) | a G Var(°E)}. 

Let /i c := |u> e C | w c = l}. Let u be a generator. We have the natural Re- 
action on X given by the multiplication, which is lifted to the action on b E. Note 

Assume that < b < 1/2. If c is a sufficiently large integer, we have (i) < 
v(ca,b) < c—1, (ii) Var^E) — > Z given by v(ca,b) is injective. We have the 
decomposition 

(413) b E\ = (J) V p , V p = (vj\o | v(caj,b) =p), 

0<p<c-l 

where uj acts on V p as the multiplication of ui p . 

For each p £ {0<p<c— l|VJ,7^0}, there exists x(p) G Var(°E) such that 
p = v(x{p)a, 6). Thus, we obtain the map 

X- {0 <P< c- 1 1 V p 7^0} — > Var(°E). 
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By setting tp(p) := v\x(p)a, o) + x{v) a £ Po-i'ibE), we obtain the map 

ip : {0 < p < c - 1 | V p ^ 0} — > Var( b E). 

The decomposition (413) gives a splitting of the parabolic filtration F of ^E in the 
following sense: 

F d ( b E lo )= V p 

(p(p)<d 

Conversely, let it be a frame of bE. Assume that it is /x c -equivariant in the sense 
that ui*Uj = oj~ Pi ■ Uj for some < pj < c — 1. Note that Uj\o G V Pj , and hence 
the frame u is compatible with the filtration F. We set Uj := z Pj ■ u. Since they 
are /x c -invariant, they induce sections of E, which is also denoted by uj. It is easy 
to check that u = (uj) is a frame of °E compatible with the parabolic filtration by 
using the weak norm estimate. 

21.4.3. Parabolic structure and monodromy. — Let X := A and D := {O}. 

Let (E, 8e, h) be an acceptable bundle of rank R on X — D. 

Lemma 21. 4-1- — There exists a C 1 -orthonormal frame e of E with the following 
property. 

— There exists a diagonal matrix T whose -entries cti satisfy < on < 1. 

— Let A be determined by the following: 

- dE e = e.(- T -+A).^ 

Then A = 0((- log \z\y l ) . 

Proof See Lemma 7.10 of [92] with the simplified proof due to the referee of the 
paper. Although the lemma is stated for tame harmonic bundles, it holds for any 
acceptable bundles. □ 

We set 5(r) := {— cti, . . . , — «_r}. ^ We recall the following lemma. Although it 
is also stated for tame harmonic bundles, it holds for any acceptable bundles. 

Lemma 21-4.2 (Lemma 7.17, [92]). — Var^E) = S(T) holds. The multiplicity 
of an eigenvalue cti is egual to dim Gr^ Q . (E) . □ 

For < r < 1, let P(r) denote the characteristic polynomial of the monodromy 
along the loop r • e^~^ B (0 < 9 < 2ir) of the unitary connection 8e + 9e- We have 
the limit lim r _>.o P(r) whose roots are ai, . . . ,otR. By Lemma 21.4.2, lim r _j.o P{f) 
determines Vari^E). 



(2) 5(r) in Page 75 of [92] should be corrected. 
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21.4.4. Control of the parabolic weights in the higher dimensional case. 

— Let X := A n and D := {zi = 0}. Let tt : X — > D be the projection. Let 
(E,dE,h) be an acceptable bundle on X — D. For any point Q S D, we have the 
acceptable bundle (EQ,dQ,h,Q,) := (E, 8e, ' l )|7r- 1 (Q)\r>- 

Lemma 21.4-3. — The following holds for any Qi € D (i = 1, 2): 

Var{°E Ql ) := Var(«E Q2 ), dimGrf (*E Ql ) = dimGrf 

Proof Let V := 8e + Qe denote the unitary connection associated to (E,dE,h). 
We use the natural identification X = A Zl x D. For < r < 1, let P(r, Qi) denote 
the characteristic polynomials of the monodromy along the loops (r ■ e^~^ e , Q.^j (0 < 
9 < 2ir). We have only to show linv-^o P(r, Qi) = lirrv^o P(t, Qi)- 

Let 7(f) : [0, 1] — > D he & C°°-map such that 7(0) = Qi and 7(1) = Q 2 - For any 
< r < 1, we have the map 

$ r : [0, 1] x [0, 2tt] — >X- D, $ r (i, 0) = (r ■ e^ 10 , 7(f)) 

Take any v G -E|(V,Q) such that |v| = 1. We have the section V(r) of $*E determined 
by the following conditions: 

V(r) l(r , Q) = v, V(d e )V(r) = 0, (V(d t )V(r)) ]e=0 = 

Let R denote the curvature of V. Then, we have the following: 

V{doMdt)V{r) = KR(dt,d e )V(r) = C>((- logr)" 1 ) 

Hence, we obtain the following estimate with respect to h: 

V(dt)V(r) ]e =2« = 0((-logr)- 1 ) 

Then, we obtain lim r _>o P{r, Qi) = lim r -to P{ r , Qi)- d 

21.5. Extension of holomorphic sections I 

21.5.1. Statement. — We set X := A'^ 1 = {{z\, . . . , z„-i) \ \zi\ < l}, and 

A) := ULii 2 * = °} f° r some t < n—1. Let A w := {w e C \ \w\ < l}. We put 
X := X x A w and D := D x A w . We also set := X x {0} and := D a x {0}. 

Let (E, &E,h) be an acceptable bundle on X — D. Let / be a holomorphic section 
of *(-B| X (o)_ B (o)) on X(°) - £>(°). Take < i? < 1, and we set X{R) := {\z t \ < 
R, \w\ < R}. The following lemma is the counterpart of Lemma 8.51 of [93]. 

Lemma 21.5.1. — There exists a holomorphic section F of°E on X(R) such that 
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21.5.2. Construction of a cocycle. — The argument is essentially the same as 
that in [93]. We have to modify the construction of an appropriate cocycle (Section 
8.4.2 of [93]). We can argue as follows. 

We use the polar coordinate w = r ■ e v/ ~ Te for A w . Let d r denote the vector 
field d/dr. Let / be a holomorphic section of °{E\ X (o)_£>(o) ). By using Proposition 
21.2.8, we obtain that / is bounded up to log order, i.e., the following holds for some 
C,N > 0: 



N 



By using the unitary connection V := dE + dE, we extend / to a continuous section F 
of E on X-D by the condition \7 dr F = and F\ Xo = f. We have \F(z, w)\ h < \f(z)\ h 
by the construction. 

Lemma 21.5.2. — We have the following estimate on X — (i) U (X^)) for some 
C > with respect to h and g p : 

\VF(z,w)\ < C ■ \f{z)\ ■ \w\ 

Proof In the following, C{ > denote positive constants. We put Vi := 
(— log |zj|) -~z~id I dEi (i = 1, . . . ,£) and Ui := d/dzi {i = £+1, . . . , n— 1) for simplicity of 
description. Because S7o r F = and [5 r ,zJi] = 0, we have V^V^F = R(h)(d r ,Vi)F. 
Hence, we have the following: 

^\V Vi F\ 2 h (z,w) = 2Rch(V dr V^F, V Vi F) = 2Reh(R(h)(d r ,v i )F,Vv i F 

<d-\f{z)\ h >\Vv t F\ h (z,w) 

Note V 1]i F{z, 0) = 0. Hence, we obtain | V^Fj^z, w) < C2 ■ \ f(z)\ h ■ r. We also have 
the following: 

^-\V dB F\ 2 h (z,w) = 2Reh(R{h){d r ,d e )F,V de F) < C 3 ■ r ■ \f(z)\ h ■ \V 9e F\ h (z,w) 

Note Va e F(z,0) = on the real blow up of X - D along X^ - D {0 \ Hence, we 
obtain |V r -ia e F|, < C4 • r ■ \f{z)\h- Thus we are done. □ 

We take a C°°-metric °f the line bundle 0{— X^) on X . Wc naturally 

regard dF(z, w) as a section of E ® O(-X (0) ) ® O^j-, on X - D. Then, the norm 
of dF(z,w) is bounded with respect to h! = h® ho(-x(°)) an d <7p up to polynomial 
orders in — log | z% \ (i = 1 ,...,£) . 

Let x be a non-negative C°°-function on A w such that x( w ) = 1 f° r \ w \ < 1/2 and 
x{w) = for \w\ > 2/3. We obtain the following C 1 -section of E on X — D: 

p:=X- F(z,w) 

Then, p satisfies the following property in Proposition 8.40 in [93]. 
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— p is bounded up to polynomial order in — log \ z%\ (i = 1, . . . ,£) with respect to 
h. 

— We regard dp as a section of E <g> Oa-(-^ (0) ) ® f^ 0,1 on I - J). Then, it 
is bounded with respect to h ® /io(-x( f) )) and .9p up to polynomial order in 
-log M (i = l,...,£). 

21.5.3. Proof of Lemma 21.5.1. — By using p as above, Lemma 21.4.3, and 
the argument in Sections 8.4.3-8.4.4 of [93] we can show the extension property of 
holomorphic sections as in Proposition 8.46 and Lemma 8.51 of [93]. To explain how 
to use Lemma 21.4.3 and the above cocycle, we give an outline. 

Let g p be the Poincare metric of X — D. Let 7Tj denote the projection of X — D to 
{z-i = 0} x A w . Let D° be the image. For any point Q £ D°, let (Eq,0q, }iq) denote 
the restriction of (E,d E ,h) to n~ 1 (Q) \ D. By Lemma 21.4.3, the set Var(?E,i) := 
Vari^Eq) is independent of the choice of Q £ D°. 

For a £ R e and TV £ R, we consider the following metrics: 

l n-l 

h a , N = h-H\z i \^(-io g \z i \>y N . n (i-NTMi-M 2 )^ 

i=i i=e+i 

Let || • ||^ n denote the L 2 -norm with respect to ft a ,jv and g P - As in Section 21.2.1, due 
to the argument in Section 2.8.6 of [93], there exists a negative number N such that 
the following holds for any N < N and for any C°°-section r\ of E® 0(—X^) ® il ' 1 
with compact support: 

1175 II 2 , llfl* II 2 ^ II II 2 

\\OeV t + \\o E r] \\r > 7/ r 

According to Andreotti-Vesentini (Propositions 21.1.1 and 21.1.2), it implies the fol- 
lowing: 

— Let N < N . Let a be any element of R e . Let r be a enclosed section of 
E <g) £>(-X (n) ) <g) fi ' 1 which is L 2 with respect to h a _ N and # p . Then, there 
exists a section u; of E ® 0(— X^) such that (i) it is L 2 with respect to h a ,N 
and g p , (ii) 9ecj = r. 

We take N < Nq. We take a small number e > such that ] — 1, — 1 + e] n 
Var^E, i) = for any i = 1, . . . , I. Let <5 = (1, . , 1) £ R e . We regard d E p as an 
L 2 -section of E ®0{—X^) ® f2 0,1 with respect to h e s,N- Then, we can find a section 
u> of E® 0(— X^) such that (i) it is L 2 with respect to h e s,N and g p , (ii) d E ^ = d E p- 

We obtain a section F := p — uj oi E on X — D, which is L 2 with respect to h e s,N 
and <7 p . By our construction, d E F = 0. By using the L 2 -property of lu as a section 
of E (8 C(— Xq), we obtain that u)\x<P)-d<.°) = 0- Therefore, i*|x(°)-23(°) = /• 
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By using Corollary 2.51 of [93], wc obtain that the restrictions -FL-ijrm^ arc L 2 
with respect to h e s,N for any Q £ D°. By Lemma 21.2.6, we obtain 

F \-I X {Q) G ^ E \«i\Q)^ 
Because ] — 1,— 1 + e] n Var^E^i) = for any i = 1, ,..,£, we obtain 

Hence, F is a section of °E due to Proposition 21.2.8. □ 
21.6. Extension of holomorphic sections II 

21.6.1. Statement. — Wc put X := A" and D := [f t=l D t . Wc also set 
XV> :={(zi,...,z n )eX\z 1 = z 2 }, DM := X« n D, 

X := {(Zl, . . . ,Z n ) G X I Z\ = Z2 = 0}. 

Condition 21.6.1. — Let {E^8e,Q) be an acceptable bundle over X — D. Let e\ 
and €2 be positive numbers such that ei+62 < 1. Assume that V 'ar y E , i) is contained 
in}- 6i,0] fori = 1,2. □ 

We remark Var[E, «)n]0, 1 — e,] = under the condition. The following proposition 
is the counterpart of Proposition 8.46 of [93]. 

Proposition 21.6.2. — Let (E,dE,h) be an acceptable bundle satisfying Condition 

21.6.1. Let f be a holomorphic section of °(E\ X (i) _ D a) ) on XW. Then there exists 
a neighbourhood U of Xq in X, and there exists a holomorphic section f € TlU^E), 
such that f\ X Wnu = f\xWnu- 

21.6.2. Preliminary from geometry on the blow up. — 

21.6.2.1. Metrics and the curvatures ofOpi(i). — We recall the contents in Section 
4.7.3 in [91] with minor corrections. Let P 1 denote the one dimensional complex 
projective space. We use the homogeneous coordinate [to : ti\. The points [0 : 1] 
and [1 : 0] are denoted by and oo respectively. We use the coordinates t = to/ti 
and s = ti/to- We have the line bundle O r i(i) over P 1 . It is the gluing of C 2 = 
{(*>&)} = O p i(i)ipi^ {oa} and C 2 = {(s,C2)} = Opi(*)|pi-{o}- The relations are 
given by s = t^ 1 and t~ l ■ (i = (2- 

For £ = (t, Ci) = (s, C2) G O p i (i), we define 

hi&t) :=\a\ 2 (i+\t\ 2 r = \c2\ 2 (i+\ s \ 2 r. 

Then, hi is a smooth hermitian metric of the line bundle Oyi(i). For any a, b € -R, 
we have the possibly singular metrics hij a> b) of Cpi(i) given by 

^(co := hi($,®{i + \t\- 2 y a (i + \t\ 2 y b = hi(t,o(i + \ s \ 2 y a (i + \ s \- 2 y\ 
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for £ = (t,Ci) = (s,C2) S Cpi(i)- Around < = (rcsp. s = 0), \t[~ 2a h l ^ a . b) (resp. 
| s | 2£> /z.^ r a ,b)) i s a C°°-metric. The curvature is as follows: 

„ , , > / , , dt ■ dt 
(414) R(hi,( a ,b)) = {a + b + i) 



1+ t 



2 



21.6.2.2. An open subset of the line bundle 0pi(— 1) wit/i a complete Kahler metric. 

- We are mainly interested in the case i = —1. We regard P i(— 1) as a complex 
manifold. We set 

(415) r := G CV(-l) | ft_i >(0 ,o)(^0 < !}• 

Let 7r denote the projection of Y onto P 1 . The image of the 0-section P 1 — > Y is 
also denoted by P 1 . We have the normal crossing divisor D' = P 1 U 7r _1 (0) U 7r _1 (oo) 
of Y. The manifold Y - D' is isomorphic to {(t,x) eC* 2 \ \x\ 2 (l + \t\ 2 ) < l}. 

We have a complete Poincare like Kahler metric of Y — D' . For example, we 
can construct it as follows. As a contribution of the 0-section P 1 , we put t\ := 
fl + ltl 2 ) - la;! 2 ] and 



log 



1 / t ■ dt dx\ ( t ■ dt dx\ 1 dt ■ dt 



.91 := -2 



r 2 \l + \t\ 2 x J \l + \t\ 2 x J ri (l + |i|2) 2 
As a contribution of 7r _1 (oo), we put t 2 := log(l + |t| 2 ) and 

1 / |t| 2 \ dt ■ dt 
.92 := - -!+— ^ 



T2\ T 2 ) (l + |t|2) 2 ' 

As the contribution of the divisor 7r _1 (0), we put r 3 := log(l + |t| 2 ) — log|i| 2 = 
log(l + |s| 2 ), where we use s = t -1 and 

1 / I s 1 2 \ ds ■ ds 

.93:=- • -1 + — -2- 

n V r 3 / (l + | s |2) 2 

Then, we set g ■= gi + .92 + .93- It is easy to check that g is a complete Kahler metric. 
Note the following formulas: 

— 1 / t-dt dx\ ( t-dt dx\ 1 dtAdt 

00 log t\ = t-ttt -I A t-ttt + — H o =: lui 

T 2 Vl + |t| 2 X) Vl + |t| 2 xJ Tl( 1+ |£|2) 2 

2 . 



d<9logT 2 = — (-1 + i-L • =: W2 

T aV t 2 7 (l + |i| 2 ) 

1 / |s| 2 \ ds Ads 

T 3 V 7-3 / fl + | s |2) 2 



We put w := wi + CJ2 + W3. Then, \/— lw is the Kahler form corresponding to g. We 
set 

1 1 / l*l 2 \ 1 / N 2 \ 

T\ T 2 V T 2 / T 3 V T3 / 
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Then, the following holds: 

u 2 = det(q)dt A dt A dx A dx = ( 7? x Ho) ■ dt A dt A dx A dx 

^7f|x|a(l + |i|2) 2 > 

We put H 1 := H -(l+ |t| 2 ) -1 • (l + |s| 2 )~\ Recall Ric(g) = ~8d(det[g)). 

Lemma 21.6.3. - 

— Let C be a number such that < C < 1. We have Hi ~ ( | log |i|| + l) 2 on the 
domain {£ G O p i(-1) | /i_i,(o,o)(£j < C) ■ 

— We have the equality Ric(g) — ddlog(Hi) = — 99 log r 2 . □ 

21.6.2.3. Inequality and vanishing. — We put X := A", Di := {zi = 0} and D := 
ULi A-JVe also put A 2 := {(zi, z 2 ) | N < 1} and D\ := {z t = 0} C A 2 (» = 1, 2). 
Let : A 2 — > A 2 denote the blow up of A 2 at the origin O = (0, 0). We have the 
exceptional divisor <y9 _1 (0) and the proper transforms D'i of D[ (i = 1, 2). 

We put X := A 2 x A™ -2 . Then we have the composite ip of the natural morphisms: 

X vxtd ) A 2 x A"- 2 ► A" 

z w z 

Here the latter morphism is the natural isomorphism given by Wi = Zi+% (i = 
1, . . . ,n - 2). We put D := ip~ 1 (D), which is the same as the following: 

A 2 x (U{^ = 0}) 

i=l 

The restriction of ip to X — D gives an isomorphism X — D c± X — D. 

We can take a holomorphic embedding t of Y in (415) to A 2 satisfying the following: 

— The image of the 0-section P 1 is the exceptional divisor <p -1 (0). 

— We have r 1 ^) = Tr^oo) and = tt" 1 ^). 

We put X := Y x A™ -2 . Then we have the naturally induced morphism X — > X, 
which is also denoted by t. We have the point [1 : 1] € P 1 , and we put 

D:=r\D), X {1) := ^([l : 1]) x A™" 2 , D (1) := X (1) n D. 

The composite ip o t is denoted by ipi ■ The metric gj^_jj is induced from the metric 
g of Y — £>' and the Poincare metric of A™ -2 \ U»=i { w i = 0}- 

Let (-E, 9^) be a holomorphic bundle with a hcrmitian metric h over X — D. We 
assume that (E,dE,h) is acceptable. We denote the curvature of ip^ 1 (E,dE,h) by 

Let ti (i = 1, 2) be as in Condition 21.6.1. We can pick positive numbers e, a and 
b satisfying the following: 



U U D' 2 ) x A™~ 



(416) 



a + 6 = l, 0<a + 2e<l-ei, 0<6 + 2e<l-e 2 
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We set S := (1, . . . , 1) S R . Let /i c a.jv be as in (406). Let ft.jv, e ,a,fe denote the metric 
of the bundle ^ (E)(-X (1) ) := ^f 1 (E) ® O p i (-l)onl-fl given as follows: 

(417) Ve,a,6 := V'r^W ' /l-l,o,6 ■ H" 1 ■ T 2+£ (r 2 • T 3 ) £ 

For simplicity, we use the symbol h instead of /ijv,e,a,6- 

Lemma 21.6.4- — If N is sufficiently negative, the following inequality holds for 
any 77 € A ^ 1 ^ 1 E(-X (1) )): 

((R(h) +mc(g),r 1 ))- h > e\\r,\\l 

(See (403) and (404) for the definition of ((•, ■)) Jl .) 

Proof Recall that X — D is isomorphic to the product of Y — D' and A™~ 2 — 
Ui=i{ w i = 0}> which is compatible with the metrics. We can apply the inequality 
(409) to the ^A£,~ 2 — Ui^ii^i = 0}j -direction. Hence we have only to consider 
(Y — D')-direction, i.e., we may and will assume n — 2. We have the following 
equality: 

(418) R(h) + Ric( 5 ) = Rfc 1 h eS ,N) + R(h-i, a , b ) - dd log H x 

+ {2 + e)-dd log n + e ■ dd{\og r 2 + log r 3 ) + Ric(p) 

= R(i/ji 1 h eStN ) + e ■ (uji + u 2 + oj 3 ) 

Here we have used R{h^i a b ) = due to (414) and our choice of a and b. By taking 
sufficiently negative N, we can assume the following inequality for any r\ € A^, ,1 (E) 
on X - D: 

(419) ((R(h eS ,N),v}}eS,N > 0. 

Then, by a fiber- wise linear algebraic argument using the expression (404), it is easy 
to see that the following inequality holds for any r\ <G A^ 1 (tp^ 1 (E)): 

«tf- 1 ii(/i £ «,tf) ) '7»&> 0. 

We also obtain e((wi + u-i + W3, > e • ||?7||^, by using (404). Thus we are done. 

□ 

Corollary 21 .6.5. — // N is sufficiently negative, the first cohomology group 
H 1 ^' (iJj^Ei-X^))) vanishes. 

Proof It immediately follows from Lemma 21.6.4, Proposition 21.1.1 and Propo- 
sition 21.1.2. □ 

The contribution of ft.-i, a ,& ■ H\ l • t 2+c ■ (t 2 • t^Y to the metric h is equivalent to 
the following, on a curve transversal with {t = 0}: 

|i| 2Q • (-log|t|) 2 • |t| 2e (-log|t|f = \t\^ ■ (-log|t|) 2+2e . 
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We have a similar estimate on a curve transversal with {s = 0}. The contribution is 
equivalent to (— log |x|) 2+£ on a curve transversal with {x = 0}. 

21.6.3. Proof of Proposition 21.6.2. — We impose the additional condition 
= X^l We remark that ip^X) gives a neighbourhood of Xq. We take 
numbers e, a and b as in (416). Note 

Var(E, l)n]0, a + 2e] C Par(J5, l)n]0, 1 - d] = 0. 

Similarly, we have Tar (E, 2) n]0, b + 2e] = 0. Moreover, we may assume that 
Var^E, i)n]0, e] = for i = 3, . . . , £, if e is sufficiently small. 

Let us take a sufficiently negative number N such that (409) holds. We take the 
metric h = /ijv,e,a,6 of the bundle xpi 1 E(— X^) as in (417). We also put ho := 
VT^o.jv ■ h-i.a.b ■ U\ X ■ i~i +e (r2 ■ T3) e . We remark that we can use Corollary 21.6.5 
in this setting. We take the metrics h and ho of ip^ E: 

h := ip^ l h eS ,N ■ h 0t a,b ■ H^ 1 ■ 7f +£ (r 2 ■ r 3 ) e 

ho ■= i'^ho^N ■ ho, a ,b ■ Hi 1 ■ Tl +t {j 2 ■ T 3 y 

Take an embedding k : A f — > P 1 - {0,oo} such that k(0) = [1 : 1] G P 1 . We take 
a holomorphic function 77 on 7t _1 (k(A^)) such that 7y _1 (0) is the intersection of the 
exceptional divisor i^ _1 (0) and 7t _1 (k(A^)). 

The section / induces a holomorphic section of (rp^ 1 EY^i) over X" '\D y which 
is denoted by /. By using the argument in Subsection 21.5.2, we can take a C 1 -section 
p of ip^E over X — D satisfying the following: 

— The support of p is contained in 7t _1 (k(A^)) x A™ -2 . 

— p is bounded as a section of ^ X E up to polynomial order of — log|zj| (i = 
%,...,£) and — log |?y|, with respect to ho. In particular, p is an L 2 -section of 
ipi E with respect to h. 

— dp is bounded as a section of ip^ 1 E(-X^) (g> U P to polynomial or- 
der of — log|zj| (i — 3, ...,£) and — log 1 77 1 , with respect to the metric ho of 
ip^ 1 E(-X^) (8) SI 1 ' and the metric ffx-T> °f tj- ^ e restriction of dp to 

I-(UuI (1) ) are C°° . In particular, dp is contained in A^ 1 (ip^E^X^)) . 

— We have = /. 

Due to Corollary 21.6.5, we can pick G G A-' ^ 1 ^-^^)) such that dG = dp. 
We put f := p-G, which satisfies 3/ = and / G A-'^i^E). By using the 
L 2 -property of G as a section of ip^E ® C(— 1 ), we obtain that G,-^(i) = 0. 
Therefore, j {1) {1) = f. 
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We have an open subset V of X such that i\>\ (X— £)) = V\D. By the identification, 
we can regard / as a holomorphic section of E\y\ D . We would like to show that / 
gives a section of °E on V. We put D° := D t \ \J J<£ ^ Dj. 

Lemma 21.6.6. — Let P be any point of VCiD 1 ^. We have |jfi n -- 1 (p)nv I = ^(l z il~ K ) 
for any k > 0. 

Proof We put C P := 7 r 1 " 1 (P)nF. We may assume that the closure of Cp in C™ is 
contained in X, by shrinking V. Let us take a small neighbourhood U of P in D^. We 
may assume Cp x [7 C V. The metrics h\c P xU an d /i. • | -zi 1 2 ( Q + e ) are mutually bounded 
up to polynomial order of — log | z\ \ . Therefore f\c P xU is L 2 j with respect to the metric 
h- |zi| 2( ^ a+e ' • (— log \z\\\ M for A/ > and the metric gx~D \c P xii- Due to Corollary 
21.2.5, the restriction f\ Cp is L 2 with respect to h ■ \zi\ 2( - a+ ^ ■ (— log |zi|) M and the 
metric gx-D \ c P ■ We also remark Lemma 21.2.6. Because Var(fE, l)n]0, a + 2e] = 0, 
we obtain the desired estimate for f\c P - D 

Similarly, we can show the following lemma. 

Lemma 21.6.1. — We have |/i 7r - 1 (p) n vL = ^(l z »l~ K ) f or an y K > 0, any P 6 
D°C\V, audi =1,2,..., £. □ 

Lemma 21.6.8. — f is a section of^E over V. 

Proof It follows from Lemma 21.6.7 and Proposition 21.2.8. □ 

As a result, we obtain a holomorphic section / of °E over V such that f\xw = f ■ 
Thus the proof of Proposition 21.6.2 is accomplished. □ 



21.7. Proof of Theorems 21.3.1 and 21.3.2 

We use an induction on the dimension of X. As we have already remarked, the 
one dimensional case of Theorem 21.3.1 was proved by Simpson in [113] and [114]. 
We remark that the claim for det(£', 8e, h) is easy because it is assumed to be flat. 

21.7.1. Preliminary prolongation. — Let (E, 8e, h) be an acceptable bundle on 
X — D. We impose the following assumptions in this section. 

— Let e, (i = 1, 2) be small positive numbers such that rank(i?) • (ei + t-i) < 1/2. 
Then, Vari^E, i) is contained in ] — e.;, 0[ for i = 1,2. 

- Pick a point (°z 3 , . . . , °z n ) e (A*)"~ 2 , and we set C := {(z, z, °z 3l . . . , °z n ) € 
X}. Then, Var(E\c ) is contained in ] — e\ — 62, 0[. Note that this condition is 
independent of the choice of {°z 3 , . . . , °z n ). 

We set bi := J2beVar(°E,i) b ' rankl Gr f (° E )> and & : = (^»)- 

Lemma 21.1.1. — j ) det(E)^ Co is isomorphic to det(°(S| Co )) . 
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Proof Take any Pj G D° (i = 1, 2). We have the following: 

J2 b ■ dimGrf (^, Co ) - ]T £ 6 ■ dim 1 Grf C^-^)) G Z 

be-Par(<>.E| Co ) i=l,2 b£Var( a E,i) 

By the assumption, it has to be 0. Then, the claim follows. □ 
Lemma 21.7.2. — Under the assumption, the Ox-sheaf ° E is locally free. 

Proof We use the notation in Subsection 21.6. Note that we are also using the 
induction on dimX to show the theorems. Due to the hypothesis of the induction on 
dimX, we have the local freeness of °(£ , |x(D-d(i))- Pick a frame v = (i>i, . . . , v r ) of 
<> (E\ [X (i)_ D u) ) over X^\ For each Uj, we pick a section % of °E over a neighbourhood 
U of X such that v i | unx 1 - 1 ) = v i \ unxw : by using Proposition 21.6.2. We may assume 
that Vi are defined on X by shrinking X. 

Let us show that v gives a frame of *J3 around Xq. We set fl(v) := V\ A • • • A 
v r . The restriction Ui^-i^ps gives a tuple of holomorphic sections of ^(E^-i^p^) for 
any P E D°. Hence ^(u), — is a holomorphic section of det(*(£'| 7r -i^)) = 
j (det(£ : ),-i,pN j. It implies f2(t>) is a holomorphic section of gdet(-E). 

We have the natural isomorphism (gdet(.E))| X (i) ~ det( 0, (Ei X (i- ) )) due to Lemma 

21.7.1. Since Q(t;W(i) gives a frame of det(°(i?| X (i))), we obtain Sl(v)\ ^ 0. By 
shrinking X, we may assume that Q(v) gives a frame of bdet E. 

Let / be any section of °E. We have an expression / = ^3 fi ■ v%, where /, are 
holomorphic on X — D. It is easy to observe that / A v 2 A • • • A v r = fi ■ fl(v) is 
a section of rdet(E). Since fl(v) is a frame, f\ is holomorphic on X. Similarly, we 
obtain that fi (i = 2, . . . , r) arc also holomorphic on X. Hence, v is a frame of °E on 
X. □ 

21.7.2. Proof of Theorem 21.3.1. — 

21.7.2.1. Step 1. — For a real number a, let K 1 / 2 {a) G] - 1/2, 1/2] and v 1 / 2 {a) G Z 
be determined by a = ^1/2(0) + ^1/2(1)- We set 77 := (lOrank-E) . We can take a 
positive integer c such that the following conditions are satisfied: 

1. The maps Var^E, i) — > Z given by a 1 — > ^i/2( c ' a ) are injective for i = 1, . . . ,£. 

2. {«i/ 2 (c ■ a,) I a; G Var(E, i)} c] - 77, 77 [ for i = l,2,...,£. 

3- { K i/2( c 1 o) I a G Par(.E| Co )} c] — 77, //■[, where Co is a curve as in Section 21.7.1. 
We set T] := (77, . . . € i?^. For a positive integer c, let ip c : X — D — > X — D be 
given by 

ijj c {zi, ...,z„) = (z{, ...,zj, z e+1 , z n ). 
We put (Ei,dE 1 ,hi) := i/j~ 1 (E,dE,h) ® L(—r]). We have the natural isomorphism 
v (4>c 1 E) — °£'i. We also have the following, due to the result in the one dimensional 
case (Section 21.4.2): 

Var^Eui) = {-77 + k 1/2 (c ■ a*) | a* G Par(-E,i)} c] - (Srank-E)" 1 , 0[ 
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Var(°E llCa ) = {-2 V + K 1/2 (c-a)\a£Var(E lCo )} c] - 2 ■ (5 rank^)" 1 , 0[ 

By Lemma 21.7.2, °E\ is locally free. Hence, the sheaf v {ip^ 1 E) is a locally free 
Ox-module. 

Let fi c := jz G C | z c = l}. Wc fix a generator w. We have the natural /i^-action 
on X — D given by 

(wi,...,Wt) ■ (zi,...,Z n ) = (wi • Zl, ■ . . ,U)i ■ ze, z e+ i,...,z n ) 

It is lifted to the action on n Ul>~ l E). The i-th component of is denoted by 
which acts on TJ (ip~ 1 E^ D . We have the decomposition: 

0<p<c-l 

(i) 

Here the generator u of [ic acts as the multiplication of uj p on l V p . We have the 
following morphism given as in Section 21.4.2: 

Pi ■ {p\0<p<c-1, %^0} ^Var{ n {ilj- l E),i) 

We consider the filtration l F' of v (ijj~ 1 E) , D in the category of vector bundles on D;, 
given as follows for any rj — 1 < b < rj: 

(420) %:= % 

By the splittings (420), it is easy to see that the tuple of filtrations ( l F' \ i = 1, . . . ,£) 
are compatible. 

i-l 

We set Si := (0, . . . , 0, 1, 0, . . . , 0) G H^. For any -1 < b < 0, we consider the 



subsheaf n +bSi (V^c OI n^c 1 ( E ) given as follows: 
rj+bS^^E)' = KctU : ^(V^P) 



Here 7r denotes the naturally defined morphism of Ox-modules. 
Lemma 21.7.3. — We have the following, for any — 1 < b < 0: 

In other words, the parabolic filtration l F is equal to l F' . 

Proof Let / be a holomorphic section of v +bSi (V'c 1 ^) ■ It can t> e al so regarded 
as a section of I? ('(/;~ 1 i?). Let P be a point of D°. We have the element /(P) of 
77 (?/' ( 7 1 P)| P = rj (V , cT 1 £'| 7r - 1 (p)) p- By using the result in the curve case, we obtain 

that f(P) is contained in l P b ' +?) | p . (See Section 21.4.2.) Let / denote the image of / 
via the projection tt. Then f(P) = for any P G D°. It implies / = on fl,. Hence, 
we obtain / G n+bs, (V'c l E)' . 
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Conversely, pick a section / £ ri+bSi {ip c 1 E) . By using the result in the curve case 
(Section 21.4.2), we obtain the following inequality for any P £ D°: 

|/krV)L = °(N~ b ~' 7 ~ e ) ( Ve> °) 

Then we obtain / £ J1 + b g i (ip~ 1 E) due to Proposition 21.2.8. In all, we obtain 
„ +65j (^- 1 S) = n+bSi (tpc 1 E)'. □ 

21.7.2.2. Step 2. — By shrinking X, let us take a /^-equivariant frame v = of 
r) ip~ 1 E in the sense 



-Pi (vi ) 



{u>i, . . .,LOe)*v l = Y[t 
j'=i 

for some < Pj{vi) < c — 1. Note that v is compatible with the parabolic filtrations 
J F (j = !,...,£). We set 

Since they are /x^-invariant, we obtain a tuple U = (v\, . . . ,v r ) of sections of E. By 
using the result in the curve case, we obtain that they are sections of^E. (See Section 
21.4.2). Moreover, the restrictions Vi w -i/ p \ for P £ D° arc frames of *(-®i w - 1 (p)) ■ 
Hence, we can conclude that U gives a frame of °£' on X. Therefore, we obtain that 
°E is a locally free Ox -module. Then, Theorem 21.3.1 follows. 

21.7.2.3. Complement. — Let us show directly that the induced filtrations are com- 
patible. We have the map Xi '■ {p | < p < c — 1, l V p ^ 0} — > Var(°E,i) as in 
Section 21.4.2. We set di(vj) := Xi(pi( v j))- We consider the filtration % F' b oi^E^. 
by vector subbundlcs over Di, given as follows: 

l H '■= ( T 'j\D t | a.ivj) < b) 
For any — 1 < b < 0, we consider the subsheaf b-di(E)' of °E given as follows: 

b . Si (E)' -KevU-^E ^ E]Di ' 



Here tt denotes the naturally defined morphism. Then ^.g^E)' is locally free. 
Lemma 21.7-4. — bSz E = bSl (E)' and i Ff ) = ' l F b . 

Proof Let / be a holomorphic section of b s i E. We can also regard it as a section of 
°E. By applying the result in the curve case (Section 21.4.2) to /.-l^j £ 
we obtain that f(P) £ l F'^ p for any P £ D° . Then it is easy to derive that / is 
contained in e,^ {E)' ■ 

Conversely, let / be a holomorphic section of ^(E) , Applying the result in 
the curve case (Section 21.4.2) to /i^-Vp), we obtain f £ b(E^-i^) for any 

P £ D°. Then we obtain / £ b^-E by Proposition 21.2.8. Therefore we obtain 
bs .E = bSi (E)', and thus l F b = □ 
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By our construction, % F' is the filtration in the category of the vector bundles 
over Di, and the tuple ( l F' \ i = 1, . . . , t) is compatible. Hence, the filtration l F is a 
filtration in the category of the vector bundles over Di, and the tuple ( l F \ i = 1, . . . ,£) 
is compatible. 

21.7.3. Proof of Theorem 21.3.2. — Let v be a frame of bE compatible with the 
parabolic nitrations ( l F \i — 1, ...,£). We obtain the numbers l b(vj) := 1 dcg F (vj). 
We put 

i=l 

Let us show that v' is adapted up to log order. By our construction of v' and 
Proposition 21.2.8, there exists C\ > such that the following holds: 

H(h,v')< d-(-x;iogw) M 

Let w v denote the dual frame of v. Let P be a point of £)°. According to the functori- 
ality in the curve case (Section 21.4.1), w^j.^,. gives a frame of _;,. + (i_ c )i? V | 7r -i^ f ,j , 
which is compatible with the parabolic filtration. Hence, v v gives a frame of 
-6+(i- e )3-E v for some e > 0. We have l deg F (w J v ) = deg-^v^ ff -i (P) ) = -^fe) for 
any point P <E D°. We put 

^ v, =k v '), <' : =<-n^i" 6K) - 

Due to Proposition 21.2.8, we obtain the following: 

^ v ^ v ')<C 2 -(-^log|^|) 

Here, /i v denote the induced metric of i? v . It implies the following: 

/ J-^ \- M 
C 8 .(-5>SM) <H(h,v') 

i=l 

Thus, we obtain Theorem 21.3.2. □ 
21.8. Small deformation 

21.8.1. Statement. — Let X := A £ , D t := {zi = 0} and D := Ui=iA- Let g p 
denote the Poincare metric of X — D. Let (E,dE,h) be an acceptable bundle on 
X - D of rank r. For any < C < 1, we set Jf (C) := {(z x , . . . , z n ) € X \ \z t \ < C}, 
D(C) := DD X{C) and X*(C) := X(C) \ D{C). 

Let Y be an open subset of C\ with a base point y , and let p denote the projection 
Yx(X-D) — >X-D. Let^beasectionofp*(End(-B)(g)rj^ 1 L c ,) with the following 
property: 
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— (9e + d\ + A) 2 = 0. The holomorphic bundle (p l E, 8e + d\+ A) is denoted 
by (S,d £ ). 

— \A\ h g is bounded, and \A y — A Vo \ h g < B ■ \y — y \ for some B > 0, where 

Ay ■ A\y X (X — D)- 

— A Vo = and tvA = 0. 

We have the associated filtered sheaf as in Subsection 21.3. 

Theorem 21.8.1. — There exist a positive number C > and a neighbourhood Uo 
of y such that the following holds: 

— The restriction of to Uq x X(C) is a filtered bundle. 

— Let v be a frame of a £ compatible with the parabolic filtrations (fF | i = 1, . . . 
We set a,i(vj) := t deg F (Vj) and 

i=l 

Then, for any e > 0, there exists C e > such that the following holds: 

i t 

C7 1 • n w e < c e • n n~ £ 

i=l i=l 

In the following, Ui will denote a neighbourhood of y , and Cj will denote a constant 
such that < Q < 1 . 

21.8.2. Extension of holomorphic sections. — Let us argue the extension prob- 
lem of holomorphic sections on {y } x X to those on U x X. First, we remark that 
an L 2 -estimate implies a growth estimate. 

Lemma 21.8.2. — Let F be a holomorphic section of £ onlA x [X — D) such that 
„ < oo. Let 14' be relatively compact in U. Then, there exist M > and 
< C < 1 such that the following holds on W x X*{C): 



F\ h = oC[[\z i \- a *{-log\z i \y 



\Zi\ -^-loglZii; 

i=l 

Proof Let H denote the upper half plane. We use the coordinate £ = £ + \J— \r\. 

Let ipe : M e x A n - e — > (A* f x A n ~ l = X - D be the map given by 

p c (&, ■••>&' z ^+i' ■ • • . z «) = (e 27rV ^ Cl , ■ • ■ , e 2 *^',Cz e+1 , Cz n ) 
Let gr be the Euclidean metric of M e x A"" f . For any k > 0, there exists C(k) > 
such that \<P* C ( K )R(h)\ v * (ij <koi > C(k), j = 1, ...,£} C H £ x A™"*. 
For n = (nx, • ■ • , n.^), we put 

A„ := nite>^) I - l<6<l,nj-l< m < n t + 1} x A"~f 
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Let k be sufficiently small. If m > C(k), due to a theorem of Uhlenbeck, we can 
take an orthonormal frame e n of (p^,^(E,dE,h) on K n such that the connection 
form A n is sufficiently small with respect to h and g, where A n is determined by 

C^E^-n = &n ' A n . 

The induced map Wxtfx fen-£ — > U X (X — D) is also denoted by <pc{ K )- We 
have the orthonormal frame of (</ 5 c , (k)^')|Wxa:„ induced by e n , which is denoted by e„. 
Let A n be given by d£e n = e n ■ A n . By the assumption, A n are uniformly bounded 
with respect to g. We have the expression F\ Kn = F n ^ ■ e n i on each U x K n , We 
put F n = (-Fn.i) which satisfies dF n + A n F n = 0. We also have the following: 

/ |^| 2 .dvol 9 <i?.||F||^.ne— -n[ N ^ 

Here, B is a positive constant depending on C(k). If we take a relatively compact 
subset K' n C K n , we can obtain the estimate of the sup norm of F n on U' x K' n by 
a standard boot strapping argument. Thus, the claim of Lemma 21.8.2 follows. □ 

We set 8 := (1,...,1) G R e . 

Lemma 21.8.3. — There exist Ui and C\ > satisfying the following: 

— Let f be any holomorphic section of a E on X — D. For any e > 0, there exists 
a section F^ of a +ts£ on U\ x X(C\) such that F^ = f\x(c)- 

Proof Let TV < be as in Lemma 21.2.2. For any k > 0, there exists a small 
neighbourhood U 2 such that < t for any y S U2- Note that the norm of the 

morphism 

Ay-.Al^^Alf'iE) 

is dominated by \A y \ h for any b 6 R e . We can regard / as a section of A^ eS N (E). 
Then, by using a standard argument in Section 2.9.1 of [93], we can find a holomorphic 
section F<» of £ on U 2 x (X-D) such that (i) F^ {X _ D) = f, (ii) \\F^ \\ a+eg N < oo. 
By using Lemma 21.8.2, we obtain F^ S a + t s£ on U\ x X(Ci) for some appropriate 
U x C U 2 and < Ci < 1. □ 

21.8.3. Construction of local frames. — By shrinking X, we take a frame u = 
(ui) of a E on X — D compatible with the parabolic structure. Let a,j(ui) denote 
the parabolic degree of Ui with respect to the filtration J F, and we put a(iii) = 
(aj(ui)\j = 1, ...,£). 

By the assumption tr.4 = 0, we have dct £ — p* dct(E). We put 

r 

aj := ^2 b ■ rank 3 Grf ( a E) = 2J ctjfa) 

beVar{ a E,j) i=l 

The tuple (aj \ 1 < j < i) is denoted by a. Note det( a £') ~ gdet -E 1 . 
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Take e > such that 10r 2 • e < \b — b'\ for any distinct b, b' G Var(E,i) and any 
i = 1, ...,£. We extend itj to the section of a (u;)+e<5£ on U\ x X(Ci). Since e 
is sufficiently small, ft(u^ e ' > ) := u£ A • • • A ji[ e ' gives a holomorphic section of adct£. 
Let Z( e ^ denote the 0-set of Q(u( e >). Since £2(it( e ))|( yo , ) 7^ in adctf|( Ao j, there 
exist U 3 (e) and < C* 3 (e) < C*i such that n (W 3 (e) x X(C 3 (e))) = 0. 

Lemma 21.8.4- — gives a frame of a+t g£ on (Li\ x X (C)) \ Z^ e \ in particular 
onU 3 {e) x X(C 3 (e)). 

Proof Let P be any point of U\ x D(C) \ Z^. Let V be a small neighbourhood 
of P. The restriction of u^> to V \ {U\ x D) give a frame. Let / be a section of 
a + f _s£ on V. We have the expression / = ^2 fi • u< f \ where fi are holomorphic on 
V \ (Ui x D). Since e is sufficiently small, it is easy to observe that / A A ■ • • A uf e ' 
is a holomorphic section of gdetf on V. It is equal to f\ ■ fl(u^ e '), and hence f\ are 
holomorphic on V. We obtain that the other fi are also holomorphic on V in the same 
way. Hence, u^ e ' gives a frame of a +es£ on V. □ 

We set uf := ]Tr = i N Oi( "> ■ wj e) . 

Lemma 21.8.5. — Let P be any point of {U\ x D(C\)) \ Z( e > , and let Vp be any 
neighbourhood of P. Then, there exists a constant Bp > such that the following 
holds on Vp: 



Bp'Yllz^ 2 * <H(h,u^') <B P \ 



1 

'Zi 

i=l 



Proof The right inequality is clear. Let u^ y be the dual frame of on {Ui x 
X(C\)) \ Z^ e \ There exists a constant Bpi > (i = 1,2) such that the following 
holds: 

I (e)V| . D % A---AU- •••Aw r „ |OUi )_ re 

m i^- Spi — — **«nw 

Hence, we obtain the following for some B 3i > 0: 

H(h\u^)<B P3 Y[\z,\- 2r2e 

i=l 

Thus we obtain Lemma 21.8.5. □ 

21.8.4. Proof of Theorem 21.8.1. — Let us fix small eo > as above, and we 
take a frame of a +e s£ on £4(eo) x X(C3(eo)) as above. Let us show that 
are actually sections of a E on U 3 {to) x X(C3(eo)) , and then the first claim of Theorem 
21.8.1 follows. 

Let < e < e . Let P be a point of (^(eo) xD) \ Z^ e \ and let V be a small neigh- 
bourhood of P such that gives a frame of a +es£ on V. We have the expression 
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uf°^ = Y] bj t j ■ u^ e \ By using Lemma 21.8.5, we obtain that bj t i arc holomorphic on 
V, and thus a+Ca s£ = a +es£ on V. 

For each / C £, we put 1° :— I — /, and 

Dj :=r|A\(U D i 

We have the stratification = JJ 7 Jj^ Z^ satisfying the following: 

- Z'f] cWiX D° and dimZ/j = j. 

— z\ e j arc smooth and locally closed in Hi x X. Moreover, the induced morphism 
Zj^j — > U\ x X — > X is immersion. 

Let P be any point of Zij. We show that a + e s£ = a+t a s£ around P, by using the 
ascending induction on |/| and the the descending induction on j. 

Recall dim V = 1. Wc take a small neighbourhood Tp of P in Zi We take a small 
tubular neig hbourhood T p 1} of T P in U x x _D°. Wc have identifications T p 1} ~ T P x iV P 
and Tp ~Tpx{(0, 0)}, where iVp denotes a (1 + n — \I\ — j)-dimcnsional multi- 
disc. Wc take a small tubular neig hbourhood T p 2) of Tp 1 ' in U x x X(Ci). We have 
identifications T p 2) ~ T p 1} x A^ 1 and T p 1} ~ T p 1] x {(0,...,0)}, where A.'J 1 is an 
|/|-dimcnsional multi-disc. Moreover, T p 2) n (Wi xD) = T p X) x \J ieI {zi = 0}. By the 
assumption of the induction, we have the following estimate on Tp x dNp x (A*) 1 
for any e' > e: 

(421) \4 0) \ h =o(j[\z k \- a *- e ') 

Since | ii^ e °^ | ^ is pluri-subharmonic in the y-dircction, (421) holds on Tp x Np x (A*) 1 
for any e' > e. It means S a+e<s£ around P. Since e > is arbitrary, we obtain 
that u[ eaS> e a £. Thus, the proof of the first claim of Theorem 21.8.1 is completed. 

Let us show the second claim of the theorem. Because we have also obtained 
a(u % )+e s£ = a(v,i)£> tne following holds for any e > 0: 



k (e °> 



fc = °(n i^i— 



Hence, there exists C e > such that the following holds: 

i 

#(M (eo) ')<tferiN~ e 

By the argument in the proof of Lemma 21.8.5, we also obtain that there exists C' e 
such that 

H(h\u^)<c e f[\ Zj r. 

3=1 
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Thus, the second claim of Theorem 21.8.1 is proved. □ 
21.9. Complement 

21.9.1. Preliminary estimate for sup norms. — Let X := A™, Di := {zi = 0} 

and D := |Ji=i f° r some k < n. We use the Poincare metric g p of X — D. We put 
X(C) :={(zi,..., z n ) e X | \zt\ < C}, Di(C) := D t fl X(C) and .0(C) :=Dn X{C) 
for < C < 1. We set 

(422) Z(C) :={{z lt ...,z n )€ X{C) - D(C) \ \ Zi \ = C (i = 1, . . . , k)}. 

Let (E, 8e, h) be an acceptable bundle on X — D. We use the notation in Section 
21.2. We assume \R(h) \. < Co for some given constant Co- Let w be a C°°-section 
of E ® ft ' 1 on X — D. Assume sup x _ D |w| a! jv < °o for simplicity. Let / be a 
C°°-scction of E ® Q, ' 1 on X - D such that df = lu and ||/|| a ,JV < IM| a ,iV- Note 
IM| a ,jv < f] ■ sup |a;|o,JV! where r\ > is independent of w. 

Lemma 21.9.1. — There exists a constant C\, defending on Co, C and N, such 
that the following holds: 

SUp \f\a,N+k < Ci ■ SUp \u}\ a ,N- 

X(C)-D{C) X-D 

Proof We give only an outline. Let H denote the upper half plane {£ G 
C Im(C) > 0}. We have the universal covering map ip : H — > A* given 
by (p(Q = exp(y^TC)j which induces 95 : x A n ~ fe — ► X-D. We put 
W(C) := ip~ 1 (X(C) - D{C)). Let 3 and dvol 9 be the Euclidean metric of U k x A"- fc 
and the associated volume form. Note that the fiber- wise norm of ip*u> with respect 
to ip*h and g is dominated by (p*\uj\ aj N- Let B e be an e-multi-ball contained in U(C). 
We have J B |/|^ N+k dvol g < \\f\\ aN < IMIa.TV- We take the natural diffeomor- 
phism tp : B 1 ~ B e C H A ' x A n_fc , where S x := {(iwi, . . . , w„) | \wi\ < l}. Let g x 
and dvol 9l denote the Euclidean metric and the associated volume form of B\. We 
fix a sufficiently small e depending only on C , Co and TV, such that the curvature of 
ip*ip*(E, De, /i ,iv+fe) is sufficiently small with respect to il)*tp*h a ,N+k and g\ to which 
a theorem of Uhlenbcck can be applied. Then, we can take an orthogonal frame e of 
t/j*(p* (E, h a , N+k) for which the (0, l)-form A is sufficiently small with respect to gi, 
where A is given by c^e = e • A. We have the expressions ip*ip* f = Yl-^i ' e * an d 
xp*(p*to = J^Gi The i 2 -norm of F = (Fi) with respect to dvol 9l is dominated 
by C[(Co,C, N) ■ ||a;||a,JV) where C' 1 (Cq, C, N) denotes a constant depending only on 
Co, C and N. The norm of G = (Gi) with respect to g\ is dominated by |w| ,jv. We 
have the relation dF + [A, F] = G. By using the standard bootstrapping argument, 
we obtain the desired estimate for the sup-norm of F in terms of swp x _ D \u>\ a ,N- 

□ 
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21.9.2. A priori refinement of estimate for the sup norm. — Let p be a 

C°°-section of E on X — D such that the following holds for some large M: 



\P\h 



o ni*r . 



0\J[\zi\ 



M 



Let be as in (422). We define 



\oo, Z(C) 



SU P IpL ||9jsp||oo := sup 



Z(C) 



n n 



— M 



Lemma 21.9.2. — Let M' < M. There exists a constant G<i, depending only on 
Cq, C and M' , such that the following holds: 

k 



sup 

X(C)-D(C) 



(ipu-ii^ 



\~ M ' )<C 2 (\p\ 00>z(c) + 



II^pIU) 



Proof In the following, C, > denote constants depending only on Co, C and M' . 
Take M' < Mi < Ah < M . According to Lemma 21.2.3, we can take a C°°-section 
g of E on X — D satisfying the equality 8e9 = 9eP and the following estimate: 

/ I, \ On 



\g\l 



X-D 



n 



I-2M, 



■5^1og|«i| dvol < C 10 • H^pll 



According to Lemma 21.9.1, we obtain \g\h < Ci5||9ep||oo 1 Ili=i \ z i\ Ml on X(C) — 
D(C). Then, we apply Proposition 21.2.8 to p — g. □ 



21.9.3. Connection form of an acceptable bundle. — Let X, D and (E, Oe, h) 

be as in Section 21.3. As remarked in Theorem 21.3.1, we obtain the prolongmcnt a E 
for each a <G R e from (E, dE,h). Let v be a holomorphic frame of a E compatible with 
the parabolic structures. Then, the C°°-section F of End(£') <E) fl 1 ' is determined by 
F(v) = 8ev. 

Lemma 21.9.3. — F is bounded up to log order, with respect to h and the Poincare 
metric g p of X — D. 

Proof Let v' be as in Section 21.3. Let ho be the hermitian metric of E determined 
by ho{v[, v'j) = Sij. We have R(h ) = 0. Let s be the endomorphism of E determined 
by h — ho ■ s, which is self-adjoint with respect to both h and ho- We have dt — dh a = 
s~ 1 d ho s and R(h) = 9b(s _1 5/ 1o s). 

Let 7Ti be the natural projection of X — D to D\. We have only to show the 
following inequality for some positive constants C and N which are independent of 
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Is 1 dh„S:-i f p\ I, < C 

I "o Ittj (P)\ho,g p — 

Let Ki be an R> o-valued C°°-function on R such that Ki(t) = 1 for t < 1/2 and 
Ki(i) = for < > 2/3. Let k 2 be an i?>o-valued C°°-function on i?such that K2{t) = 
for t < 1/3 and K 2 (t) = 1 for t > 1. Wc put xl(z) := ki log |z|) ■ /« 2 (-log|z|) 
for any positive number L. Let p be any C°°-function on n^ 1 (P). In the following, 
wc will consider integrals over n^ 1 (P). We often use J instead of J^-i^ to save the 
space. We have the following: 

(423) f (s- 1 d ho ( XL s),d ho ( X Ls)) h -p = 
J*i Hp) 



(8(s 1 d ho (x L s)), XLs) ho -p- J (s 1 d ha (XLs), XLs) ho -dp 
We have the following equalities: 

(424) f ^ Jdis^d^XL-s)), XLs) ho P = 

(R(h)xL, X Ls) ho p+ J tr(dxL ■ d ho s ■ xl)p + J [dd X L, Xls) ho P 

(R(h)xL, XLs) h p- / tr (£>xl ■ s ■ 8xl)p - / tr(x L ■ #Xl ■ s)dp 



(425) / (s 1 dh {XLs), xls) dp = / ti(d ho ( X Ls) ■ xl ■ dp) 
JwiH p ) J 

9(tr(xls) - dp) - J ti(xLS ■ dxLjdp - J tr(x|s) ' ddp 

Let C 2 (P) := — ^2-2<j<e 1°S l z j(-P)l- We have the following estimates, for some suffi- 
ciently large N: 
(426) 

|V-(P)L ^ (-logNi|+C 2 (P)) W , \R{h) h -^ P) \ ho)gp < {-log\ Zl \ +C 2 {P)) N 

We put p M := (- log |zi|)~ M for some sufficiently large M. By using (423), (424), 
(425) and (426), we obtain the following for some constants C3 and M': 

[ (s^dh, (xls), 8 ha (xls)) ■ p M <C 3 -C 2 (P) M ' 
J^Hp) 

By making L — > 00, we obtain the following: 

-(P) (s-'dhois), d h0 (s)) ■ p M < C 3 ■ C 2 (P) M ' 
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By making M larger, we obtain the following estimate for some constants C4 and 
M": 



{s- l d ho {s),s- l d ho {s)) ■ P m < C 4 ■ C 2 (P) M " 



We can take Gp ■ dz\j Z\ for each P with the following property for some N\: 

d zi (g p ^\ = R(h) l7r - l{py |Gp| /io <C 5 -(-log|z 1 |+C 2 (P)) Ari 

(We can use Lemma 5.2.3, for example.) We put ipp := s~ 1 dh s^-i^ p - j — Gp ■ dz\j ' z\. 
Then, we obtain d Zl ipp = and the following inequality for some C, Mi and N3, 
which are independent of P: 

(427) f \i> P \l ag (-logN+C 2 (P))- Ml dvol ffp <C-C 2 (P)^ 



By the holomorphic property, we obtain | V , J 3 |/ l0 g — C10 ' (~l°g| z i| + ^(P)) " for 
some sufficiently large N4 and C10, which are independent of the choice of P, by the 
following standard argument. Let u = (uj) be a frame of °End(£') compatible with 
the parabolic structure. We have the expression ijjp = ^2 ippj ■ u j\- K - 1 (p)- We obtain 
the estimate for the integrals of IV'pjI 2 with appropriate weight from (427). Since 
ipp j are holomorphic, we obtain the estimate for the sup norms of | V'f , j I - 

Thus, we obtain the desired estimate for s _1 9/ t0 s, and the proof of Lemma 21.9.3 
is finished. □ 



CHAPTER 22 

REVIEW ON ^-MODULES, ^-TRIPLES AND VARIANTS 



In Section 22.1, we recall the basic facts on finitencss of filtered rings and filtered 
modules from [67] for reader's convenience. 

In Sections 22.2-22.3, we recall some basic property of 7?-x-modules and their 
specializations. In Section 22.4, we recall the notion of 7?. J s ( :(*i)-niodule. We refer to 
[104] for more details and precision. (7?.(*t)-modules are called TvL-modules there.) 
See [108] for the original work due to M. Saito on filtered D-modules. See also [93]. 

We would like to reduce the study of wild objects to the study of tame objects. 
One of the important tools is formal completion, for which we give a preparation in 
Section 22.5. In Subsection 22.5.1, we review formal complex spaces. We refer to [6], 
[10] and [75] for more details and precision. Then, we recall basic facts on formal 
Z?-modules and formal Tvl-modules in Subsections 22.5.2 and 22.5.3. We can obtain 
the claims in these subsections by directly applying a general theory explained in the 
appendix of [67]. We explain in Subsection 22.5.4 how to use completions in showing 
the strict S'-decomposability which is the main motivation for us to consider formal 
7£-modules. 

In Section 22.6, we give some miscellaneous preliminary on D-modules for refer- 
ences in our argument. We just indicate where they are used in this monograph. The 
contents in Subsections 22.6.1 and 22.6.2 arc implicitly used for the proof of theorems 
in Chapter 19. We prepare the nearby cycle functor with ramification and exponential 
twist in Subsection 22.6.3 to state Theorem 19.4.2. Subsections 22.6.4 and 22.6.5 are 
preliminary for Section 18.4. 

Section 22.7 is also complements. We give in Subsection 22.7.1 a remark on push- 
forward of 7?.-modulcs via a ramified covering, which will be implicitly used in Part 
IV. Subsection 22.7.2 is a preparation for the argument in Sections 12.2-12.4. 

We review in Section 22.8 some basic property of the sheaves of distributions with 
moderate growth satisfying some continuity, introduced by Sabbah in [104], which is 
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one of the basic ingredients for the definition of wild pure twistor £>-modules. It is 
used in Chapter 12 and Part IV. 

In Sections 22.9-22.10, we recall the notion of 7?.-triples and their specialization. 
In Section 22.11, we recall the notion of 7£(*t)-triples. We refer to [104] for more 
details and precise on their property. (7?.(*f)-triplcs arc called TvL-triples there.) In 
Section 22.12, we compare pure twistor structure and 7?.-triplc in dimension 0. We 
also give, for a regular singular 7?.-triple on a disc, a comparison of specializations as 
7?.-triple and variation of twistor structure. 



22.1. Filtered rings 

We recall some general results on filtered rings and their modules given in Appendix 
of a nice textbook [67] due to Kashiwara for reader's convenience, which we refer to 
for more details and precision. 

22.1.1. Coherence. — Let A be a sheaf of rings on topological space X. We 
have the standard notions of locally finitely generated A-modules and locally finitely 
presented A-modules. 

Proposition 22.1.1 (Proposition A. 4 of [67]). — Let JF be a locally finitely gen- 
erated A-module. Let x € X , and suppose that the stalk T x vanishes. Then, there 
exists a neighbourhood U of x such that T\tj = 0. □ 

An A-module T is called pseudo-coherent if the following holds: 

— Let U be any open subset of X. Let Q be a locally finitely generated A\\j- 
submodulc of Tvq- Then, Q is locally finitely presented. 

Any A-submodule of a pseudo-coherent A- module is also pseudo-coherent. 

An „4-module T is called coherent, if it is pseudo-coherent and locally finitely gen- 
erated. The category of coherent A-modules is abelian. It is stable under extensions. 
(See Proposition A. 6 of [67] for more details.) The sheaf of rings A is called coherent 
if it is coherent as an A-modulc. If A is coherent, an A- module is coherent if and 
only if it is locally finitely presented. 

An A-module T is called Noetherian, if the following holds: 

— T is a coherent .A-module. 

— For any the stalk T x is a Noetherian Ax-modulc. 

— Let U be any open subset of X. Let {Gi} be any family of coherent A\u- 
submodules of T\xj. Then, ~Y^Qi is a coherent A\ [/-module. 

A sheaf of rings A is called Noetherian, if it is Noetherian as an A-modulc. 
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22.1.2. Filtered rings and filtered modules. — A sheaf of rings A is called 
filtered, if it is equipped with an increasing sequence of sub-modules {F n (A)\n = 
0,1,2,...} such that (i) A = \jF n (A), (ii) 1 G F (A), (hi) F n (A) ■ F rn {A) C 
Fn+m(A). If an A- module Ai is equipped with an increasing sequence of sub-modules 
{F n (M) | n = 0, 1,2, . . .} such that F n (A)F m (M) C F n+m (M), the pair (M,F) is 
called a filtered A- module. We say that (Ai , F) is a coherent A- module, if (J) F n (A4) 
is a coherent @ F n (A)-mod~ule. In that case, F is called a coherent filtration. Simi- 
larly, F is called a locally finitely generated, if is locally finitely generated 
over0K(-4). 

The following proposition is useful to check the coherence of a filtration. 

Proposition 22.1.2 (Lemma A. 27 of [67]). — Let Ai be a coherent A-module, 
and Af be an A-submodule. A filtration F(Af) of Af is coherent, if and only if it is 
locally finitely generated. □ 

Recall the following general and fundamental theorem. 

Proposition 22.1.3 (Theorem A.20 of [67]). — Let (A, F) be a filtered ring. 
Assume the following: 

— Fq(A) is Noetherian. 

— Gik(A) are coherent Fq(A) -module. 

— Let m £ Z>o, and let U be an open subset of X . Let Af be an A-submodule of 
A^J 71 such that Af C\ F k (A) @m are coherent F (A) \u -modules for all k. Then, 
Af is locally finitely generated over A. 

Then, A is Noetherian. □ 

The following proposition is useful to check coherence of an „4-module. 

Proposition 22.1-4 (Lemma A. 22 of [67]). — Let (A,F) be a filtered ring satis- 
fying the conditions in Proposition 22.1.3. Let AA be an A-module such that (i) locally 
finitely generated over A, (ii) pseudo- coherent as an F (A)-module. Then, Ai is a 
coherent A-module. □ 



The following proposition is useful to show a Noetherian property of a sheaf of 
rings A. 

Proposition 22.1.5 (Theorem A.29, Theorem A.31 of [67]) 

Let (A, F) be a filtered ring on X . Assume that -Fb^) and Gr F (^4) are Noetherian 
rings, and Gr^(_4) are locally finitely generated Fq(A) -modules for any k. Then, A is 
Noetherian ring, and it satisfies the conditions in Proposition 22.1.3. Moreover, the 
Rees ring @ F n (A) is also Noetherian. □ 



560 



CHAPTER 22. REVIEW ON 7?.-MODULES, 7J-TRIPLES AND VARIANTS 



22.2. ^-modules 

22.2.1. The sheaf of algebras TZx- — Let us recall the notion of 7?.x-modulcs 
introduced in [104]. Let X be a complex manifold. We set X := C\ x X, where C\ 
denotes the complex line with the coordinate A. Let p : X — > X denote the natural 
projection. Let Ox denote the tangent sheaf of X. We have the subsheaf A ■ p*Qx 
of p*@x- We denote A • p*&x by <dx- Since we do not consider the tangent sheaf 
of X, there is no risk of confusion. Let T>x denote the sheaf of differential operators 
on X. We have the sheaf p*T>x = Ox ® p - 1 o x P ^x, which is the sheaf of relative 
differential operators of X over C\. Let TZx denote the sheaf of subalgebras of p*T>x 
generated by Ox and ®x- The notions of left TZ- modules and right TZ- modules are 
naturally defined as in the case of 2?x-modules. In this paper, we usually consider 
left TZx -modules. 

It is equipped with the increasing filtration F by the order of differential operators, 
via which TZx is a sheaf of filtered algebras. The associated graded sheaf is isomorphic 
to p* Sym* Qx- According to Propositions 22.1.4 and 22.1.5, we obtain the following. 

Proposition 22.2.1. - 

— The sheaf of algebras TZx is Noetherian, and it satisfies the conditions in Propo- 
sition 22.1.3. The Rees ring is also Noetherian. 

— Let M be an TZx-module such that (i) pseudo- coherent as an Ox-module, (ii) 
locally finitely generated as an TZx-module. Then, M is a coherent TZx-module. 

□ 

Let Ao be any point of C. We say that an 7\Lx-niodule Ai is strict at Ao, if the 
multiplication of A — Ao on Ai is injective. If Ai is strict at any Ao G C, then it is 
called strict. 

22.2.2. Left and right TvL-module. — Let ujx denote the canonical line bundle 
of X, i.e., it is the sheaf of holomorphic (n, 0)-forms, where n = dmiX. Then, p*0Jx 
is a right TZx -module, on which the right 7?.j5f-action is given as the restriction of 
the natural right p*T>x- action. Let lox '■= A~" • p*tux as the subsheaf of p*0Jx ® 
Ox{*({0} x X)). It is naturally a right 7?.x-modulc. 

As in the case of Dx-modules, for any left 'fcx-module M., we have the natural 
right 'ftjf-module structure on Ai r := ujx <£)A4. By this functor, the categories of left 
7£x-uiodules and right 7?-x-modules are naturally equivalent. 

22.2.3. Holonomic 7?.-module. — Let M. be a coherent 7?.x-uiodule on U C X. 
As in Section 22.1, we have the notion of coherent filtration for Ai. If M. has a 
coherent filtration F, we obtain the coherent p* Sym 0x-module Gr F Ai. It naturally 
induces the coherent sheaf on C\ x T*X. The support Ch(Ai) is called by the 
characteristic variety. We can show in a standard way that Ch(Ai) is independent of 
the choice of a coherent filtration. 
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Let M. be an 7£x-module on P C X. We say that M. is good, if the following 
condition is satisfied: 

— Let K be any compact subset of X such that {Ao} x K C U . Then, there exist 
a neighbourhood U' of {Ao} x K in U, a finite filtration F of Ai\u> such that 
Gt f (M\jj/) has a coherent filtration. 

If M. is good, we have the globally well-defined characteristic variety Ch(Ai) C 
C\ x T*X. If there is a Lagrangian subvariety L of T*X such that Ch(M) C C\X L, 
then M. is called holonomic. As a similar but weaker condition, we say that M. is 
locally good, if there exists a covering U = [jUj such that A4\u- are good. The 
characteristic variety makes sense for any locally good Tvlx-module. Goodness is 
required for well behaviour with respect to the push-forward via a proper morphism. 

22.2.4. Push forward and pull back. — The push forward and pull back of 
"/^.-modules are defined as in the case of Z?-modules. Their property is also similar. 
Let / : X — > Y be a holomorphic map of complex manifolds. The left and right 
(TZx, /~ 1 7?.Y)-niodule TZx^y is given as follows: 

TZx^y :=O x ®f-i 0y r X K Y 
The pull back of a left 72.y-module TV is given as follows: 

pAf := TZx^y ®f-iny e D b (TZ x ) 

The push forward of a right T^jf-module Ai is given as follows: 

/ t TW := Rfi(M Kx^y) G £» 6 (7e y ) 

Here <E) L denotes the derived tensor product, and Rf\ denotes the ordinary push 
forward with compact support. (See [104] for more precision.) The push forward of 
a left module is defined by using the equivalence of the categories of left and right 
TvL-modules as mentioned above. The i-th cohomology sheaves of f^M. are denoted 
by /|TW. We refer to Section 1.4 of [104] for more details and precision. We mention 
one result: if M is good (holonomic), then /|TVf are also good (holonomic), which 
can be shown in a standard way as in [67]. 

We recall the construction of the push-forward for a left 7?.x-modulc in the case 
that Y is a point for explanation in Subsection 17.3.8. Let Vt r x s denote the C°°-vector 
bundle of (r, s)-forms on X. Let X° := {0} x X. We obtain the C A -holomorphic 
bundle Vl 1 ^ ■= P*Q X S ® Ox(rX°), and the double complex (fl r ^. s , dx, dx) ■ The 
associated total complex is denoted by 

The left 72-x-module structure on M. and the exterior derivative d naturally induce 
the complex (Ai <E) Vt* x ,d). Then, faM is given as follows in this case: 

f f M = F\(M ®o x 0^[dimX]) 
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Here, F\ denotes the sheaf theoretic push-forward with compact support for the in- 
duced map F : X — > C\ . A closed g-form lu on X induces a morphism of complexes 
L u : M <g> n% — > M <g> tt'+ q , which induces L u : f\M — > f'l +q M. 

22.3. Specialization of 7^-modules 

Sabbah introduced the notions of ^-filtration, nearby cycle functor and vanishing 
cycle functor for JZ- modules in [104], which are natural generalization of those for 
filtered -D-modules in the original work by M. Saito [108]. (See also [93].) 

22.3.1. Strict specializability. — Let Ct be a complex line with a coordinate t. 
Let Xq be a complex manifold. We put X := Xo x Ct- We identify Xq and Xq x {0}. 
Recall X := C\ x X and X a := C\ x Xo. For any point Ao £ C\, let X^ Xa ^ denote 
a small neighbourhood of {Ao} x X. We use the symbol Xq X °^ in a similar meaning. 
Let px '■ X — > X denote the projection. Let VqTZx denote the sheaf of subalgebras 
of TZx generated by p\JZx and 9 t i. 

Let At be a coherent 7?.A"-niodulc on X^°>. Let V^ * 1 be an increasing filtration 
of coherent Vb'ftx-submodules indexed by R. We recall some conditions for V^ A °). 

Condition 22.3.1. - 

— For any a £ R, and for any P £ Xq X °\ there exists e > such that V„ (At) = 
V^+J(M) around P. Moreover, {j aeR V^ Xo) {M) = M . 

— t ■ V^ Xo) {M) C V^(M) for any a £ R, and t ■ V^ Xo) (M) = v£$(M) for any 
a < 0. 

— St • Va (At) C vj X °i (M) for any a £ R, and the induced morphisms 3t : 
Gr^ ( °'(At) — > Gi^ + ° (At) are surjective for any a > — 1. □ 

Condition 22.3.2. - Let (At,F (Ao) ) be as in Condition 22.3.1. Recall that At is 
called strictly specializable along t at Ao with respect to V^ qS> if the following holds: 

— Gr^ ( °'(At) is strict for each a £ R, i.e., the multiplication of A — Xi on 
Gr^ ( ° (At) is injective for any Ai £ C. 

— For any P £ Xq', there exists a finite subset K(a, \q,P) C R x C such that 

the action o/IIueJCfa A )( — ®tt~^~ e {\ U T) on Gr^' ° (At) is nilpotent around P . 

The union [J aeR K.(a, Ao, P) is denoted by /CAt<S(At,t, P). We also put JC(a, Xq) := 
\J PeXo JC(a,X ,P) and>CMS(M,t) :=\J PeXo JCMS(M,t,P). □ 

If (At,y^ A °^) is strictly specializable along t, for u £ /CAt<S(At, t), we put 
4^(M) := (J Ker((-g t i + e(A, u)) N ) . 

N 
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Thus, we obtain an 7?.Xo~ mo dule ip} ° (Ai), and the decomposition 
(428) Grr o, (M)= ^{M). 

Remark 22.3.3. — If we consider local issues, we may assume that the set IC(a, Ao) 
is finite. We will often assume it implicitly. □ 

Lemma 22.3.4- — Such a filtration V^ x °' is unique, if it exists. The index set 
KMS(M,t) is also uniquely determined if ipt^u\^) ^ for any u G K,AiS(Ai,t). 

Proof Although it is proved in [104] and [93], we give a sketch of the proof. We 
have only to argue the issue locally around any point of Xq X °\ Let V^ x °^ and V^ x °^ be 
nitrations satisfying the above conditions, with the index sets JC{a, Ao) and K.{a, A ). 
Let a < 0. We have V a (Ao) C V b {X " } for some b. Note V^\ ] C . Hence, we obtain 
the induced map vj Xo) /V^ — > V^ o) /V^ . For any a - 1 < e < a, the action 
oiUa-i<c<eUueK(c.x a) (-^t + t(X,u)) is locally nilpotcnt on V™ /V™ . For any 
b — 1 < e < 6, the action of n&-i< c <e riue>c(c a ) \ ^ e (^' u )) * s l° cau y nilpotent 
on any a — 1 < c < a and b — 1 < e < b, we have the induced map 

$ c , e : v^/v^ — > v; (Ao) /K (Ao) - 

We obtain the vanishing of the restriction of $ Cje to A^ ' — ({Ao} x Xq) if c < e. By 
using the strictness of Gr and Gr , we obtain the vanishing of $ c e if c < e. 
Hence, we obtain that vi A °^ C Va X °\ Moreover, we obtain that JC(a, \ ) = JC(a, Ao) 
if — Sjt + e(Ao, u) has non-trivial kernel for each u S K,(a, Ao) U /C(a, Ao). □ 

Lemma 22.3.5. — Assume that At on X^ x °^ is strictly specializable along t at Ao 
with the index set K,MS{M,t). For simplicity, X^ x °^ is assumed to be the product of 
X and a neighbourhood of Ao, and JCAiS(Ai) is assumed to be finite. 

Assume that |Ai — Ao| is sufficiently small. Then Ai is strictly specializable along 
t at Ai with the index set JCAiS{Ai,t) . Moreover, on a neighbourhood X^ Xl ^ C X^ Xo ' 
o/{Ai} x X, we have natural isomorphisms 

Proof We will construct the filtration \/( Al ) of Ai on X^ Xl \ In the following 
argument, we restrict Ai and the associated modules to X^- Xl \ For any real number 
d G R, we consider S(d) := {c e R\3u e /C(c, Ao), p(Ai,u) = d} . Since |Ai — Ao| 
is small, we have \S(d)\ < 1. First, let us consider the case S(d) = {c}. Let n c : 

Vc Xo \M) — s- Gr^' a) {M) be the projection, and we define 

p(Ai ,u)<d 
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Let us consider the case S(d) = 0. In that case, we put do :— max{d' < d \ S(d') ^ 0}, 
and we define vj Xl) (M) := vj Xl) (M). Then it is easy to check that is the 

desired filtration. □ 

Lemma 22.3.6. — Assume that M is strictly specializable along t at Xq with a 
filtration V {Xo) . 

— The multiplication t : V<q\M.) — > V^\M) is infective. 

— The induced maps 3 t : Gr^' ° (A4) — > Gr^,° (M.) are isomorphisms for any 
a > -1. 

Proof Let us show the first claim. Let / G V^q ' such that t ■ f = 0. Assume 
/ ^ 0, and we will deduce a contradiction. Note that 8^/ ^ for any N, and that 
V^o o) n Tlx ■ f is Vb^x-coherent. Hence, there exists an N such that 3f / ^ . 
It implies the existence of a G i?<o such that / <E Va X °^ \ Hence, we obtain a 

non-zero element [/] G Gr^ ( c> {Ad). Because t ■ f = 0, we have B t t[f] = 0. Hence, 
[/] ^>t « for any w G /C(a, A ), which is a contradiction. Therefore, we can 

conclude that / = 0. 

As for the second claim, it is easy to check that the endomorphisms t ■ 3t of 
Gr^ ° {Ad) are injective for any a > — 1. Thus, we are done. □ 

22.3.2. Compatibility of a morphism and V-filtrations. — 

Proposition 22.3.1. — Let Ad and Af &e IZx -modules on X^ x °\ which are strictly 
specializable along t at Xq. Let <f> be a morphism of Ad to Af. 

1. 4>{V^ o) {M)) is contained in V c {Xo) (Af). 

2. Assume that Gr^f ( ° ((/)) : Gr^' o) {Ad) — s- Gr^' (Af) is strict, namely, 
Cok(Gr^ ( ° ((f))) is strict. Then <fi is strict with respect to the filtrations 
V^(M) andV^(Af), i.e., V c {Xo] (M) n lm(0) = (fj(V c (Xo) {Af)) . 

3. Under the above assumption, Kcr(0), Cok(0) and lm(0) are strictly specializable 
along t at Xq with the induced filtrations, and we have the natural isomorphisms 

Ker(Grr (A0) (0)) * G£™ (Ker(0)), Cok(Grr <Ao) (0)) * GrJ^' (Cok(0)) 

Im(Grr <Ao, (0))cGrr <Ao) (Im(^)). 

Proof The first claim can be shown by the argument in Lemma 22.3.4. To show 
the second claim, let us consider the induced morphism <f> : V^ X °^ /V^ X °\Ad) — > 
vj Xo) /v£ o) (Af). 

Lemma 22.3.8. — <f>' is strict with respect to the induced filtration V^ x °\ i.e., the 
following holds for any c < d' < d: 

lm(0') R (v^/vg°\Af)) = #{V^/V£°\M)] 
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Proof We have only to consider the case in which X^ * 1 is the product of X and a 
neighbourhood U(Xo) of Ao in C\. There exists a dense subset U*(Xq) C U(Xq) such 
that e(A) : JCMS(M,t) — > C is injective for each A G U*(X ). We set A" (Ao) * := 
U*(Xo) x Xq. We have the decomposition: 

vj Xo) /vg o) (M) lx ^ = ^(M) ]X ^ Q) , 

«6/CA4S(A4,t) 
c <P(Ao,«)<d 

It gives a splitting of the induced filtration on V^V^c^C^), v(*o)»- We have 

similar decomposition for V^ A °'/V<c°^ (AO. vf^o)* ■ Since <// (Ao) , preserves the decom- 

positions, it is strict with respect to V^ x °\ By using the strictness of Gv v ° (Ad), 
Gr yi ° (Af) and CokGr^' ° ] (<fi), we obtain that <// is strict with respect to the filia- 
tions F (Ao) . □ 

Lemma 22.3.9. — Let (Xq,P) G X^ x °\ For any c, there exists e < such that 
V e {Xo) (JV) n W C </)(T4 (Ao) (.M)) around (A ,P). 

Proof Let Qjy denote the Vo7?-x-submodule of vi A °^(A0 which consists of the 
sections a such that t N a G Im(</>) n V^i^AO- There exists a large Ni such that 
Qjv = Qjv+i for any N > around (A ,P). We set Q := Q Nl . We have t^Q = 
Im^nV^iCAO for 

any N > N± by our choice. There exists a large number / such 
that t Nl Q C <j>(vj Xo) (M)) . Take AT 2 such that f - N 2 < c and N 2 > N v Then, we 
obtain V^ .^.^ (TV) n Im <f> C ?i(K (Ao) (X)) . □ 

Let h be an element of V^ o) (M) such that 4>(h) G V c (Ao) (W) for some c < d Let 
e be as in Lemma 22.3.9 for the c. By using Lemma 22.3.8 inductively, there exists 
an element hi G V c (Xo) (M) such that (j)(h - hi) G V; (Ao) (/V). By the choice of e, there 
exists /i 2 G vj Ao '(.M) such that 0(/i 2 ) = (f>(h — hi), i.e., <j>(h) = <p(hi + h 2 ), which 
means the strictness of <fi with respect to the nitrations V^- x "\ Thus, we obtain the 
second claim of Proposition 22.3.7. 

The third claim easily follows from the second claim. Note we use Lemma 22.3.6 
to show K-i(Ker(») = t ■ V a (Kcr(<j))) for a < 0. □ 

22.3.3. The functor ip t .u- — Let Ad be an Tvlx-module on X. We say that Ad 
is strictly specializablc along t if it is strictly specializablc along t at any Ao- If 
Ad is strictly specializable along t, according to Lemma 22.3.5, {^Ptu Ad | Ao G C} 
determines the globally defined 7^x - m °dule ipt,u(Ad) for each u G JCAdS(Ad, t). 

Let Ad and Af be 75.x -modules on X, which are strictly specializable along t. Let 
4> : Ad — > Af he & morphism of 7?.x-modulcs. According to Proposition 22.3.7, 
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the morphism <f) preserves the F-filtrations T/( A °) at any Ao G C\. We obtain in- 
duced morphisms Gr yl 0> ((/>) : Gr yl °' (M) — ► Gr yl °'(AA). Since the decomposi- 
tion (428) is obtained as a generalized eigen decomposition, we obtain induced mor- 
phisms : ^(^(-M) — ^ V't'u C^O- We can glue them to obtain a morphism 
i>t,u{4>) '■ 4>t,u(A4) — > ipt,u(N) of TZx -modules on Ao, which is clear from the con- 
struction of V^ Xl ^ from I/( A °) given in Lemma 22.3.5. 

Let So denote the element (1, 0) G R x C. If an Tvlx-module .A/f is strictly special- 
izable along i, we have the naturally induced morphisms of 7?.x -modules 

t : ipt.uM — > ip t ,u-S M, 3 t : ip t ,uM — > ih,u+s a M. 

In particular, we put 

can = -3 t : tp t _ So M — > iptfiM, var = t : tptflM — > ijjt,-d M. 

Remark 22.3.10. — If we consider right IZ-modules, can is given by d t - D 

22.3.4. Strictly specializable morphisms. — Let M. and M be 72-x-modules on 
X which are strictly specializable along t. A morphism <\> : A4 — > N is called strictly 
specializable, if the induced morphisms ^t,u{<P) ■ i>t,uM — > ipt,uAf are strict for any 
u G Rx C, i.e., the cokernel Cok(ip t ,u(<j>)) is strict. We obtain the category S 2 (X, t) 
with strictly specializable 7?-x-modules along t and strictly specializable morphisms. 
Note that it is abelian according to Proposition 22.3.7. 

Lemma 22.3.11. — Assume that an TZx-module Ai is strictly specializable along t. 

— If we have a decomposition M. = M.\ © M.2, then A4i (i = 1,2) are strictly 
specializable along t. 

— Assume that M. is supported in Xq. Then we have vQ^M. = for any Xq G C\. 
We also have ipt,uA4 =0, if u does not contained in Z>o x {0}. 

Proof Let us show the first claim. Since id©0 preserves the filtration on 
X^ x °\ the decomposition and ]/( A °) are compatible. Then, the first claim is clear. 
See [104] or Proposition 14.42 of [93] for the second claim. □ 

Let S Xg (X, t) denote the subcategory of S 2 (X, t), whose objects have the supports 
contained in Xq. 

Corollary 22.3.12. — We have the equivalence S x (X,t) ~ (strict??. x -modules) . 

□ 
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22.3.5. Strict S'-decomposability. — The following condition essentially ap- 
peared in [108]. 

Condition 22.3.13. — Let Ai on X^ x °^ be strictly specializable along t at Ao with 
the filtration Recall that Ai is called strictly S -decomposable along t at Ao, if 

moreover tp^\jA) = Im(can) © Ker(var) holds. 

We say that Ai on X is strictly S -decomposable along t, if it is strictly S- 
decomposable along t at any Ao . □ 

Proposition 22.3.14- — Let Ai be an TZx-module which is strictly specializable 
along t. 

1 . The following conditions are equivalent: 

— var : ipt^Ai — > ipt,-8 -M is injective. 

— Let Ai' be a submodule of Ai such that the support of Ai' is contained in 
X a . Then M' = 0. 

— Let Ai' be a submodule of Ai such that the support of Ai' is contained in 
X Q . Assume that Ai' E S 2 (X,t). Then Ai' = 0. 

2. Assume can : xp t ,-s Ai — > ipt,oM is surjective. Let Ai" & S 2 (X,t) be a 
quotient of Ai such that the support of Ai" is contained in Xq. Then Ai" = 0. 

3. Ai is strictly S -decomposable along t if and only if the following holds: 

— We have the decomposition A4 = Ai' © Ai" . Here the support of Ai" is 
contained in Xq, and Ai' has neither submodules or quotients contained 
in S 2 (X,t) whose support is contained in Xq. 

Proof See [104]. (See also [108].) □ 

22.3.6. The functors ipl^ and Vt,«- — Let Ai be an "fax -module, which is 
strictly specializable along t. For any u = (a, a) e ICAiS(Ai 7 t) such that u $ 
Z> x {0}, the 7^ - m °dule ipi^i-M) is defined in [93] as the inductive limit of 
t ■■ 4^-n. So (M) — ► 4%-(N + i). So (M). It is equal to ^(M{*t)). (See [104] or 
Section 22.4.1.) It is easy to observe that V't,^ ' \^i)\x(>-i) — 0t,u (-M) in the situation 
of Lemma 22.3.5. Hence, we obtain the 7£x - m °dulc ipt,u(Ai) on Xq as the gluing 
of ip[ X u\M-). We have a natural isomorphism tpt,u{Ai) ~ liniAr_ i . 00 ipt,u-N-s 

We have the canonical inclusions V't.u — > ij)[ X ° {Ai) and ip t ,u{Ai) — > ipt,u(M) 
(Lemma 14.52 of [93]). 

Remark 22.3.15. — If u is contained in i?<o x {0} d Rx C , we have the canonical 
morphism i]j t ,u{Ai) ~ ?pt,u{Ai). We will not distinguish them. □ 

Remark 22.3.16. — In the case u = (0,0) € R x C (it is also denoted by 0), we 
also use the notation (f> t .o instead ofipt,o- It is called the vanishing cycle functor. □ 
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Remark 22.3.17. — Let u be an element of lCAAS(AA,t) . Let us consider the fol- 
lowing set: 

S(u) := {XeC*\3be Z> , s.t. e(A, u - b ■ S ) = 0, p(A , u - b ■ S ) > 0} 

Then, S(u) is discrete in C\. For any Ao G C* — S(u), we have the canonical 
isomorphism ' (M ) ~ ip\ [ X ° (M ) . □ 

22.3.7. The general case. — Let Y be a complex manifold, and let M. be an 
TZy -module on C\ x Y. Let U be an open subset of Y, and let / be a holomorphic 
function on U. Then we obtain the 1ZuxC t -module if M\c x xu on C\ x U x C{, where 
t : {/ — > U x Ct denotes the graph embedding. 

Definition 22.3.18. - 

— Let f and U be as above. An TZy -module Ai is called strictly specializable 
(resp. S -decomposable) along f, if if]M.\ux.C t * s strictly specializable (resp. 
S -decomposable) along t. 

— An TZy-module M. is called strictly specializable (resp. S -decomposable), if it 
is strictly specializable (resp. S -decomposable) along any holomorphic function 
defined on any open subset ofY. □ 

If M. is strictly specializable along a holomorphic function / on Y, we define 

ipf,n(M) := ip t , u (^M), i>f, u {M) := 4>t,u(^M). 

Recall the compatibility of push-forward and specialization due to Sabbah (Theo- 
rem 3.3.15 in [104]). Sec also Saito's work [108]. 

Lemma 22. 3.19. — Let F : Y — > Z be a proper morphism. Let g be a holomorphic 
function on Z, and we set ~g := F*g. Let M. be an TZy-module which is strictly 
specializable along g. If F^ipg^^M) are strict for any u € R x C and any i, then 
F^(M) are also strictly specializable along g, and tj)g^ u FHM.) ~ FQ±^g U (M). □ 

22.3.8. Strict support. — Let Z be an irreducible subvariety of X. Let Ai be a 

strictly S'-decomposable T^Y-modulc, whose support is contained in Z. If there are no 
T^x-submodule whose support is strictly smaller than Z, then Z is called the strict 
support of Ai. 

We obtain the following lemma by using the decomposition given in Proposition 
22.3.14 and an easy inductive argument. (See [108] and [104].) 

Lemma 22.3.20. — Let M. be a holonomic strictly S -decomposable TZx-module. 
Then we have the decomposition M = @ z Aiz satisfying the following: 

— Aiz are strictly S -decomposable TZx-module. 

— The strict support of Aiz is Z . 
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It is called the decomposition by the strict supports. □ 



22.4. Kx(*t)-modules 

22.4.1. Strict specializable Tlx (*t)-modules. — Let X = Xo x Ct- We identify 
X Q with the {t = 0} in X. We put X := C\ x X and Af := C\ x X . Let X^ denote 
a small neighbourhood of {Ao} x X in C\ x X. We use the symbol A^ ' in a similar 
meaning. For simplicity, we assume that X^ ^ is the product of a neighbourhood of 
Ao and X. We use the symbols Xq and Xq X °^ in similar meanings. 

Let TZx{*t) denote Tlx <8> C;t(*i), which is naturally the sheaf of algebras. We 
refer to [104] and [106] for general and foundational properties of Tlx (*i)-modules. 
We have the standard correspondence between the left 7?.x(*i)-niodules and the right 
Tlx (*<)-modules given by Ai and Ai ®o x (*t) <*>x(*t). In this paper, we consider left 
Tlx(*t)-modu\es. Coherence, holonomicity and strictness for Tlx (*t)-modu\es are 
defined as in the case of "fax-modules. 

We recall the notion of strict specializability in this situation. 

Definition 22.4-1- — Let Ad be a left Tlx (*t) -module, which is coherent, holonomic 
and strict. It is called strictly specializable along t at Ao, if we have an increasing 
filtration V^ x °^ of Ati X ix ) by coherent VqTIx -modules indexed by R, such that the 
following holds: 

- For any ae R and P £ X , there exists e > such that V^ Xo) (Ai) = vj+J (Ai) 
around P. Moreover, \J a V^ o) (Ai) = Ai. 

is a strict Hx a -module, i.e., the multiplication ofX—X\ is injective 
for any Ai € C. 

- t ■ V^ o) (M) = V^(M) and 3 t • V^ Xa) C V^\ ] (Ai) for any a <E R. 

- For each a £ R and P £ Xq, there is a finite subset JC(a, Ao, P) C R x C such 
that the action of W u ^x,(a \ a ) ( — on Gr^f* ° (Ai) is nilpotent on a 
neighbourhood of P. 

We say that Ai is strictly specializable along t, if it is strictly specializable along t at 
any Xq. □ 

The union \J a K.(a,X ,P) is denoted by K. MS (Ai, t, P). We also put fZ(a, Xq) := 
U Fe ^o)/C(a,A ,P) and lCMS(Ai,t) := U Pe ^o) KMS(M,t,P). 

Remark 22-4-2. — If we consider local issues, we implicitly assume that the set 
IC(a, Ao) is finite. □ 

Let Ai and JC(a, Ao) be as in Definition 22.4.1. For u <G JC(a, Ao), we put on X 

&(M) :=\jKer((-<5 t t + t(X,u)) N : Gt^{M) -+Gt?*°\m)). 

N 
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By the strictness, we have the decomposition: 

G£™{M) = i^{M) 

u£/C(a,Ao) 

We implicitly assume tpu (M) ^ for each u g fC(a, Ao). Because the multiplication 
oft induces the isomorphism Gr^ ° (M) ~ Gt^_° (M), we may have the bijection: 

K(a, Ao) — IC(a — 1, Ao), u < — > u — 8q 
Here S Q = (1,0) ERxC. 

Lemma 22-4.3. - 

- The filtration V (x ^ as in Definition 22.4.1 is unique, if it exists. 

— Assume that M is strictly specializable along t at Xq. For simplicity, X^ x °^ is 
assumed to be the product of X and a neighbourhood of Xq, and K,MS(M,t) is 
assumed to be finite. Then, M is also strictly specializable along t at any X\ 
such that |Ai — Ao| is sufficiently small. The filtration V^ Xl ^ of M.^ X {\ 1 ) can be 
constructed from V^ x °\ and we have ^ (Ao) lx , = ^ ] on X^ Xl) C X^ Xo) . 

Proof See [104] or the arguments in Lemma 22.3.4 and Lemma 22.3.5. □ 

As a result, if M on X is strictly specializable along t, the set ICMS(M,t) is inde- 
pendent of the choice of A . By gluing ipt^ we obtain the lZx -modu\e ipt,u(M) 
on X for each u G KMS(M,t). Formally, we put ip t ,u(M) := for u $ KMS(M,t). 
The multiplication of t induces the isomorphism ipt,u(M) ~ ip tyU _s (M). We put 
N := — 9 ( f + e(A,u) on i^t,u(M), which is the nilpotent part of — 3tt. 

The following lemma can be shown by an argument in the proof of Lemma 22.3.4. 

Lemma 22.4-4- — Let Mi {i — 1,2) be strictly specializable along t. Any morphism 
p : Aii — > AA.2 preserves the filtrations V^ x °' for any Xq. In particular, we have the 
induced morphism tpt^i^p) ■ ^t,u{M\) — > ipt,u{A4.2) for each u € R x C . □ 

Let Aii (i = 1,2) be TZx (*t)-m.odules which are strictly specializable along t. A 
morphism cp : Ai\ — > M2 is called strictly specializable along t if Cok(ip t ^ u (<p)) 
is strict. The following lemma can be shown by using an argument of the proof of 
Proposition 22.3.7. 

Lemma 22-4-5. — Let Aii be strictly specializable along t. Let ip : Ai\ — > M2 be 
a morphism which is strictly specializable along t. Then, ip is strict with respect to 
the filtrations V^ x °\ i.e., V a (Xo) (M 2 ) n lra{ip) = ip(V^ Xo) (Mi)) ■ 

As a result, Ker(( / s), Im(ip) and Cok((yj) are also strictly specializable along t, and 
we have the natural isomorphisms ipt,u Ker(yi) ~ Ker ■0 tiU (i y 9), ip t ,u Im((p) ~ Im^t iU (<p) 
and i> t ,u Cok((p) ~ CokV> t ,„(<^). □ 

We refer to Section 3.4 of [104] for the following lemma. 
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Lemma 22.4-6. — Let M. be a coherent TZx -module which is strictly specializable 
along t at Xq with the filtration V^ X °K 

— Ai(*t) := TZ x (*t) ®m x M is a coherent TZx (*t) -module which is strictly spe- 
cializable along t at Xq. 

— The filtration V^ o) (M(*t)) is given by K (Ao) (M(*t)) = V^ Xo) {M) for a < 0, 
and V<i (M(*t)) = t~~ n Va*n(M) for a>0, where n is chosen as a — n < 0. 

— We have the natural isomorphism ipt.u(M) ~ ipt,u(-M.(*t)) for any u G R x C. 

□ 

22.4.2. Pull back via n-th ramified covering. — We put X' n ' := Xq x C trl . 
Let tp n : iW — y x be the morphism induced by 93* (t) = i™. Let M be an 7l x (*t)- 
module. Since fc X M (**n) = ®xM ® v - l lo x ) fri^xit) is flat over (p~ l lZx{*t), we 
have ip\M ~ <£* n M.. If .M is 7£jc(*i)-coherent, (p^M is TZ X ( n ) (*£„)-coherent. If M. is 
a holonomic 7?.x(*i)-module, <p* n M. is a holonomic TZ X { n ) (*i„)-module. The following 
lemma can be checked directly. 

Lemma 22.4.1. — If M is strictly specializable along t, then so is ip\ x M.. The V- 
filtration F (Ao) of ip^M is given as follows: 

nb—c<a 

In particular, we have the following natural isomorphism of 7Zx -modules: 

(u',c)es 

S = {(u',c) I u' G KMS(M,t), c e Z, < c < n- 1, n- u' -c- S = u} 
Here, S := (1,0) G Rx C. □ 

22.4.3. Exponential twist. — Let a G C^" 1 ]. We have the TZc t (*in)- m °dule 
£(0) given as follows: 

C(a) = Oc tn (*t„) ■ e, 9 tn e = 5 tn a-e 

The pull back via the projection X^ — > Ct„ is also denoted by C(a). 

For an TZx (*£)-modulc M, we have the TZ X ( n ) (*t„)-modulc tp^M. <S)o (n) £(— 0). 
If it is strictly specializable along t n , we say that .M is strictly specializable along t 
with ramification and exponential twist by a, and we define for any u G R x C 

^t,o,u(^t) : = ® £(-<*))• 

For an 7?.x- m odule ./Vf, we have the induced (*t)-module .M(*£). We define 

V>t,a,u(.M) := $t,a,u(M(*t)), 
if the right hand side can be defined. 
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22.4.4. Comparison of strictly 5-decomposable 7£-modules. — Let X = 

Ct x Xq for some complex manifold Xq. We identify Xq with {t = 0}. 

Lemma 22.4-8. — Let M be a coherent IZx-module whose support is contained in 
X Q . Then, M(*t) = 0. 

A similar claim holds for coherent D-modules. 

Proof We have only to show the claim locally Let it : T*X — > X denote 
the projection of the cotangent bundle. We take a coherent filtration F of M. The 
associated graded module Gr F (./Vl) induces a coherent 0T*x-module, and the support 
is contained in tt~ 1 (Xq). Hence, the action of t on M is locally nilpotcnt, and we 
obtain M{*t) = 0. □ 

Let Mi [i = 1, 2) be coherent 7\Lx-niodules, and let / : Mi — > M2 be a morphism. 

Lemma 22.4-9. — If the restriction f\x-{t=o} is an isomorphism, the induced mor- 
phism M\(*t) — > M2(*t) is an isomorphism. A similar claim holds for D-modules. 

Proof We obtain Ker(/)(*i) = Cok(/)(*t) = due to Lemma 22.4.8. □ 

Let X be a general complex manifold, and let g be a holomorphic function on 
X. Let Mi (i = 1,2) be "fcx-niodules such that (i) they are strictly S'-decomposable 
along g, (ii) they do not have any 7?.j5f-submodules whose supports are contained in 
{g = 0}. By the condition (ii), we have the inclusions Ai; C A4i(*g). 

Lemma 22.4-10. — If we have an isomorphism AA\{*g) ~ Ai2{*g), we obtain an 
isomorphism Ai\ ~ A^2 as the restriction. A similar claim holds for D-modules. 

Proof Let M.^ denote the restriction of Mi to a small neighbourhood of {Ao} x 
X. We may assume that X = X xC t and g = t. The Infiltrations of M\ Xo) (z = 1, 2) 
induce the F-filtrations of M[ X °\*t) via which M^ (*t) are strictly specializable 
along t at Ao- By the uniqueness of such TZ-filtrations, they are the same under 
the identification V (Ao) := M[ Xo \*t) = M { 2 Xa \*t). In particular, we have ^l (Ao) := 
V^ Xo) (M {Xo) ) = V^iM^) in V( A °). Since both M {X o) (* = 1, 2) are generated by 
A( x °) in V (Ao) , we obtain M [Xa) = M 2 X ° ] for any A , and thus Mi = M 2 - □ 

22.5. Formal ^-modules 

22.5.1. Formal complex spaces. — We recall some basic facts on formal complex 
spaces. We refer to [6], [10] and [75] for more details and precision. Let X be a 
complex space. Let T be an analytic subvariety of AT, which consists of the underlying 
topological space |T| and the structure sheaf Or- Let It denote the sheaf of ideals of 
Ox , corresponding to T. We have the analytic subspace corresponding to Ij, , i.e. , 
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= [\T\, Ox/It)- As the limit, we obtain the ringed space T := (\T\,}imOx/Z$), 
which is called the completion of X along T. 

Proposition 22.5.1. - 

1. T is a formal complex space in the sense o/[10], and the morphism up : T — 5- X 
is flat. 

2. The sheaf of the algebras Of is coherent and Noetherian. 

3. Coherent sheaves J- on T are equivalent to systems of coherent sheaves J 7 ^ 71 ' 
(n = 1, 2, . . . , ) on TW such that <g> T{m) = J*™) for n>m. 

Proof The first claim is Lemma 1.6 of [10]. The second claim is Lemma 1.1 and 
Corollary 1.5 of [10]. (See Section 22.1 for Noetherian property in this situation.) 
The third claim is Lemma 1.2 of [10]. □ 

Lemma 22.5.2. — The extension uf. Ox — > Of is faithfully flat. We have 
Supp(J r ) n |T| = for a coherent Ox-module T with if J- = 0. 

Proof Let P be any point of |T|. We have the completion P. Let bp : P — > X 
an bp,T '■ P — > T denote the canonical morphisms. Since Op is the completion of 
the local ring Ox,p at P, the morphism bp is faithfully flat. In the case bfT = 0, 
we have i* P T = 0, and hence bp 1 J- = 0. Since P can be any point of \T\. we obtain 
b^T = 0. The second claim follows from the first claim and Proposition 22.1.1. □ 

22.5.2. Formal Z?-modules. — Let X be a complex manifold. Let Z be an ana- 
lytic subvariety of X. Let Z be the completion of X along Z. Let b : Z — > X denote 
the canonical morphism. Let Ox denote the tangent sheaf of X. We put 0g := b*Qx, 
which acts on O^ as differential operators. Let T>^ denote the sheaf of differential 
operators of Og, which is generated by <dg and Og with the standard relations. If we 
are given a coordinate system (z l5 . . . , z n ) of X, Qg is the free Og-module with the 
base di := d/dzi, and T>g is the sheaf of algebras generated by Og and <dg with the 
relation [di, Zj] = Sij. By applying the argument in Appendix A.l of [67], we obtain 
the following standard proposition. 

Proposition 22.5.3. - 

— The sheaf of algebras T>g is Noetherian, and it has the property in Proposition 
22.1.3. The Rees ring is also Noetherian. 

— Let M be a T>g -module such that (i) pseudo-coherent as an Og -module, (ii) 
locally finitely generated as a T>g -module. Then, M is a coherent T>g -module. 

Proof We give only an outline. We have the standard filtration of T>g by the 
order of the differential operators, i.e., F m Vg = {J2\j\< m a J ' 

d J } on a coordinate 

neighbourhood, where d J = Yld?* and |J| = J^Ji f° r J = C?l>-- - >3n)- Then, F$Dg = 
Og is Noetherian (Proposition 22.5.1). Since Gr F Dg is locally a polynomial algebra 
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over FoDg, it is also Noethcrian. Then, the first claim of the proposition follows from 
Proposition 22.1.5. The second claim follows from Proposition 22.1.4. □ 

Let Ai be a Dx-niodule. By the standard formalism, t* Ai has the X>g-modulc 
structure. Thus we obtain the functor t* of the category of 2?x-modules to the 
category of 2?j?-modules. 

Lemma 22.5.4- — The functor i* is exact. If l* Ai = for a coherent T>g-module, 
then Supp(TW) n \Z\ = 0. 

Proof The first claim follows from Proposition 22.5.1. If i* Ai = 0, wc obtain 
l _1 A4 = because of Lemma 22.5.2. Then, the second claim follows from Proposition 
22.1.1. □ 

Lemma 22.5.5. — If Ai is a coherent T>x-module, then i* Ai is a coherent T>g- 
module. 

Proof Because of the Noetherian property of T>x and Vg, the coherence is equiv- 
alent to the locally finitely prescntedness. Then, the claim is clear. □ 

22.5.3. Formal TvL-modules. — Let X be a complex manifold, and let Z be an 

analytic subvariety of X. Let C\ denote the complex line with the coordinate A. We 
put X := C\xX and Z := C\x Z. The morphisms induced by Z — > X are denoted 
by l. The completion of X along Z is denoted by Z. Let p\ denote the projection 
of X or Z onto X or Z. Let TZg be the sheaf of subalgebras of P*\Dg generated by 
and A • p\^z- ^ a bolomorphic coordinate system (z%, . . . , z n ) of X is given, let 
5,: denote A ■ di, as usual. The following lemma can be shown using the argument for 
Proposition 22.5.3. 

Proposition 22.5.6. - 

— The sheaf of algebras is Noetherian, and it has the property in Proposition 
22.1.3. The Rees algebra is also Noetherian. 

— Let Ai be an IZ^-module such that (i) pseudo- coherent as an O g-module, (ii) 
locally finitely generated as an TL^-module. Then, Ai is a coherent IZg-module. 

□ 

Let Ai be an 7?.j5f-module on X. By the standard formalism, i* Ai has the 7xlg- 
modulc structure on Z. Thus we obtain the functor i* of the category of 72.x-modulcs 
on X to the category of 7?.;j- mo clules on Z. The following claims can be shown by 
the arguments in Section 22.5.2. 

Lemma 22.5.1. - 

— The functor l* is exact. If l* Ai = for a coherent TZx-module, then Supp(.M)n 
\Z\ = $. 

— If Ai is a coherent TZx-module, then i* Ai is a coherent TZg-module. □ 
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22.5.4. A criterion for strict S'-decomposability. — Let Xq be a complex 
manifold, and let Zq be a closed submanifold of Xq. Let X := Xq x Ct and Z := 
Zq x Ct- Let l : Zq — > Xq denote the natural morphism. The induced morphisms are 
also denoted by l. Let A^ A °) denote U(\q) x X, where U(Xo) is some neighbourhood 
of Ao in C\. We use the symbols like Z^ Xa \ X^ X °^ and Zq Aq ^ in similar meanings. 

Let Mi (i = 1,2) be coherent 7^-modules equipped with nitrations y( A °) (Mi) 
satisfying Condition 22.3.1. We obtain the 7\^-modulcs l* Mi (i = 1,2) on Z^ x °> 
with the induced filtrations t,*V^°> indexed by R. Assume that we are given an 
isomorphism ip : i* M\ — > i* Mi of 7?.g-modules preserving the filtrations. 

Proposition 22.5.8. — If Mi is strictly specializable (S -decomposable) along t at 
Ao with respect to V^'^Mi), then (M2, V^ ^ (M2)) is also strictly specializable (S- 
decomposable) along t at Ao with respect to V <yX °\M2), after shrinking Xo around 
Zq. (See Condition 22.3.2 and Condition 22.3.13 for strictly specializability and strict 
S-decompos ability.) 

Proof We have an induced isomorphism t* Gr^ ( o) (Mi) ~ i* Gr^' 0> (M2) as 
in Proposition 22.3.7. Let N 2 be the kernel of A — A on Gr^ ( ° ' (M 2 )- Since 
Gr^ ( ° (Mi) is strict, t* Gr^ ( ° (M2) is also strict due to Lemma 22.5.7. Hence, 
we obtain l*N2 = 0. Then, we obtain X2 = by shrinking Xo, due to Lemma 22.5.7. 
By using coherence, we obtain that Gr^ ° (M2) is strict, after shrinking U(Xo) and 
Xo appropriately. We can check the other conditions by using Lemma 22.5.7. □ 

22.6. Preliminary for D-modules 

We recall some basic facts for D-modules and 7?.-modules. (See [13], [67], [56], 
[104], [93], for example.) 

22.6.1. Pull back of D-modules. — Let / : X — > Y be a morphism of complex 
manifolds, and let T be & £>y-modulc. We put Dx^y '■— Ox ®f~^o Y f~ 1 Dy, which 
is equipped with the left Dx-action and the right / -1 Dy-action. Recall that the 
pull back pF is defined to be pJ- :— Dx^y ®f- 1 D Y f~ l J~. Let L 1 / denote the 
i-th derived functor of f\ Let for denote the natural functor from the category of 
D-modules to the category of O-modules. Let L l f* denote the z-th derived functor 
of the pull back /* for O-modules. According to the following lemma, we do not have 
to distinguish the sheaves L % pT and L l f*J- '. 

Lemma 22.6.1. — for(UpM) ~ L i f*(for(M)) 

Proof See Proposition 2.3.8 of [13], for example. □ 

Recall the following well known results. 
Proposition 22.6.2. 
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— If T is a holonomic Dy -module, then L % f* F are also holonomic. 

— Assume that f is a closed embedding of complex manifolds, and F = f^Fo for 
some Dx -module Fq. Let k := dimX — dimy. Then, we have L l f*F = for 
i k and L k f*J r ~ Fq. 

Proof See Theorem 3.2.13 of [13] for the first claim, for example. See Proposition 
4.32 of [67] for the second claim, for example. □ 

Recall that we have the trace map whose construction is explained in Chapter 4.9 
of [67], for example: 



22.6.2. Holonomic Z?-modules and meromorphic connections. — We recall 
the following general lemma. Let X be a complex manifold, and let D be a divisor of 



Lemma 22.6.3. — Let J 7 be a holonomic Dx-module such that (i) the characteristic 
variety of F is contained in ir~ 1 (D)UT x X , (ii) F is also an Ox{*D)-module. Then, 
there is an Ox -coherent sub sheaf J- *q C F such that F = Ox(*D) ■ Fq. I n particular, 
F gives a meromorphic flat connection on (X,D). 

Proof Since the claim is local, we may assume that D is given as g~ 1 (Q). We may 
also take a coherent filtration F of F. Then, Gr i? (J r ) is a coherent 0T*x-niodule, 
and the support of Gr F (.F) is contained in T x XUtt~ 1 (D). Hence, there exists a large 
number iq such that the support of Grf (J 7 ) is contained in tt^ 1 (D) for any i > iq. 
For such an i, there exists a large number TV such that g N ■ Fi(J-) C Fi (F). Hence, 
F io (F) generates F over Ox(*D). □ 

22.6.3. Nearby cycle functor with ramification and exponential twist. — 

Recall the notion of nearby cycle functor with ramification and exponential twist, by 
following Deligne and Sabbah ([33], [106]). Let Xo be a complex manifold, and let 
X := X x Cf We set XW := X a x C tn . Let ip n : — >Ibca morphism 
induced by ip n (t n ) =t*. For a given a € C\t~ x ], we set L(a) := O x (») (*t«) - e with the 
meromorphic fiat connection Ve = e • da. It is naturally a holonomic D X („)-modulc. 

Let J 7 be a holonomic .Dx-module. By taking the pulling back and the tensor 
product with L(—a), we obtain a holonomic D X ( n ) -module ip^ F (E> L(—a). Applying 
the nearby cycle functor, we obtain a holonomic Z?x _m0( iule ipt n {<-p\i-F ® L(— o)). 

Let Y be a complex manifold, g be a holomorphic function on Y, and J 7 be a 
holonomic Dy-module. Then, for any o £ C^" 1 ], we define 



The functor ipg t a is called the nearby cycle functor with ramification and exponential 
twist by a. 



tif : f^ (LfF) [dim X] — > F[dimY] 



X. Let 7T : T*X 



X denote the natural projection of the cotangent bundle. 
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22.6.4. The functors and — Let X be a complex manifold, and let 

iy : Y C X be a smooth hypersurface of X. Let 0x denote the tangent sheaf of X. 
Let My ix denote the sheaf of the sections of the normal bundle of 7 in J. We put 
j,j*O x :=O x (*Y). 

We also have the following Dx -module j\j*Ox- As an Ox-module, we set 

jifOx ■= O x ®i Yi i Y O x = O x ®iY*(SymAf Y/x ®N Y /x)- 

The action of 0x is given by v ■ (s, t) = (v ■ s, v ■ t + n(v\ Y ) • , where "|Y" denotes 
the restriction to Y, n denotes the projection of @x\y — ► ■A/y/xj an d v-t is given by 
the natural -Dx-module structure on i Y ^i Y Ox- It is uniquely extended to the action 
of D x . 

Let fix denote the canonical line bundle of X. For a Dx-module M, we have 
the derived dual module Dx(M) := R'Hom,£) x (M, Dx) <E> 0, x [dimX] in the derived 
category of Dx-modulcs. 

Lemma 22.6.4- — We have a natural isomorphism Dx(j*j*Ox) — j\j*Ox 

Proof Note that we have the canonical isomorphisms (jij*Ox)\x-Y — 
Ox\x-y — D x {j*j*Ox)\ x _ Y - Wc have the Ox-submodule Ox of j\j*Ox, 
which generates j\j*Ox over Dx- Hence, an automorphism ip of j\j*Ox is the 
identity, if the restriction <p\x— d is the identity. Therefore, we have only to show 
that the canonical isomorphism can be extended locally. 

Then, we have only to consider the case X = A™ and Y = {z\ = 0}. Moreover, it 
can be reduced to the case n = 1. Wc consider the following exact sequence on the 
left £>A-modules on a disc A: 

O^^a -^D A ^O a (*0) — >0, <p{P 1 )=Pi-d t -t, ^(P 2 ) = P2-t- 1 

Hence, as the right DA-module, RHomrj^ (Oa(*0), £>a)[1] is the cokcrnel of the 
following morphism: 

£>A— >£>a, Q^dt-t-Q 
We have the following exact sequence of the right D-modulcs: 

► d t D A /d t tD A > D A /d t tD A >■ D A /d t D A >■ 

-[ -[ -[ 

► C[dt] > D A /d t tD A > O a > 

Then, it is easy to check D A /dttD A ~ j<j*0 A . □ 

Let M be a Dx-module. We put j*j*M := M ® L O x (*Y) and j\j*M := M (g> L 
j\j*Ox, where li ® L " denotes the derived tensor product for D-modules. 

Lemma 22.6.5. — We have a natural isomorphism j\j*M ~ Dx Dx{M)^ . 
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Proof Because j*j*D x M ~ D X {M) ® L O x {*Y), we have D x (j*j* D X (M)) ~ 
M«) i Dx(OxK))- We also have the natural isomorphism j[j*M ~ M ® L j\j*O x . 
Then, Lemma 22.6.5 follows from Lemma 22.6.4. □ 

If Y is non-characteristic to M, we have j\j*M = M ® j\j*O x . In that case, we 
have the following exact sequences: 

— > M — > j,j*AI —> j*j*M/M — > 

— ► i t i f M — > j } j*M — > M — > 

22.6.5. Some commutative diagrams. — Let X be a projective variety with an 
embedding X C P w . Let X$ be the intersection Xr\H\C\H.2, where Hi denote general 
hyperplanes. Let 7r : X — > X be the blow up of X along Xq. We put Y := H\C\ X. 
We have the natural embedding Y C X whose image is denoted by Y. 
We have the exact sequences for D^-modules as in Section 22.6.4: 

— ► O x — > JJ'Ojf — > ~3*~j*O x /O x — > 

— ► i^ito^ — ► jJ'Ojj — ► Oje — ► o 

Because n?O x = and 7rr(i^0y) = for p 7^ 0, we obtain 7r?(j» j*O x ) = and 
7rf Qlj*0%) = for p ^ 0. We also recall the following lemma. 

Lemma 22. 6. 6. — We have the following commutative diagram of D x -modules: 
► O x ► j*3*O x ► j«j*O x /O x ► 



(429) fx 



> 7rt(Ojf) ► ^G*J*G X ) > ^(. hJ *O x /O x ) > 

Here, f\ is the natural morphism. 

By taking the dual, we also have the following: 

► iy^ Y O x ► jifOx ► O x ► 

(430) 92 gi I 

> ^{iy^O x ) > n t (j,J*O x ) > n t (O x ) > 

Here, g\ is the natural morphism. 

Proof We have the following commutative diagram: 



tt^O x ► ir t O x > O 



x 



^0*3* O x ) > n^(j*j*O x ) ► 3*3* Ox 

Let fi be the composite of the lower horizontal arrows. Then, we have only to show 
that the induced map fa : irjQ*j*O x /O x ) — > 3*3* Ox /Ox is the identity. We have 
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only to compare the restrictions of f-$ and the identity to X — Xq. Then, the claim is 
clear. □ 



22.7. Complement 

22.7.1. Push-forward of 7^-modules for ramified covering. — Let X := A™, 

X := A™, D := \JLA^ = 0}, and D := |J- =1 {Ci = 0}. Let / : (X,D) — > 
be a ramified covering given by /(Ci, • • • ,Cn) = (C\ ■ ■ • > • • • i («)■ Let .M 

be an 7?. ^-module. We obtain the 7£^-module .M' := M ®x{*T}), on which Q 
(i = 1, . . . ,£) are invertible. Let us consider the push forward via /. 

Lemma 22.1.1. — The push forward of M! as IZ-modules is isomorphic to the push 
forward as O-modules. Similar claim holds also for D-modules. 

Proof We have only to consider the case of right 1Z- modules. Let C be an TZ^-hee 
resolution of O ^ ®f-^o x f l T^x- The push forward of M! as 7?.-modules is given by 
the following: 

(431) h(M'®n^C) 

Here /* denotes the push forward of 0-modules. Let 7Z^(*D) := TZ^ £g>e>~ 0^(*D) 
and Kx(*D) := Tlx ®o x O x (*V). Because M' := M ®e>~ O x (*V), (431) is equal 
to the following: 

(432) /, (Ml ® r ^5) (K x (*D) ® nx C 

Note TZ^(*D) <8>-r~ C is quasi-isomorphic to 1Z X (*D). Hence, (432) is naturally iso- 
morphic to f*(M'). □ 

22.7.2. Some sheaves of algebras. — Let X := A". For any subset Jen, let 
J VolZx denote the sheaf of subalgebras of IZx generated by Ox, djZj (j G J) and dj 
(j G n — J). It is equipped with the filtration by orders of differential operators. The 
following lemma can be shown by the argument in the proof of Proposition 22.5.3. 

Proposition 22.1.2. - 

— The sheaf of algebras I VolZx is Noetherian, and it has the property in Proposi- 
tion 22.1.3. The Rees ring is also Noetherian. 

— Let A4 be an i VqR.x -module such that (i) pseudo- coherent as an Ox-module, 
(ii) locally finitely generated as a 1 VqR-x -module. Then, it is a coherent I VoTZx~ 
module. □ 



580 



CHAPTER 22. REVIEW ON 7?.-MODULES, TC-TRIPLES AND VARIANTS 



22.8. The sheaves Db XxT/T and £>b™° x d T/T 

We recall some sheaves, following Sabbah in [103] and [106], to which we refer for 
more details and precise. For simplicity, we consider the case in which X is an open 
subset of C n . For J = (ji, . . . , j„), we put d J := n"=i d i' and I J \ :== YJi=iJi- Let 
V be an open subset oflxT. Let £xxt/t c^V) denote the space of C°°-sections of 
^a'xt/t on ^ w hh compact supports. For any compact subset K C V and m 6 Z>o, 
we have the semi-norm ||/|| K = sup|j| <TO sup^- \djf\. For any closed subset Zcl, 

let ^xxT/T c^y) denote the subspace of ^xxt/t cOO' which consists of the sections 
/ such that (d J f)\z = for any J. We have the induced semi-norms || • \\ m ,K on the 

space ^xx'j7Tc(^)- By the semi-norms, the spaces ^xxt/t c 00 and ^xxWT cW arc 
locally convex topological spaces. Let C°(T) denote the space of continuous functions 
on T with compact supports. It is a normed vector space with the sup norms. 

Let QbxxT/riV) denote the space of continuous C°° (T)-linear maps from 
£ ( xxt/t, c ( V ) t0 C ci T )- In th e case X =X xC t , let T>b x °^ T/T {V) denote the space 
of continuous C°°(T)-lincar maps from ^xt/Tc'(^) *° ^cC^O- Any elements of 
®^a"xt/t(^) are ca hed distributions with moderate growth. Let ®b X xT/T,x (V) 
be the space of continuous C°° (T)-linear maps $ : 4Tt/t c (^) — y ^cCO whose 
supports are contained in Xo x T, i.e., $(/) = if / = on some neighbourhood of 
X x T. They give the sheaves Db X xT/T, ^x°xt/t and ® b XxT/T,x 011 X xT. We 
have the following lemma as in [80]. 

Lemma 22.8.1. — The natural sequence 

— > 2)b XxT/TiXo (y) -A S)b X xT/T(^) A ®&A°x d T/T( F ) — ^ 

is exact. 

Proof We obtain the surjectivity of i/j by using the Hahn-Banach theorem. (See 
[101].) The injectivity of ip is clear. Let H be the space of functions / G ^xxt/t c^V) 
such that / = on some neighbourhood of Xq x T. We can show that H is dense 
in ^x^xT/T " (^0 us i n S an argument of Lemma 4.3 in [80]. Then, hn((p) = Ker(-0) 
follows. □ 

Note that 2)&xxt/t(^) are naturally C[i]-modules. Let ®b X xT/T(*t) denote the 
sheafification of presheaves V i — > S)&xxt/t(^) ®c[t] C[t, i -1 ]. 

Lemma 22.8.2. — Db x °f T/T (V) is naturally isomorphic to £>b X xT/T{*t)(V). It is 
also isomorphic to the image of l £)bxxT/T(V) — * ®bx xt/t{V \ -Xo)- 

Proof Due to Lemma 22.8.1, we have the natural injection l : 2)b^° d jy T (V) — > 
®bxxT/T(*t)(V)- h is easy to observe that any element of T>bxxT/T(V)(*t)(V) 
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naturally determines a continuous C°° (T)-linear function ^x^t/t^cO^) — ^ ^c(^)- 
Hence, t is surjective. The second claim immediately follows from Lemma 22.8.1. □ 

The following lemma can be shown by using a standard argument. 

Lemma 22.8.3. — Let <J> be an element of 1)b x a ^ T ^ T (V). Let K be any compact 
region. We have some m <G Z>o and C > such that sup T |3>(/)| < C ■ ||/|| to ,k for 
any f G £ x f T { "^(V) with Supp(/) C K. 

Proof Assume that the claim does not hold. We have a sequence C m oo and 

f m G £xxT/T^( V ) With Su PP(/m) C K SUCn tliat SU Pt| $ (/™)| > Cm ' lU.Jf ■ 

For g m := f m ■ \\fmW~ 1 ■ C~\ we have sup r |$(5 m )| > 1 and ||.g m || m ,A' -> 0. Thus, we 
have arrived at the contradiction. □ 

Corollary 22.8-4. — Let <f> G ®b x °^ T / T (V). We have the well defined pairing 

3>(\t\ s ■ f) G C* C °(T) /or / G £xxT/T,jy) with Su PP(/) c «/Re(s) is sufficiently 
large. □ 

22.8.1. Pull back via a ramified covering. — Let tp n : Ct„ — > C t be given by 
ip* n {t) = t n n . Let ■- X Q x C tn , and let : x T — > I x T be the induced 
map. Let := ip~ x (V). We have the well defined continuous map 

. c<Xo{n,n) / T /(n)\ p<Xa (n,n) 

V?n* ' C Xl»)xT/T,c'' ' ' C XxT/T,c \ V >• 

Hence, we have the induced map 

<p* : mr x d T/T (V) — ► S)b^„ d )xT/T (T/(")). 
We have the following general lemma. 

Lemma 22.8.5. — Let p be a test function on Xq, and let r G J)b^° d T y T (F). 7/ 

m ^ modulo n, we have the vanishing (<f%T, \t n \ 2s t™<-P* n {x) ' /°) = / or an 2/ s such 
that Re(s) is sufficiently large. 

Proof We have only to consider t n i — > t n ■ a for primitive n-th root a. □ 

22.8.2. Exponential twist. — Sabbah observed the following in [106]. 

Lemma 22.8.6. — Let $ G 2)fa™° x d T/T (V) andaeClt- 1 }. Then, 

exp(2 v / ^Tlm(Aa))$ G DbxxT/r{V \ X ) 
is contained in 'Db x ^ T ^ T (V). 

Proof For any / G ^'^^'(y), we have exp(2 % /^Tlm(Aa))/ G £^j^\V). 
Hence, the claim of the lemma follows. □ 
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22.9. fa-triples 

22.9.1. Hermitian sesqui-linear pairing. — Wc recall the notion of fa.-triplcs 
in [104] for the convenience of readers. We refer to it for more details and precision. 
Let X be a complex manifold. We put X := C\ x X. We set S := { A G C | |A| = l}. 
Let Qbsxx/s be as in Section 22.8. Let a : C\ — > C\ given by a(X) = —A . The 
induced map S x X — > S x X is also denoted by a. We have the natural (7lx)\sxx- 
action on Dbsx x/s- We also have the (a*lZ x ) ^-action on Dbgxx/s locally given 
by cr*(9i) = -A -1 ^ =: oV Thus, Db Sx x/s is a left (fax <Z> CT*fax)|SxX-module. 

Let M' and M" be left fa.-modules on X . Recall that a Hermitian sesqui-linear 
pairing of M' and M" is defined to be a morphism of left (fax®<7*7£x)|SxJr~ m °dules: 

C : M\ SxX ® a*M\' SxX — > Db s 

xX/S- 

It is also called a sesqui-linear pairing. We often denote the pairing C(x,a*y) by 
C(x,y) as in [104]. Sec [104] for a sesqui-linear pairing of right "fa-modules. 

Let C be a sesqui-linear pairing of M' and M" . Then a sesqui-linear pairing C* 
of M" and At' is given by the following formula: 

(433) C* 0, o-*y) = a*C(y,a*x). 

Here a; and y denote local sections of M" SxX and M'\ SxX respectively. 
The following lemma is proved in [104]. 

Lemma 22.9.1. — Let Mi (i = 1,2) be strictly S -decomposable lZ x -modules whose 
strict supports are Zi. If Z\ ^ Z 2 , then there does not exist any non-trivial sesqui- 
linear pairing of Mi and Mn- D 

22.9.2. fax-triple. — A left fax-triple is a tuple (M', M", C) of ^x-modulcs M' , 
M" and a sesqui-linear pairing C of M' and M" . Let % = {M^M" ,Ci) (i = 1,2) 
be "fax-triples. A morphism ip : 71 — > 72 is a tuple of morphisms if' : M' 2 — > M'i 
and ip" : M'[ — > M' 2 ' satisfying 

C 1 (ip'(x),a*(y))=C 2 (x,o-*(ip"(y))). 

Here x and y denote local sections of M' 2 ^ SxX and M'^ SxX . The category 
lZ x -Triples of fax-triples is abelian. 

22.9.3. Tate twist and Hermitian adjoint. — For any half integer k <E ^Z, the 
fc-th Tate object T s (k) is defined to be the tuple (Ox, Ox, Ck) , where Ck is given as 
follows: 

C k (f,a*g) = (^l\y 2k -f—g 
The fc-th Tate twist T(k) of T = (M',M",C) is the tuple 

(M',M",(V^l\)- 2k C) 
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In other words, it is the tensor product T ® T s (k). We will not distinguish T(fc) and 
T <E> T s (k). A morphism ip = ((p',(p") : T — > T' naturally induces the morphism 
<p = {<p', tp") : T{k) — ■> T'(fc) for any fc e |Z. 

For a left 7?.-triple T = (.A/1', M" , C), the Hermitian adjoint T* is defined to be the 
tuple {M" , M' , C*), where C* is given as in (433). For any morphism ip = (cp , ,ip") : 
7i — > 72, we obtain the morphism tp* = (tp", tp 1 ) :T2 — > T\. 

The Hermitian adjoint of the Tate object T s (-fc) is (0 Xl O x , (-l)- 2k C k ). We fix 
the isomorphism 

((-l) 2fe id, id) :T s (fc) ~T s (-fc)*. 
It induces the isomorphism T(fc) — (T*(— k)) . 

22.9.4. Hermitian sesqui-linear duality of 7^-triples. — Let T be an TZx- 
triple, and let w be an integer. Recall that a morphism S : T — > T*(—w) is called 
a Hermitian sesqui-linear duality of weight w, if the equality S = (— 1) W S* holds. In 
the case S = (S', S"), the condition is equivalent to S' = (-1) W S". 

Let S = (S", S") be a morphism T — > T*(—w). Via the canonical isomorphism 
T s (k) ~ T s (~k)* , we obtain the map T{k) — > T(k)*(—w + 2k), which is given by 
S(k) := ((—l) 2k S',S"). Then, S is a Hermitian sesqui-linear duality of weight w, if 
and only if S(k) is a Hermitian sesqui-linear duality of weight w + k. 

Let T = (M',M",C) be an "ftx-triple with a Hermitian sesqui-linear duality 
S = (S',S") of weight w. Later, we will mainly interested in the case that S is 
an isomorphism, i.e., 5" and 5"' are isomorphisms. Then we have the 72-x-triplc 
T = (M" , M" ,C) and the canonical isomorphism (5', id) : T — > T, where C is 
given by C(x, a*y) = C(S'x, <r*y) for local sections x and y of M" . 

For an 7£x-triple T of the form (AA',Ai',C), an isomorphism (id, id) : T — > T* 
is a Hermitian sesqui-linear duality of weight 0, if and only if the following equality 
holds for local sections x and y on appropriate open subsets: 

C(x,a*y) = C*(x,a*y) := a*C(y,a*x). 

22.9.5. Push forward. — Let / : X — > Y be a morphism of complex manifolds. 
For an ^-triple T = (M',M",C), the push-forward / t T £ D(K Y -Triples) is 
defined. More precisely, they are given in the level of the complexes of 7£y-modules. 
We omit the details, and refer to [104] for more details. 

22.10. Specialization of TvL-triples 

We recall the specialization of sesqui-linear pairings introduced by Sabbah [104], 
which we refer to for more details and precision. 

22.10.1. Specialization along a coordinate function. — 
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22.10.1.1. Preliminary I. — Let Ct be a complex line with a coordinate t. Let Xq 
be an (n — l)-dimensional complex manifold. We put X := Xq x Ct- We identify 
X and X x {0}. Let M 1 and M." be objects of S 2 (X, t). Let C be a sesqui-lincar 
pairing of M.' and M." . Let u be any element of R x C. We recall the construction 
due to Sabbah to obtain the specialization along t: 

xXo/S 

For Ao G let [/ be a small neighbourhood of Ao, and I := U PI S. Let Wq 
be an open subset of X . We put W := Wq x C t . Let m be a section of .M' on 
U x W, and /z be a section of M." on o"(£T) x W. Let us take any C°° (n — 1, n — 1)- 
form <fi on Wo whose support is compact. We also take a C°°-function x on Ct with 
the compact support such that x = 1 around the origin O ^ Ct. By considering 
the push forward for S x X — > we obtain the following continuous function on 
/ x {s S C | 2Re(s) + |fc| > Rq} , which is holomorphic with respect to s: 

f (C(m,p), |t| 2s t fc -x(i)-0A^dfAcS) (fc>0) 

(434) 4*l, W .*W := 

[ (C(ro,/Z), |t| 2s i fc -x(t) -<M 3§E(ftA(fi) (fc<0) 

Here, i?o denotes some real number depending only on m and /z. (See Corollary 
22.8.4.) The following lemma can be shown by the argument in [104] or the proof of 
Lemma 14.72 and Lemma 14.73 of [93]. 

Lemma 22.10.1. — Let k > 0. We have the following formula: 

(435) A ■ (a + k + A- x e(A, «)) ■ 2g(U)>) = ^U^to + F 

_ffere we puf m' := (— Sjt + e(A, u)) ■ to, and F is a continuous function on I x C 
which is holomorphic with respect to the variable s. 
We also have the following equality: 

(436) -A- 1 ■ (a + k + ■ L ( ' k) -, As) = . + F 

Here we put y! = (— 9jt + e(A, u)j ■ \i, and F is as above. □ 

22.10.1.2. Preliminary II. — Let to be a section of Vc^M.' such that ^ 7t c (to) e 
^tu^M.' via the projection 7r c : Vc^M' — > Gr^ " M! for some u G R x C such 
that p(Ao, uq) = c. Let 6 m be a polynomial such that (i) b m (—d t t)m £ V-\R. ■ to, (ii) 
it is of the following form: 

b m (x) - (^ + e(A,u ))' y(uo) • J] (x + t(X,u)y {u) . 

ues 
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Here So denotes a finite subset of R x C such that p(Ao,w) < c for any u G Sq. For 
any positive integer M, we put 

A/-1 

By construction, there exists a finite subset S\(M) C Rx C such that the following 
holds: 

— B^\x) = n ueSi{M) (x + t(\,u)y' iu) . 

— For any u G Si(M), we have p(Ao, u) < c. If p(Ao, u) — c, then u = u a . 
Moreover, v' is bounded on |J M S\(M). 

Lemma 22. 10.2. — We have the following equality: 

(437) ( J] ^W^HrM^))^"}!^;^!^,,^^ 
ueSi(M) 

Here vn! = Bm\—<5 t t) ■ m, and F has the property as in Lemma 22.10.1. The first 
term in the right hand side is holomorphic with respect to the variable s on the half 
plane {s G C | 2 Re(s) + k > R - M} . 

Proof We obtain the equality (437) by using Lemma 22.10.1 inductively. By the 
construction of B*' , we have ( — cM) ■ m = t M P-m for some P G VoTZx- Hence, 
X^ m , _w in (437) is given on J x {s G C | 2 Re(s) + k> R, -Al}. □ 

Then, we obtain the following lemma. 

Lemma 22.10.3. - There exist a discrete subset S2 of R x C and a number v 
such that the following holds: 

— Z^lj* ^ • nu£S>( s + ^ + A -1 • e(A, it))" is continuous on I x C, and it is 
holomorphic with respect to s. 

— For any element u G S2, we have p(Ao,w) < a //p(Ao,u) = c, i/ien u = uq. 

□ 

Note a(Ao) = — Ao for Ao G S. Let /j be an element of vj M" such that 
^ n d (fj,) G i'tu^M" via the projection V^~ Xa) M" — ■» Gr^~ Ao) M", where d = 
p(— Ao,Mi). We obtain the following lemma in a similar way. 

Lemma 22.10.4- — There exist a discrete subset S3 C Rx C and a number v with 
the following property: 

— Zp^-j ^ • rXueS 3 ( s + k + A _1 e(A, it))" is given on I x C , and it is holomorphic 
with respect to s. 

— For any u G S3, we have p(— Ao,u) < d. 7/p(— A ,m) = d, then u = u . □ 
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22.10.1.3. Construction of the specialization ipt.uC — Let [to] be a section of 
$tua-M! on U x Wo, and to be a section of M! on U x Wo x C t such that 7t c (to) = [to], 
where we put c := p(Ao, uq), and n c denotes the projection Vc^M.' — > Gr ( v ' ° A4' . 
Let [^i] be a section of ip'i^f' ' M" on <j(U) x W , and fi be a section of .M" on 
ct(J7) x Wo x C t such that 7id(/i) = [/x], where we put = p(— Ao, u ), and ltd denotes 
the projection V^ Xa) M" — ► Gr^~ Ao) M" . 

We put 1c{m,ji),4,{ s ) '■= ^clmTO <t>( s ^' ^- cca ^ * na * we have a discrete subset S" of 
RxC such that Ic(mjr).<>(s) n«es( s + ^ 1 e (-^> U )Y i s given on IxC. For any u *E S, 
we have p(A , w) < p(Ao, uo) and p(— A , u) < p(— Ao,u ). If one of the equalities holds, 
u = uq. Hence, we have e(Ao, u) ^ e(Ao, uo) for any u £ S \ {uq}- (See Lemma 14.80 
in [93], for example.) 

We would like to define 

(438) (4^ C([m],[p]),^-= Res (Z c(mjr) . ( s )). 

The right hand side of (438) gives a continuous function on I. The well definedness 
of (438) can be checked as in [104] or Lemma 14.82 of [93]. Thus, we obtain the local 
section ip\ C ( [to] , [p]) of Qbi x x /i- By varying Ao € S and gluing them, we obtain 

i>t,u C : ipt, U0 M' ® a*ip t ,u M" — > 25b SxXo/s . 

We can easily check that ^ t ,u C gives a Hermitian sesqui-linear pairing of ^t,u -M' 
and ip t ,u a M". 

We put iV := — 9(t + c(A, uo), which induces the nilpotent map on ipt^o-M 1 and 
^t,u a M-" ■ As in [104] or Lemma 14.84 of [93], we have the following equality: 

^ U0 C(N[m], tp}) = (v^TA) 2 ■ WoC(M, PV3) 
22.10.1.4- The induced pairing ipt,uC — We construct the induced pairing: 

V>t, u C : i>t,uM' <g> o-*i> t ,uM" — >■ £»b SxXo/s 

For local sections m and of ^ *° and ^ U A °' 1 {M."), we have the following 
equality as in Lemma 14.85: 

(439) 4 X :ls C([t ■ m],F7^) = 4^C([m},M) 

Here, we put <5 = (1, 0) e J? x C. 

Let to be a section of (M f ), and /i be a section of ip[~^°\AA"). We pick 
a sufficiently large integer AT, toi G u-jva (■M') ana - A* 1 e W m-°/v<5 (-^'') corre- 
sponding to to and respectively. Then, the pairing i/)^°'C(m,Ji) is defined to be 
i>ttu-N8 C{ m iiW)' B y varying A and gluing ip^C, we obtain tp t ,uC. 
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22.10.1.5. The nearby cycle functor of a strictly specializable IZ-triple. — Let T = 
(Ad', Ad", C) be an 7^-jt-triple. We say that T is strictly specializable along t, if Ad' 
and Ad" are strictly specializable along t. 

Let T be an 72-x-triple which is strictly specializable along t. For any u € R x C , 
we obtain the following induced sesqui-linear pairings: 

ipt,uC : {i>t,u(M') g> v*i>t,u(M"))^ SxXa — -> Db SxXo/s 

Thus, wc obtain the TZxo-trvplc ipt,u(T) = (ipt.uAd' ,ipt,uAd" ,ipt.uC) . We also have 
the following modified pairing: 

4>t.uC : {i>t,u(M') ® ^>t,«(A^")) |SxXo — ► ®bsxx /s 

Thus, we obtain the 7£x -triple V> t ,„(T) := (i>t,uM', rjj t ,uAd", $t,uC) . 
We have the following relations: 

^,„c(ivM, = (V^Ta) 2 ■ ^, u c(H^M) 
^, u c(jvh, [jz]) = (V^Ta) 2 ■ v t ,nC(H^M) 

Here iV := — 9ti + e(A, u). Hence, we have the following morphism 

Af:= (-V=1N,V=1N) :ij t ,uT ^^ t ,uT®T s (-l). 

It induces the weight nitrations W on tpt.uT or ipt,uT- The primitive part of Gr is 
denoted by PGrJf ipt,uT. 

22.10.1.6. Vanishing cycle functor. — The specialization ipt.oC — V't.oC is n °t a P~ 
propriate for our use. We recall the construction of the Hermitian sesqui-linear pairing 
4>t,oC of iptfiAd' and ipt,oAd" only in the simple case that Ad' and Ad" are strictly 
^-decomposable along t, by following the older version of [104]. See [104] for a more 
general case. 

Since we have assumed that Ad' is strictly .^-decomposable along t, we have the 
decomposition Ad' = Ad' x © Ad' 2 as in the claim (3) of Proposition 22.3.14. Similarly 
we have the decomposition Ad" = Ad" © Ad 2 . We also have the decomposition of 
the Hermitian sesqui-linear pairing C = C\ © C2, where Ci are pairings of Ad^ and 
Ad" . (See Lemma 22.9.1.) Since the supports of A4' 2 and Ad'2 are contained in X , we 
have i^t,oAd' 2 = Ad' 2 and ipt,oAd' 2 ' = Ad'{. Therefore, wc put <^. C 2 := C 2 . We have 
only to define 4>tfiC\. Hence, we may assume ipt,o = Imcan for Ad' and Ad" from the 
beginning. Recall that can and var arc induced by the left action of —St and t. For 
x <G TptflAd' and y £ ip t ,oAd" , we define 

<pt,oC(x,y) := (\ / ^l\y 1 ipt.s n C(var x,y_i) = (V^IX) ■ ip t -8 C(x-x, vary), 

where X-\ € ipt,-s Ad' and y„i <G ijjt^s Ad" are sections such that x = — \/ — 1 canx_i 
and y = 1 cany_i. 
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Let T = (A4',A4", C) be an 7?.x-triple. We say that it is strictly S'-decomposable 
along t, if M! and M." are strictly S-decomposable along t. If it is strictly S- 
decomposablc, the vanishing cycle 0t,oT is defined to be (?/>*, o-M', i>t,o-M" , (j>t,oC). 
By construction, we have the following morphisms of 7?.x "triples: 

Can := (var, y/^lc&n) : ipt-s T — ► <f>t,aT(—l/2) 
Var := (-y^Tcan, vax) : </> t , T(l/2) — > i/Jt,s a T 

22.10.2. The general case. — Let Y be a complex manifold, and let T be an 
TZy -triple. Let W be an open subset of Y, and let / be a holomorphic function on 
W. Let l : W — > W x C t denote the graph embedding. We obtain the TlwxCr 
triple l-\(T\c x xw) on C\ x (W x Ct). We say that T is strictly specializable (S'- 
decomposable) along /, if Lj(T\c x xu) is strictly specializable (S'-decomposable) along 
t. If T is strictly specializable, ipf, u T (resp. tpf >u T) are defined to be i/)t,u(t<fi) (resp. 
ipt,u^7~) for any u £ R x C. If T is strictly S-decomposablc along /, 4>ffi{1~) is 
defined to be 0t,o (^T) . 

We can show the following lemma by using the argument due to Sabbah. (See 
Theorem 3.3.15 and Corollary 3.6.35 in [104]. See also [108] for the original work 
due to Saito.) 

Lemma 22.10.5. — Let F : X — > Y be a proper morphism of complex manifolds. 
Let g be any holomorphic function on Y . We put g := g o F. Let T be an IZx-triple 
such that (i) T is strictly specializable along g, (ii) F^tpg tU (T) are strict. Then, F^T 
are also strictly specializable along g. Moreover, we have natural isomorphisms 

for any u G R X C . □ 

Lemma 22.10.6. — Let X,Y,F,g, and T be as in Lemma 22.10.5. Assume more- 
over that T and F^T (j £ Z) are strictly S -decomposable along g and g, respectively. 
Then, we have a natural isomorphism F^ipgfiT — 4> g ,oF^T for any j. □ 

The lemma was proved by Sabbah without the additional assumption of strict S- 
decomposability. (Theorem 3.3.15 and Corollary 3.6.35 of [104].) We will later give 
a direct argument in this restricted case (Section 22.10.5). 

22.10.3. Uniqueness. — We recall a rather general remark on the uniqueness 
of the prolongation of Hcrmitian sesqui-linear pairings (Proposition 14.97 of [93]). 
Let X be a complex manifold, and let / be a holomorphic function on X. We put 
X' := X - / _1 (0). Let M! and M" be T^x-modules such that (i) they are strictly 
specializable along /, (ii) the morphism can : ij}f_s {-M-') — > ipffi(A4') is surjective. 
Let C a (a — 1, 2) be sesqui-linear pairings of M! and M." . 
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Proposition 22.10.7. — If C\ = C 2 on S x X' , we have Ci — C 2 on S x X. 

Proof Let if : X — > X x C denote the graph embedding. We have only to show 
iffCi — if]C2- Thus, we may assume that X is of the form X x C, and that f = t 
is the coordinate of C from the beginning. 

For Ao <G S, let U be a small neighbourhood of Ao in C\, and I := S n U. Let 
Wq be an open subset of X , and W be the product of Wo and an open subset W\ of 
C t - Let ml and to" be sections of M' and M" respectively on U x W and cr(U) x W 
respectively. We put A(m',m") := C\(m! , to") — Ciijn' ,m"). 

As a preparation, let us consider the case in which Ao is generic. 

Lemma 22.10.8. — Assume that Ao is generic with respect to the set ICA4S(A4' ,t)U 
K.MS(M",t) U {(0,0)}. Then we have A(m' ' ,mf I ) = 0. 

Proof We use an argument due to Sabbah (Proposition 3.7.6 in [104]). Since the 
support of A{w! ,m") is contained in I x Wo, we have the following expression: 

A(m', to") = r] a M ■ d? ■ d b t ■ S IxWo 

a-\-b<p 

Here r\ a ,b are sections of Sb/xWo//! an d o~ixw denote the delta distribution for Ix Wo 
mix W. We have only to show r\ a f, = for any a and b. 

Let us consider the case in which ml € V^q \m'). For any p <G Z>o, we have a 
finite subset S(p) C ICA4S(Ai' , t) such that the following holds: 

— p(A , u) < for any element u £ S(p). 

— We put B p (x) := riuesQs)! 2 ' + e ( / V u ))- Then there is a section P p of V 7lx 
such that B p (-B t t) ■ ml = P p ■ tP +1 ■ to'. 

If p is sufficiently large, we have the vanishing 

B p (-d t t)A(m',m") = P p t p+1 A{m! \m") = 0. 

Note the following equality: 

(-B t t + t(X,u)) -g?-^ = (aA + e(A,w)) ■ 3 t ° • 5 Wo = e(A, u - a ■ S ) ■ 3 t a • S Wo . 

Note p(Ao, u — a - So ) < 0. Since Ao is assumed to be generic, we have aAo + e(Ao, u) ^ 0. 
Thus we obtain rj a ,b = in the case to' e V^\m'). Since M 1 is generated by 
V^o^-A^' around A , the general case can be reduced to the case to' G V^\m'). 

□ 

Let us return to the proof of Proposition 22.10.7. Let (j> be any test function on 
W. By taking the push forward via the projection p : I x W — > I, we obtain the 
distribution F := p* (</> • A(m' , to")), which gives a continuous function on I. Due to 
Lemma 22.10.8, F vanishes on neighbourhoods of any generic X E I. Therefore we 
obtain the vanishing of F on I. It means C\ = C*2 on I x W. □ 
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22.10.4. The evaluation of distributions and the value of holomorphic func- 
tions. — Let X and Xo be as in Subsection 22.10.1. For any M <S R, we set 
U{M) := {s e C\ Re(s) > M). Let M' and M" be strictly specializable K x - 
modules. Let C be a Hermitian sesqui-linear pairing of M! and M." . Let Ao £ S, 
and let U(Xq) be a small neighbourhood of Ao in C. We put /(Ao) := S n f (Ao). 
Let m e V^o o) (7W') (8 C°° and /i € ^""^(M") ® C°° be C*°°-sections on J7(A ) x X 
and cr(/7(Ao)) x X, respectively. There exists a large M, depending on m and \x such 
that (i) the following pairing makes sense for any s <G U(M — fc), k <E Z>o and a C°° 
(n, n)-form (p on X with compact support 



(ii) it gives a continuous function on I(Xq) x U(M — fc), which is holomorphic with 
respect to s. We put X C (m >CT », v := ^m,^),^ 

Lemma 22.10.9. — Ic(m.ir»,ji( s ) * s naturally extended to a continuous function 
on -f(Ao) x Lt{~8) for some 6 > 0, which are holomorphic with respect to s. And, we 
havelc{ m ,^n), v (0) = (c(m,a*fj,), ipY 



Proof We may and will assume that m and fi arc holomorphic sections. Fix 
R > 0. Using an argument in [104] (or the proof of Lemma 14.76 and Lemma 14.77 
in [93]), we can show that there exist a large number N > and a finite subset 
S C R x C with the following property: 

— riti6s( s + A _1 e(A, u )) N ' 3-c(m,a' /i).tp( s ) is naturally extended to a continuous 
function on /(Ao) x U{—R), which is holomorphic with respect to s. 

- p(A , u) < and p(— A , u) < for any u e S. 

Note the general formula p(A, u) + p(<r(A),u) = — 2Re(e(A, u)/A). Then, the first 
claim follows. 

Let us show the second claim. By the above argument, we have known that 
■^C(m <j r fi) ip( s ) * s a continuous function on J(Ao) x U(—$), which is holomorphic with 
respect to s. We prepare the following lemma. 

Lemma 22.10.10. — There exists a fco € Z>o such that the following holds for any 
m G V^q°\ \i <E Vq , any C°° (n, n)-form ip with compact support, and any k > fco-' 



Proof Let m.; and fXj be finite generators of V< °'M' and Vq M" over V TZ. 
We can take some fco such that the following holds for any mi, fij, ip, and k > fco: 



-(fe) 

'C(m : (T* fi) ,tp 



(s) := (C(m,a*fi), \t\ 2s ■ t k ■ <p) , 



.(fc) 

'C(m,cr* n),(p 



(Q) = (C(m,o-*ti),vt k ) 




(C(m,ay), l p\t\ 2s t k )=J2(c(m l ,a*^), a*a*(b*)^\t\ 2s t k )) 
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Here, a* = EM) 1 ' 719 ./ ■ a, fora = ^aj- 5 J . Note a*a*(b*)(ip\t\ 2s t k ) is of the form 
\t\ 2s t k G id , where Gjj are C°° (n, n)-forms with compact supports. Then, the claim 
of Lemma 22.10.10 follows. □ 

By a descending induction on k > 0, let us show the following equality for any 
m G V^q ^, [A £ Vq and any C°° (n, n)-form tp with compact supports: 

Assume that it holds for k + 1. Let 771' := (— 3tt + e(A, uf)m. Then, we have the 
following: 

(440) <C(m', a», <^| 2s i fe ) - (C(m, tr», (O t + e(A, u))(^| 2s t fe )) 

= (A(s + fc) + e(A, u)) • (C{m, o», <^|i| 2s t fc ) + (C(m, <r», 9 t¥ > • |i| 2s i fe+1 ) 

By a similar calculation, we obtain the following: 

(441) (C(m', V t k ) = (Xk + e(A, u)) (C(m, cr», ipt k ) + (C(m, a*n),d t <p ■ t k+1 ) 

We take a polynomial b m such that 6 m (— 5\i)m = t ■ P(— 3fi)m G V-ilZ ■ in. It is 
of the following form: 

A/ 

6m (») = JJ(a; + t{X,Ui)) 
»=i 

Here we have p(Ao, itj) < for each 1^. We put ej := e(A, u%), for simplicity of 
description. By using (440) inductively, we obtain the following formula: 

(442) 

M 

|2s + fe 



C(P(-B t t)m,a*fi), ^\t\ 2s t k+1 ) = H(X(s + k) + e t ) ■ (C(m,o*n), <f\t\ 2s t 

i=i 

M-l M j 

+ e [ ( a ( s + fc ) + e • ( c (ri(- 9tt + e ') m ' • • i f i 2s * fc+i 



j=0 i=j+l 1=1 

We also have the following formula from (441): 

M 



(443) (c(P(-a t t)m,<7», <^-i fc+1 ) = (C{m,cT*ri,tpt k ) ■ ]J(Xk + a) 

i=l 

A/-1 A/ j 

+ e n ( Afc + e *) • ( c (ri(~ 3ti + e *) m ' a >) ' 9 ^ ■ * fe+i 

Then, we obtain l£) . (0) = (C(m, er*/j), ^i fe ) from (442) and (443). Thus, the 
induction can proceed, and the proof of Lemma 22.10.9 is finished. □ 
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22.10.5. Proof of Lemma 22.10.6. — Under the isomorphism i/)t,oF±M.i ~ 
Fjip t (Mi) for any j, we would like to show the equality <f> t fi{FlC) = F^4> t (C). 
We have the morphisms can : ip t -s (.M') — > ipt,o(M') and var : ipt,o(M.') — > 
ipt,-s (-M'). We also have similar morphisms for A4", which are denoted by the same 
symbols. They induce the morphisms can : F^ipt-SoiM') — ► ^o^^tfii-M') an d 
var : F^ % ^ t ,o{M') — > F^ipt-SgiM'). We have similar morphisms for M" . Recall 
the following relations: 

(444) &,o(4C)(-v^Ican(a), a*b) = (v^A) V*,-^ (FfC) (a, a*var(fo)), 

(445) &, (f?C)(a, a* v /r Tcan(6)) = (V^T\)^t,s C ) far (a), a*b) 

The pairing F±^> t ,o(C) satisfy similar relation with i/) tt _g F}C = F2ip t ,-S C- 

By the assumption, we have the decomposition Fr z (A/t') = M[ © M 2 such that (i) 
M[ has no non-zero 7?.y-submodule whose support is contained in loj (h) the support 
of M 2 is contained in Yq. We have a similar decomposition F^M" = M" © M' 2 ' . By 
using Proposition 22.11.5 and the relations between the pairings <f>ifi{FlC), F^(j> t ,o(C) 
and ij)t-s {F^C) like (444) and (445), we can show the following: 

— ipt o(M[) and ifjt,o(M 2 ) are orthogonal with respect to both of the pairings 
(f)t,o(FIC) and F?(f> tt0 (C). Similarly, ^ ij0 (Mi) and ijj t fi{M^) arc orthogonal with 
respect to the both pairings. 

- 4> t fl{F^C) and F^ ti0 (C) are the same on ipt,o( M 0\SxY ® a*ip t ,o( M i)\sxY ■ 
Hence, we have only to compare the induced sesqui- linear pairings of ipt.o(M 2 ) and 
<t*^,o(M^). 

We may assume that Fq is the projection, i.e., Xq = Yq X Z. Let n = dimZ. 
Then, F t M' can be expressed by F*(M' © f^ + *). ( See Subsection 22.2.4 for VL Z .) 
Similarly, we have F^M" = F*(M" © Oj + *). Let A G S. Let u and v be local 
sections of V^ Xo ^ M 2 and Vq~ Xo 'M 2 respectively. We can regard them as sections of 
FpM' and Ff(M") respectively, and we have (j) t ,oF^{C){u,v) = F*C{u,v). We take 
lifts u and v of u and v to F*(.M' © f^ -4 ) anc ^ ® respectively. Let <p 

be a test function on Yq. Let p be a test function on C t which is constantly 1 around 
t = 0, and let := p • \J—\dt ■ dt/2n. Then, we have the following equalities: 

(446) (^ tfi (F^C)(u,a*v), <p) = ^C(u,a*v), <p ■ u) = (c(u,a*v), F^-uj) 

Let [u\ and [v\ denote the lift of u and v to F * (M' © OJ _i ) and F » (M" © 
respectively, which are induced by u and v. We have the following equality: 

(447) (F^ t . (C)(u,a*v), <p) = <&, (C)([u], a* [v\), F*<p) 

We take an appropriate open locally finite covering Z = Ujes an< ^ ^he partition of 
unity {xj \ j S S} which is subordinate to the covering. We may assume to have £ 
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Vii 0) (M') W l z l and uf G V^ o) (X') <g> n n z l on such that u\ Vj = d t uf ] + uf . 
Then, we have the following equality: 

(448) (0 t ,o(C)([M], a* [5]), F >) = ^(^ (C)([S],a*[^]), X ^ V 

jes 

= E(^( C ')([M 1) ]' CT *N)' fc^oV) = E A (^.-*o(C)(K 1) ] 5 X*FS<P 

jes jes 



jes 



E Res A(c(4 1} ,a^), X ^ > • \tf 



jes 

It can be rewritten as follows: 

-^itti^Wx;* -f)' i*i 2(s+1 

' jes 

(449) -. s S cs 1 7Tl( C '(^ Xr ^ 1) ' Cr * M )' ^oV" l*| 2(s+1 

jes 



]*e s 1 JT^( c & Xj ' u 3 1), a *")' FoV |t|2(s+1) ' s * w 



It is equal to the following: 



Res 

s— - 



2-S+2 . w 



8_L.(c(« )£ r*tO ) F V-|i| 2(s+1) - W ) 
jes 



jes 

( 1 ) & /~-\ \ T-ii i , 1 0,1 S-J-1 1 i>o 

'jes 

By the assumption, the support of Fo*C(u, a*v) is contained in t — 0. Hence, the 

,(2) (A 
^ ^ V <0 



first term of (450) is 0. Let us look at the second term. We have iif € Kco°' > an d 



v G Ao) . Due to Lemma 22.10.9, 



G( S ) := (C^Xj^f, ^(5)), F V|t| 2s+2 - W 

is holomorphic on the region {Re(s) > —1 — 5} for some 5 > 0, and the following 
holds: 

(451) G(-l) = (C(j2xj ■ uf\ v*v), F*cp • u) 

jes 
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Hence, the second term in (450) is given by (451). For the same reason, the third 
term is as follows: 

(452) -(cfexi-u?, FZtp-u) 

We have a similar equality for the fourth term. Hence, the sum of the third and the 
forth terms in (450) can be rewritten as follows: 

(453) - (C(j2xi-uf\ <r*(Btvj),FS<p-u>) - (c^fc-u^, <?*v), F V 3*"} 
Hence (450) can be written as follows: 

(454) {C(J2 Xj ■ uf\ a*v) , F*ip ■ w ) + (c(£ X j ■ $tuf\ a*v) , F > • w) 

From (447), (448) (450) and (454), we obtain 

(F^ tfi (C)(u,a*v), <p) = (C(u,a*v), F* v -lo). 

Together with (446), we obtain c/) t fi(FiC)(u,a*v) = F^(f> t , (C)(u,a*v). Thus, 
Lemma 22.10.6 is proved. □ 

22.11. 7£(*i)-triples 

We recall the notion of Tlx (*f )-triple due to Sabbah in [104] , where it is called Tlx- 
triplcs. We use the notation in Section 22.10.1. Let M! and M." be Tlx (*i)-modulcs. 
An K x (*t) <8 CT*^ A '(*i)-homomorphism C : M\ SxX ® cr*M\' SxX — > ^s° d x/s is 
called a Hermitian sesqui-linear pairing of M! and M." . It is also called a sesqui- 
linear pairing. Such T = (M',A4", C) is called an Tlx (*£)-triplc. 

Let Ti = (M'i,Mi, Ci) (i = 1, 2) be Tlx (*i)-triples. A morphism of Tlx (*i)-triples 
cp : Ti — > Ti is defined to be a pair of <p>' : M' 2 — > M[ and tp" : M'{ — > M!{ 
satisfying C\ (w'(x), <x*(y)) = C2 (x, a* (ip"(y))) . The category of Tlx (*i)-triples is 
abelian. 

For an 7?.x(*£)-triple T = (A4',A4", C), we have the induced sesqui-linear pairing 

C* : M'{ SxX ® °'M\ 8XX — ► Sb^x/s 

given by C*(x,a*y) = cr*C(y, cr*x). The tuple T* = (7W",X',C**) is called the 
Hermitian adjoint of 1~ . A morphism ip = (tp',(p") : 71 — > I2 naturally induces 
V* = (^'V) = 7? — > 7?. 

Let fc be any half integer. For an 7£x(*i)-triple T = (M.', A4", C), we put T(k) := 
(M',M", (v 7 — TA)~ 2fe C), which is called the fc-th Tate twist of T. It can be regarded 
as T (?) T s (k). We have the isomorphism T{k) ~ (7~*(— k)Y as in the case of Tlx- 
triplcs. 
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For an 7?.x(*0~t r ipl e T, a morphism S : T — > T*(—w) is called a Hcrmitian 
sesqui-linear duality of weight w, if the equality S = (—1) U 'S* holds. 

22.11.1. Specialization. — Let T = (M',M",C) be an ft x (*i)-triple. We say 
that T is strictly specializable, if M! and M." are strictly specializable along t = 0. 
In that case, we have the induced pairing for any u £ R x C ([104]) as in the case of 
7?.x-triples: 

4>t,uC : ^tAW)\sxx ® <r*i>tAM")\sxx — > ®b SxXa/s 
Thus, we obtain the TZ Xo -triple &,„(7) = (^,„( J M / ),^'t,«(M"):V't,™(C)). 

Lemma 22.11.1. — Lerj 71 (z = 1,2) 6e strictly specializable lZx(*t) -triples. Let 
if : 71 — 5- 7~2 be a morphism which is strictly specializable along t. Then, ~Ker(<p), 
Im((p) and C6k((p) are also strictly specializable along t, and we have the natural 
isomorphisms ip t ,u Ker(y>) ~ Ker?/) tj „((/?), ip tiU Im(ip) ~ ImV>t, V't.u Cok((y9) ~ 
Cok^t >u (v). 

Proof Because Lemma 22.4.5, we have only to compare the induced sesqui-linear 
pairings, which can be checked easily. □ 

22.11.2. Pull back via unramified covering. — Let ip n be as in Section 22.4.2. 
Let T = {M! , A4", C) be an 7^x(*t)-triple. We have the induced pairing as explained 
in [106] (see also Section 22.8): 

V lC : <p* n M\ SxxW ® o-*<ptM\' SxxM Sfa-° d x( „ )/s 

And thus, we obtain the TZ x{n) (*t n )-tnple <pl(T) = (<pt,M' , tftM" , (p^C) . 

Let -T(Ao) denote a small neighbourhood of Ao in S, and let J(— Ao) = it(J(Ao)). 

Lemma 22.11.2. — Assume that T is strictly specializable along t. Let [t{\ 6 
$t,(u+ mi 6)/n(M')\i(\ ) x x and [r 2 ] € ■tft,(u+m 2 S)/n(M")\j(-x ) x X - We have the fol- 
lowing relation: 

V't,(«+m6 )/n(C)([Ti],cr*[r 2 ]) mi =m 2 =m 

mi 7^ TO2 

y4s a result, we have the following decomposition of lZx -triples: 

i, tn , u {ip{T) ^ i> t ,u>{T) 

nu —c5q=u 
Q<c<n-1 
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Proof Let p be a C°°-top form on Xq with compact support. Let xi — Xi(l^n|) be 
a test function on Ct n which are constantly 1 around 0, and let \ := xi • V - ldt-dt/2w. 
We have the following: 

(455) (^(^COdCV^ril.ff'IC^ra]), P 



Res (^^(CVin, a'CCVj,^)), \tn\ 2s X-P 



Res (^C( n ,aV 2 ), M^CC ' X • p) 



If mi 7^ m2, (455) is by Lemma 22.8.5. In the case mi = 7712 = m, (455) is equal to 
the following: 

(456) 

Res (c{r l ,cT*T 2 ),\t\ 2{s+m)/n X-p)-n= Res (c(t u ct*t 2 ), \t\ 2 ° x ■ p) ■ n 



= _ „ , ReS x „ , ( C '( T l,0-*T2), |i| 2s X • p) = (V , i J («+m«o)/n C '([ T l]. a '*[ r 2])> P 
s-t-c(A,(fz-t-mdo)/n) \ / \ 

Thus we are done. □ 

22.11.3. Exponential twist. — Let £(a) be as in Section 22.4.3. For any a € 
C^" 1 ], we have the naturally defined scsqui-lincar pairing 

C a : £(a)| SxX( „) ® cr*£(a)| SxX( „) — ► £>b SxX( „)/ s , 

given by C a (e,cr*e) = exp(-2 v / -LIm(Aa)) . We put £(a) := (£(a), £(a), C ) . 

Let T be an 72-x (*i)-triple. Sabbah observed that <fn(T) <g> £(— a) is well defined 
as the 1Z X ( n ) (*t n )-triple (see Lemma 22.8.6): 

vUT) ® £(-a) := ® -C(-ft), ¥&M" 8) £(-a), v t C • C_ a ) 



It is naturally identified with yip^Ad', (p^M." , exp(2\/— Tlm(Aa))yJ l CJ . If the un- 
derlying 72. x ( n ) (*rj rl )-modulcs of </4i(T) (E> £(— a) are strictly specializable, we obtain 
the following 1Z x -triples for any u G Rx C: 

VW(T) := $t n ,u(vt(T) ® Z(-a)) 

We have the well defined map: 

M = (-V^IN, y/=lN) : $ t ,uAT) —> i\u. a (T) ® T s (-1) 

We have the monodromy weight filtration W(N) oiAf in the category of lZx -triples. 

Note that we have the natural isomorphism (id, id) : £(0)* ~ 2(a). A Hermi- 
tian sesqui-linear duality S : T — > T*{—w) of weight w naturally induces (f^T <S> 
£(— a) — > (fliT <8) £(— a)) (—w), which is also a Hermitian sesqui-linear duality of 
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weight w. If (Pn(T) ® £( — a) is strictly specializable along t n , we have the induced 
morphisms: 

kuAS) ■ Grf (A ° & )tl , B (7) — ► Gr^ ^, u , a (T)* (-f«) 
Therefore, we have the induced Hermitian scsqui-linear duality: 

St, u , a ,t := &,«,«(£) : PGrf (A ° &,„,„(T) — > PGrf (A ° ^, u ,«(T)*(-ttf - *) 

22.11.4. Push-forward. — We put Y := Y X C t . Let F : — > Y be a 

morphism, and let F : X — > Y denote the induced morphism. Let Af be an TZx(*t)- 
module. We assume that F is proper on the support of M.. We have the well defined 
push-forward FfAf in the derive category of 7?.Y(*i)-modules. The i-th cohomology 
sheaves are denoted by Pj?AL Recall the following compatibility in [104] and [106]. 
(See also [108].) 

Proposition 22.11.3. — Assume that M. is strictly specializable along t. If 
FQjipt,u(M) are strict for any u G R x C and any i, then P?(Af) are also strictly 
specializable along t = 0, and tpt,uF^(M) ~ FQ^ip t ,u(M). □ 

Let Y^ n > := Yq x Ct n - The induced morphism y(") — s- Y is also denoted by ip n . 
Recall the following compatibility in [106], which can be shown directly. 

Proposition 22.11.4- — For any a 6 C^ 1 ] an d for any holonomic Hxi*t)- 
module M, we have ff(pt (At) <8> C(-a)) ^ ^Ff(At) ® £(-a). □ 

Let T = (M',M",C) be an fc^-triple (resp. TZ x {*t)-tiiple). We have the well 
defined push-forward F t (T) = (F t (Af) op , F t (Af"), F f C) in the derived category 
of TZy -triples (resp. 7£y(*£)-triples). The i-th cohomology triples are denoted by 
Fi(T) = (PpAt', F^M" , F^C) . 

Recall the compatibility of the specialization and the push-forward for the sesqui- 
linear pairing in [104]. 

Proposition 22.11.5. — Assume that both Af' and At" satisfy the assumption 
in Proposition 22.11.3. Then, we have the compatibility ipt,u{FlC) = F^(ip t ,uC)- 
Namely, ^t.uF^T ~ F^{tjj t .uT). 

We also have F^(tp\ l T <£>£(— a)) ~ ptP|(At) ® £(-a). □ 

22.11.5. Specialization of T^x-triples along a function g with ramification 
and exponential twist. — Let g be a non-trivial function on X. Let i g : X — > 

X x C denote the graph. Let T = (At, At, C) be an 7?.x-triple. We have the TZxxC- 
triplc « 9 fT, and the induced 7Zxxc t (*i)-triple (i g ^T)(*t). Let a e C^" 1 ]. We say 
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that T is strictly specializablc along g with ramification and exponential twist by a, 
if <Pn(i g -\T(*t)) (£> C(—a) is strictly specializable along t n . In that case, we define 

for any u £ R x C. If a Hermitian sesqui-linear duality S : T — > T*{—w) is given, 
we have the induced Hermitian sesqui-linear duality 

S m i : PGrf (A °fea-(T)) — > PGrf W (^, a ,„(T))*(-«; - €)■ 
22.12. Comparison 

22.12.1. Twistor structure and 7?.-module in dimension 0. — Recall that an 
72,-triple in dimension is a tuple T = (Ai' ,C) of coherent Oc^-modules A4' 
and M." with an Oc * -homomorphism 

C : M\ c , g) ct*-M[' c , — -> O c *. 

If M.' and are locally free, T is called strict. If the pairing is perfect, T is called 
perfect. 

Let V be a twistor structure on P 1 . We have the associated Tvl-triplc 

e(V) = (V^,a*(V 00 ),C v ), 

where Vq := V\q x , Vco := V\c and Cy is the naturally defined Hermitian sesqui- 
linear pairing. It is easy to observe that O gives an equivalence of the categories 
of algebraic vector bundles on P 1 and strict perfect 7?.-triples in dimension 0, which 
preserves tensor products and direct sums. We also have 0(c* (V) v ) = 9(V^)*. A 
perfect strict 7?.-triple is called pure twistor structure of weight n, if it is isomorphic 
to Q(V) for some pure twistor structure V of weight n. 

Recall T s (k) := (0 Cx e^ k) ,0 Cx e£ k \ (^lA)- 2fc ) for a half-integer k. The Tate 
twist in the category of 7?.-triples in dimension is given by the tensor product with 
T s (k). The canonical isomorphism T s (k) — > T s (~k)* is given by ((-l) 2fe ,l). We 
take a complex number a such that a 2 = We fix the isomorphism 

$(») = ($(«)' ; $(«)") • 9(0 pl ( n )) _^ T s (-n/2), 

given by $("''(e^ n) ) = a" / (_n) and & n) " (a* (fj£ ] )) = cT n e { ~ n) . Note the commu- 
tativity of the following induced diagram (Lemma 3.149 of [93]): 

0(Opi(n))* ► 6(0 P i(-n)) 

(457) 

T s (-n/2)* > T s (n/2) 

The functor preserves the Tate twists in the both categories, and it also preserves the 
compatibility between the Tate twist and the adjunction because of the commutativity 
of (457). 
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For an integer n, a morphism S : T — > 
sesqui-linear duality of weight n, if (— l) n S* = 
S : V ® a* (V) — > T(-n) induces ^ s -V — ► 
Q(V) — > 0{V)* ®T s (-n). 



T* ® T s (—n) is called a Hcrmitian 
S is satisfied. Note that a morphism 
a*{Vy <g> T(-n), and hence 9(* s ) : 



Lemma 22.12.1. — S is a pairing of weight n, if and only ifQ(^s) * s a Hermitian 
sesqui-linear duality of weight n. 

Proof S is a pairing of weight n, if and only if (1 (g) t) o cr*\I>^ = (— By the 
functor 0, it is transferred to the condition that Q(^s) is a Hermitian sesqui-linear 
duality of weight n. □ 

Remark 22.12.2. — Let (V A ,B> A ) 6e a variation of twistor structure on P 1 x X, 
obtained as the gluing of (Vb,Bo) md (^oo,Bjo). Then, we obtain an IZx -triple 
{V^^V^Cv). □ 

Let T be a pure twistor structure of weight n. A Hermitian-sesqui-linear duality 
S : T — > T* <8> T s (— n) of weight n is a polarization, if (T,S) is isomorphic to 
(O(V), 0(^5)) for some polarized pure twistor structure (V, S) of weight n (Corollary 
3.151 of [93]). 

22.12.2. Comparison of specializations. — Let X = A™ and D = {O}- We put 

X := C\ x X and T> := C\ x D. Let T = (Mi,Ad2,C) be a regular coherent strictly 
specializable lZx(*z) -triple on X such that S = (id, id) is a Hermitian sesqui-linear 
duality of weight 0. Note that Mi has the KMS-structure at each Ao € C\. Assume 
that the restriction (T ,S)\x\d — 0(V v ,B A ,iSi) for a variation of twistor structure 
(V,ID) A ,6>) with a pairing of weight on P 1 x (X\D). We use the identifications 
V Q =Mi and er*V£ = M 2 . 

As explained in Section 11.8.3, for any u £ R x C, we obtain the vector bundle 
S U (V) with the nilpotent map and the symmetric pairing 

M£ : S U (V) — ► S U (V) <g> T(-l), 5„ : Su(V) <g> a*S u (F) — ► T(0). 

We have the specialization ip z , u (T) = (M>z,uM-, ipz,uM,tp ZyU C) for any u &T with the 
induced nilpotent map 

M u = (-V=1N, V-TA) : $ Z>U (T) — ► ^,„(T) ® T s (-1), 

where A = — 3 t i + e(A, it) is the nilpotent part of — 9 t t. We also have the induced 
Hermitian sesqui-linear duality of weight 

:&,«(7) — >& lW (7T. 

Proposition 22.12.3. — PFe /iai>e a natural isomorphism 
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We give some consequences. By taking the primitive part with respect to the 
weight filtration of Af u , we obtain the 7?.-triples P Gif ^ z ,u{T) for any u € T and 
£ G Z with the Hcrmitian sesqui-lincar duality 

S u ,i = 4> Z , U {S)°K ■ PGvY^ z , u (T) — > PGxf &,„(7T <8> T s (-^). 
The following fact implicitly appeared in [93] . 

Proposition 22.12.4- — {S U (V), A^, iS u ) is a polarized mixed twistor structure of 
weight 0, if and only if (P Gr]; ^p z ,u{T),S u A are polarized pure twistor structure of 
weight £ for any £ G Z> o . 

Proof Recall that (S U (V),M A ,S U ) is a polarized mixed twistor structure, if (i) 
GtY S U (V) are pure twistor structure of weight £ for any £ € Z, (ii) the induced 
pairings <S U {M^ ® id) on FGr^ S„(V) > 0) give polarizations. Here, W denote the 
weight filtration associated to N . Then, Proposition 22.12.4 follows from Proposition 
22.12.3. □ 

Corollary 22.12.5. — (V,B A ,S) is a variation of polarized pure twistor structure, 
if (P GiY ipz,u(T),Su,e) are pure twistor structures for any u G Rx C and £ G Z> q. 
It comes from a tame harmonic bundle. 

Proof The first claim follows from Proposition 22.12.4 and Lemma 11.8.6. We 
obtain the tameness from the regularity of the meromorphic Higgs field. □ 

22.12.2.1. Proof of Proposition 22.12.3. — Let u = u + (1,0) G R x C. We have 
the natural identification Gu(Vq) — ip z , u (Mi) by construction. We also have the 
natural identification Qu{Vo) ~ Q u (Vq) given by the multiplication of z. We will 
not distinguish them in the following argument. We also have natural identification 
^z,u{M2) Gu(o-*V^) ~ a*g- u (VV) ~ a*g u (Voo). Note Lemma 6.1.4 for the 
signature of the KMS-spectrum. 

By construction, Q(S U (V)) is a tuple of Oc^-modulcs Q u (Vo) and <J*5„(V r 00 ) v ~ 
Gu{^*{V^)), and an induced pairing Co, u - We shall show that Cq iU = ip u C under the 
above identification, which implies <d(S u (V)) ~ ip z ,u(T). 

We have only to compare them around generic Ao G C* x . In the following, U(Xq) 
denotes a neighbourhood of A , and X [Xo) := U(X ) x X and V {Xo) := U(X ) x D. We 
put := o-(U(X )) x X and V^ x °^ := cr(f7(A )) x D. We have the generalized 

eigen decomposition of the monodromy along the loop with the counter-clockwise 
direction: 

a—Kp(\o,u)<a 

Here, eigenvalues of the monodromy on Vd (Vo) e f n, u ) arc t^(X,u). Note that 
^pix „)(^o)c^(A,«) i s naturally isomorphic to Gu^^xW m Section 11.8.1.4. We will 
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use the identification in the following. We also have the generalized eigen decompo- 
sition of T^i.^^ ^ Vb of the monodromy along the loop. It is easy to observe that the 
sesqui-linear pairing is compatible with the decompositions. Hence, we obtain the 
sesqui-linear pairing C u of GuV a \ x <.\ )\p(.\ ) and o*G u V \ X (tr(x )')\vM x o)) to the sheaf 
of A-holomorphic C°°-functions on X^ \ X> (A °) . 

Let / £ Gu(Vo) on U(Xq) and g £ <J*Gu{Voo) w on a(U(\o))- Let F be the section 
of GvVo on X^ x °^ such that i^ipCAo) = / and (— S z z + e(A, u)) L F — for some large L. 
Such Fq is called the lift of / to Gu Vo- Similarly, we take the lift Go of g to ^GuV^ 
on X^ x °'\ Let u>o = \/— 1(2-k)^ 1 dz dz. Let x be a test function on X which is 
constantly 1 around 0. Hence, we obtain the following: 

(458) $,,uC n (f,<r*g)= Res (c u (F Q ,a*G Q ), \z\ 2s x^o) 

By the elementary argument in the proof of Lemma 18.11 of [93], we can show that 
the function C u (Fq, a* Go) is of the following form: 

M 

(459) N 2A ^ A <")- 2 ^ flfc (A)(log|z| 2 ) fc 

fc=0 

Here, are holomorphic functions of A, and M denotes some positive integer. And, 
we can show the following equality by a direct calculation (see Lemma 2.34 of [93] 
for more general case): 

Res (c u (F ,a*G ), \z\ 2s x w„) = a (A) 

Let F be the section of QzU{Va) on U(X ) such that $ can (i^) = /. If we regard F 
as a multi- valued flat section of GuVo-, wc have an expression 

N 

F = cxp(-\-h(\,u) logs) (F + Y,FiQ°&*Y,) 

3=1 

such that (— d z z + c(X,u)) L Fj = for some large L. Similarly, let G be the section 
of cf*Gu'H{V oo y on <r(U(\ )) such that $ can (G) = /. We have similar expression for 
G, i.e., 

AT 

G = cxp(-A- 1 e(A, u) log z) (g + £ G j (log z?) 

i=i 

such that (— d z z + z(X,u)) L Gj = for some large L. Because C u [Fi,a*Gj) has an 
expression as m (459), C u (F,<j*G) is described as a polynomial in (log|z| 2 ) whose 
coefficients are holomorphic functions in A. Because C u (F,a* G) is constant in the 
X-direction, we obtain that 

C , u (f,a*g) = C u (F,a*G) = a (X). 

Hence, we obtain ip ZtU C = Co tU . 
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It is easy to compare the Hcrmitian sesqui-linear dualities under the identification. 
Let us compare the nilpotent maps. Let Res ml denote the nilpotent part of the residue. 
We have 

6(AC) = (Rcs nil (O v ® °* Res nil (Byv) ® a*t^) 

We have Res nil (D^) v ®4 _1) = - Res nil (ID>o)®4 _1) - Under the identification of 6 s (n) 
and O(n) in Subsection 22.12.1, it is identified with — \/— IN ® e , where N is the 
nilpotent part of -3 t t. We have a* Res^Byv^er*^ 1 ' = - Res nil (B CT .yv )®a*t { ^ 1} , 
which is identified with yJ—lN (g) e . Hence, we have = A/" M . Thus, the proof 
of Proposition 22.12.3 is finished. □ 
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